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The theory of the “Lewis-Rayleigh afterglow” of nitrogen, originally given by Cario and Kaplan, is 
modified by taking into account recent work regarding resonance in collision processes and the value of 
the energy of dissociation of N», accepted in this paper as 9.76 ev. Kaplan’s 
the spectrum of N»* is observed, is tentatively explained by ionization caused by collisions of two metastable 


molecules. The results are applied to the airglow. 


I. INTRODUCTION 


HE energy content of active nitrogen which is 

produced in an electric discharge at low pressures 
is dissipated so slowly that the resulting emission of 
light may be observed for minutes or even hours after 
the interruption of the discharge. At present there is 
general agreement that this energy is stored as energy 
of dissociation of the nitrogen molecules.' However, 
there is little agreement regarding the processes by 
which active nitrogen excites the observed emission. 

The theory of active nitrogen was originally given by 
Cario and Kaplan® but because of conflicting results 
was later abandoned by one of the authors. We are 
concerned with the problem of modifying the theory by 
taking into consideration the following recent work. 
In a preceding paper it has been argued that Franck’s 
principle of resonance in collisions has commonly been 
too loosely applied. In particular, this principle is 
not effective in the recombination of a pair of atoms 
disposing of their energy in a triple collision.’ Another 
recent result is the measurement of the dissociation 
exergy D of the nitrogen molecule by Kistiakowsky, 

* his work is connected with experimental research supported 
by the U. S. Office of Naval Research. 

' The alternative theory assuming ionization of Nz molecules, 
which was advocated by Mitra, is made untenable by the recent 
measurement of the rate at which electrons and N»* ions recom 
bine. R. B. Holt and R. B. Bryan (to be published) measured the 
rate coefficient a for the disappearance of free electrons as 107° 
cm’ sec™!, which precludes a survival for hours or even minutes. 
For other arguments see L. Herman and R. Herman, Nature 161, 


1018 (1948). 
2G. Cario and J. Kaplan, Z. Physik 58, 769 (1929). 
3 QO. Oldenberg, Phys. Rev. 87, 786 (1952). 


“auroral afterglow,” in which 


Knight, and Malin.* Studying stationary detonation 
waves, these authors obtained a value of 225 kcal/mole 
= 9.76 ev. The striking agreement between this result 
of an independent method and one of the spectro- 
scopically determined values for D leads us to accept 
this value. Furthermore, it is supported by Douglas’ 
recent extensive measurements of vibrational energy 
levels.° The same value had been advocated before by 
Gaydon.® However, we cannot find fault with Hag- 
strum’s careful analysis which gives preference to the 
lower spectroscopic value of 7.37 ev.’ 

The experimental results to be interpreted are 
thoroughly reviewed by Mitra.* 


II. LEWIS-RAYLEIGH AFTERGLOW 


Kaplan distinguishes two types of nitrogen afterglow, 
the ‘“Lewis-Rayleigh afterglow’ and the “auroral 
afterglow,” each of which depends on the degree of 
purity of the gas and the condition of the walls. 

Rayleigh explored the most favorable conditions for 
the afterglow which bears his name and was able to 
detect it 5.5 hours after interrupting the discharge. 
This afterglow consists of that part of the spectrum 
which has the lowest excitation energy. The first posi- 
tive bands appear with distinct maxima at v’=6 and 


‘Kistiakowsky, Knight, and Malin, J. Am. Chem. Soc. 73, 
2972 (1951). 

5A. E. Douglas, Can. J. Phys. 30, 302 (1952). 

®N. Thomas and A. G. Gaydon, J. Chem. Phys. 20, 369 (1952); 
A. G. Gaydon, Dissociation Energies (John Wiley and Sons, Inc., 
New York, 1947), p. 159. 

7H. D. Hagstrum, Revs. Modern Phys. 23, 202 (1952). 

8S. K. Mitra, Active Nitrogen (Indian Association for the 
Cultivation of Science, Calcutta, 1945). 
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v’=11 or 12 and are occasionally supplemented by the 
Vegard-Kaplan bands. 

The theory of the excitation of this afterglow has been 
discussed by Cario and Stille’ and is modified here. It 
is assumed that the recombination of two atoms in a 
triple collision in which the third body may be an atom 
or molecule makes the energy of 9.76 ev available. Since 
resonance is not effective in this process, excitation of 
atoms or molecules to any energy below 9.76 ev will 
occur. Some will be excited to metastable levels, and 
it is these metastable atoms and molecules which are 
considered to be important in producing the afterglow. 
It is further assumed that a metastable atom with an 
energy of 2.383 ev or 3.574 ev transfers its energy to a 
metastable molecule (in the A*Y,+ level) with an 
energy of 6.21 ev. In this process, in which electronic 
energy is transferred into electronic energy of another 
particle, resonance is expected to give a_ preferred 
probability. 

This modified theory is in agreement with a number 
of observations. It predicts that these impacts excite 
the levels v'=6 and v'=12 of the upper electronic 
level with preferred probability, in agreement with the 
observed intensity distribution in the first positive 
group. The emission of the Vegard-Kaplan bands 
belonging to the next lower step in the energy level 
diagram would be expected to follow every emission of 
the first positive group were it not for the fact that the 
upper level of the Vegard-Kaplan bands is metastable. 
This peculiarity causes these bands to appear only in 
particularly pure gases or at the very low pressures 
present in the upper atmosphere 

The theory presented here is further confirmed by 
the following observations. When a stream of active 
nitrogen coming from a discharge tube flows through a 
glass tube which is locally heated, the heated section 
fails to show the afterglow. However, beyond the 
heated section the glow reappears, indicating that the 
heat does not destroy the activity but somehow 
impedes the processes by which the activity converts 
energy into light. This is called the dark modification of 
active nitrogen. Modifying the hypothesis of Cario 
and Kaplan, we assume that excitation of light is 
prevented in the heated section because the metastable 
levels of atoms or molecules are sensitive to intense 
thermal collisions. We refrain from speculating about 
the collision process reponsible. This assumption leads 
to the prediction that any atomic recombination which 
does not rely on metastable levels should occur as well in 
heated as in cold nitrogen. This is confirmed by the 
observation of Okubo and Hamada" who discovered 
that active nitrogen excites admixed mercury vapor to 
high energy levels (up to 9.51 ev) and that the ensuing 
emission is not quenched by heating. The present theory 
interprets this observation as the recombination of 


¥G. Cario and U. Stille, Z. Physik 102, 326 (1936). 
# ¥. Okubo and H. Hamada, Phil. Mag. 5, 375 (1928). 
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normal nitrogen atoms in triple collisions, the mercury 
atom acting as the receiver. Since there are no meta- 
stable levels involved, the process is not quenched by 
heating and the total energy of dissociation (9.76 ev) 
is available. Incidentally, this transfer does not show a 
preference for the highest levels of the mercury atom, 
in agreement with the argument against resonance 
presented in the preceding paper.’ 

Attention has been called by Dr. L. M. Branscomb to 
the following difficulty. The energy of recombination of 
9.76 ev is sufficient to excite directly the level B of the 
N2 molecule and thus the first positive bands without 
employing metastable levels in an elaborate mechanism 
as discussed above. This process may be expected to 
occur in heated as well as in cold nitrogen. It remains 
unexplained that in heated nitrogen, i.e., in the so-called 
dark modification, Hg may be excited but not N». One 
may assume that with N» as the third body, so much of 
the energy available goes into other degrees of freedom 
that the level B fails to receive a sufficient share. This 
difficulty is inherent in any theory based on the assump- 
tion of atomic recombination releasing the energy 
9.76 ev. ‘ 

We refrain from comparing the law of decay of 
intensity with the processes responsible for the emission 
of light since Rayleigh discovered that only an insignif- 
icant fraction of the total energy stored in active 
nitrogen is emitted as light. 


Ill. ENERGY CONTENT 


Rayleigh'' measured the energy content of active 
nitrogen by flowing it over gold foil. The foil was heated 
to a high temperature first by active nitrogen and then 
by an electric current. The electrical energy required 
to heat the foil to the same temperature was assumed 
to be equal to the energy liberated by the active 
nitrogen. The energy content so measured was surpris- 
ingly large. Assuming optimistically that each individ- 
ual molecule was activated and delivered its total 
energy to the foil, energy values as high as 12.9 ev per 
molecule resulted, that is, even considerably higher 
than the energy of dissociation. It is felt that this 
result, which has been of importance in theoretical 
interpretations, was affected by a source of error. In 
the first experiment, using active nitrogen, the red-hot 
gold foil was suspended at the center of a spherical 
bulb so that the energy radiated, which was largely 
in the infrared, was partly reflected back to the foil aud 
helped to keep it hot. In the other experiment, however, 
the foil was suspended in a vessel of different shape so 
that the energy radiated from the foil did not return to 
the foil. This source of error would lead to an exag- 
gerated energy content of the active nitrogen. Much 
smaller values (0.027 ev per molecule) were recently 
obtained in a different arrangement by Benson.” 


"Lord Rayleigh, Proc. Roy. Soc. (London) 176, 16 (1940). 
12 J. M. Benson, J. Appl. Phys. 23, 757 (1952). 
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Closely connected with the energy content is the 
degree of dissociation. In the upper atmosphere nitrogen 
is supposed to be largely molecular, since even in the 
highest altitudes the molecular spectrum is observed. 
The Franck-Condon principle explains the persistence 
of the molecular state by the fact that nitrogen mole- 
cules, unlike oxygen molecules, do not change their 
internuclear distances in the process of excitation or 
ionization, so that these processes fail to produce 
dissociation. It remains to be explained why, in nitrogen 
activated by an electric discharge, a high degree of 
dissociation is readily obtained. One may well assume 
that absorption of sunlight and electron impact have 
different effects. In the upper atmosphere absorption of 
ultraviolet light generates a limited group of excited or 
ionized levels which may not dissociate. In the con- 
densed discharge, however, which is most favorable 
for the Lewis-Rayleigh afterglow, fast electrons may 
cause other transitions which lead to dissociation. This 
distinction between the processes is confirmed by 
experiments which indicate that activation of nitrogen 
requires an electron energy as high as 20 ev," exceeding 
the energy needed for dissociation, exitation, or ioniza- 
tion. 


IV. KAPLAN’S AURORAL AFTERGLOW 


Kaplan" found that the continuous operation of the 
electric discharge through several weeks removes the 
last traces of hydrogen lines from the spectrum and 
leads to a different type of afterglow with a spectrum 
resembling that of the aurora. The discoverer called 
this the auroral afterglow. Presumably it is identical 
with the short duration afterglow reported by Herman 
and Herman.'® The spectrum, more complicated than 
that of the Lewis-Rayleigh afterglow, consists essen- 
tially of several systems of the neutral N2 molecule, the 
two forbidden lines of atomic nitrogen and, surprisingly, 
the first negative bands of the molecular ion Ne*. 

Since the removal of the last traces of hydrogen is an 
outstanding prerequisite for obtaining the auroral 
afterglow, one may assume that the various metastable 
levels which presumably are susceptible to destruction 
by H2 or H survive for long periods in the absence of 
hydrogen and thus emit the forbidden radiation or 
perform impacts of the second kind. 

In a recent paper, Cario and Stille'® describe some 
detail of Kaplan’s observations and state that the 
auroral afterglow can be traced through 9 seconds 
after the interruption of the discharge. Cario and Stille 
attribute this afterglow to the survival of No* ions and 
free electrons and the excitation of these ions by colli- 
sions with metastable atoms in the ?P state. However, 
the survival of ions seems incompatible with recent 


3 Z. Bay and W. Steiner, Z. Physik B9, 116 (1930). 

4“ J. Kaplan, Phys. Rev. 42, 807 (1932); 45, 671 (1934); 48, 
800 (1935); 51, 143 (1937); 54, 176 (1938); 73, 494 (1948) 

‘6... Herman and R. Herman, Nature 161, 1018 (1948) 

16. Cario and U. Stille, Z. Physik 133, 209 (1952). 
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measurements by Holt and Bryan (to be published) 
of the recombination of N.* ions and electrons. The 


recombination coefficient @ was found to be of the 
order 10~®cm* sec, that is, 100 or more times higher 


than the value assumed by Cario and Stille. It seems 
difficult to reconcile the rapid recombination with the 
survival of an appreciable concentration of N»* ions. 
It is unlikely that the high value of a obtained by Holt 
and Bryan is due to electron attachment to O or On, 
since attachment would lead to a different time depend- 
ence (exponential decrease of m instead of linear 


increase of 1/). Kaplan’s auroral afterglow may 
instead be explained by assuming a regeneration of 
Nt ions by collisions of two metastable molecules. 
More specifically, the recombination of two N atoms 
may excite molecules to the metastable level a'II, 
(initial state of the forbidden Lyman-Birge-Hoptield 
bands, excitation energy 8.55 ev). Two such metastable 
molecules may produce an ionized molecule. This part 
played by metastable molecules would explain the fact 
that the spectrum of the ions shows up only in extremely 
pure nitrogen. The recent work of Biondi!’ proves the 
occurrence of ionization by the collision of two meta- 
stable atoms in helium and neon. In both gases imme 
diately after the interruption of the discharge an 
increase of ionization is observed. In the afterglow the 
conditions are more complicated, since we must assume 
a gradual regeneration of the metastables. An alter 
native is the ionization of metastable molecules (6.17 
or 8.54 ev) ina triple collision with a pair of recombining 
atoms (9.76 ev). 


V. THE AIRGLOW 


What bearing has the theory of active nitrogen on 
the theory of the airglow? The airglow' is related to the 
Lewis-Rayleigh afterglow by the fact that its spectrum 
is limited to lines and bands of neutral molecules 
showing low excitation. Therefore, the energy released 
is due presumably to the same type of process, recom- 
bination of neutral atoms. In the upper atmosphere 
oxygen is completely dissociated above a limit of about 
110 km, while nitrogen is certain to be at least partly 
molecular as indicated, for example, by the occurrence 
in the auroral spectrum of N» bands at altitudes as 
great as 1100 km. This difference in the behavior of 
O» and Nz is well understood on the basis of the Franck- 
Condon principle. 

S. Chapman suggested that the spectrum of the 
airglow might be explained by recombination of 
O atoms (D=5.08 ev) in triple collisions. It may be 
that we must supplement this hypothesis by assuming 
at least a partial dissociation of N». This is indicated by 
the predissociation discovered near 1400A by Herzberg 
and Herzberg.'* However, this process may not be 

17M. A. Biondi, Phys. Rev. 88, 660 (1952) 

'®’ The observations are thoroughly reported by A. B 


Repts. Progr. Phys. 14, 121 (1951). 
9G. Herzberg and L. Herzberg, Nature 161, 283 (1948). 
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probable enough to produce an appreciable concentra- 
tion of N atoms by the action of sunlight. 

To test for the occurrence of N atoms we must answer 
two questions. (1) Is the higher value of the energy of 
dissociation of N» required to explain the spectrum of 
the airglow, in particular the occurrence of the Vegard- 
Kaplan bands? Here one may question the rather 
observation which seems to these 
bands with vibrational quantum numbers as high as 
v’ = 9. If this observation is correct the excitation energy 
would be sufficient to excite as well the first positive 
group (v’=0 or 1) which in laboratory experiments is 
the most prominent feature of the nitrogen spectrum 
but is absent in the airglow. (2) Do the observations 
indicate the absence of N atoms? That the spectrum of 
the aurora exhibits molecular nitrogen with predominant 


uncertain show 


intensity does not contradict the occurrence of a large 
concentration of alomic nitrogen. This is illustrated by 
the low pressure discharge which, although emitting 
almost exclusively the molecular spectrum, produces a 
large concentration of atomic nitrogen which is evident 
as “active” nitrogen. At low excitation the spectrum of 
N atoms consists only of two forbidden lines which do 
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appear in some low pressure discharges and the aurora 
but are absent from the airglow. These various observa- 
tions are compatible with the partial dissociation of 
nitrogen in the airglow if we adopt the following plaus- 
ible assumptions: In the low pressure discharge the N 
lines are observed only in very pure nitrogen, indicating 
that impurities, but not nitrogen atoms or molecules, 
deactivate the metastable N atoms. In the airglow the 
absence of the N lines may be due to deactivation by 
oxygen. In the aurora, where the N lines sometimes 
appear, it is possible that they are emitted at high 
altitudes where collisions are very rare. Therefore, the 
absence of N lines in the airglow and their occasional 
presence in the aurora leads to the speculation that in 
any case N atoms are present and excited to metastable 
levels but are able to radiate only if not quenched by 
oxygen. Presumably the emission of the forbidden 
lines in the aurora takes place in altitudes much higher 
than that of the airglow. This prediction ought to be 
accessible to direct observation. 

The author wishes to express his appreciation to 
Mr. D. G. Bills for his cooperation. 
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Processes Involving Ions and Metastable Atoms in Mercury Afterglows 


MANFRED A. BIONDI 
Westinghouse Research Laboratories, East Pittsburgh, Pennsylvania 
(Received February 19, 1953) 


Atomic collision processes occurring in mercury vapor are determined from microwave measurements of 
the electron density during the afterglow. The electrons are brought into thermal equilibrium with the gas 
by adding helium to the mercury vapor to act as a “recoil gas.”” Measurements of the ambipolar diffusion 
coefficient, D,, of Hg* ions and electrons in helium yield the value Dun = 2.6 10'* (cm?/sec) (atoms/cc) at 
290°K. The corresponding value for Hgt ions in mercury is Dan=3.6X 10" at 350°K. Conversion of the 
atomic mercury ions to molecular ions according to the reaction Hgt +Hg+He—-Hg.*+He occurs at the 
rate of 140 (pug: fue) sec. The measured recombination coefficient of Hg.* ions with electrons is a=5.5 
1077 cc/sec at 400°K. Studies of the ionization produced by the collisions of pairs of mercury metastable 
atoms vield the values D,,n = 1.5 10'8 (cm?/sec) (atoms /cc) for the diffusion coefficient and o4= 8X 107-" em? 


for the de-excitation cross section of *P, metastables at 350°K 


I recent years, atomic collision processes occurring 
in ionized gases have been studied by the use of 
microwave techniques. Measurements of the variation 
of the electron density in the afterglow of a pulsed dis- 
charge have yielded information concerning processes 
involving electrons, ions, and excited atoms. Under 
conditions in which the electrons have been in thermal 
equilibrium with the gas, it has been possible to obtain 
quantitative measurements for the probabilities of the 
various collision processes. 

Studies of electron removal in mercury afterglows 
have been carried out by Mierdel' and by Dandurand 
and Holt,? using Langmuir probe and microwave tech 


Physik 121, 574 (1943). 
Holt, Phys. Rev. 82, 868 (1951). 


1G. Mierdel, Z 
2? P. Dandurand and R 


niques, respectively. In these investigations the elec- 
trons were not in thermal equilibrium with the gas. As 
a result, only qualitative remarks could be made con- 
cerning the processes occurring in mercury. In the 
present experiment the electrons are brought into 
thermal equilibrium with the gas by adding helium to 
the mercury vapor to act as a “recoil gas.’”’ Quantitative 
values for the various collision processes are then ob- 
tained from the afterglow measurements. 


I. EXPERIMENTAL METHOD 


Microwave techniques are used to measure the elec- 
tron density during the afterglow following a pulsed 
discharge in mercury. Detailed descriptions of the 


o 





PROCESSES IN 
method are contained in the literature.* The gas to be 
studied is contained in a cylindrical quartz bottle inside 
a cavity resonant at approximately 3000 Mc/sec. The 
gas is ionized by application of a pulse of microwave 
power from a magnetron. The free electrons in the 
ionized gas cause a change in the resenant frequency 
of the cavity. Under the experimental conditions, the 
change of the cavity’s resonant frequency is directly pro- 
portional to the average electron density in the cavity. 
A low-level probing signal is used to measure the reso- 
nant frequency of the cavity as a function of time. From 
these measurements, we calculate the electron density 
during the afterglow. 

The resonant cavity takes the form of an oven to 
permit variation of the vapor density and temperature 
of the mercury (see Fig. 1). The mercury-helium sample 
under study is enclosed in a sealed-off quartz bottle 
which had been evacuated to a pressure of 10-° mm on 
an ultra-high vacuum system‘ exhibiting a rate of rise of 
impurity pressure of less than 10°’ mm Hg/min. The 
temperature and the vapor density of the mercury were 


Quartz Bottle 


Upper Oven 


o 
Lower Oven 
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Fic. 1. Microwave cavity-oven. The upper oven, which forms 
the microwave resonant cavity, controls the vapor temperature 
while the lower oven controls the vapor density. The thermo 
couples are used to measure the temperatures at various points. 


controlled independently by the use of two separate 
ovens. The upper oven, which formed the microwave 
cavity, controlled the vapor temperature. The lower 
oven was used to control the vapor density. Thermo- 
couples were used to measure the temperature at 
various points. Unless otherwise noted, the temperature 
of the upper oven was approximately one degree above 
the temperature of the lower oven. 


II. PRODUCTION OF THERMAL ELECTRONS 
IN MERCURY AFTERGLOWS 


(Juantitative measurements of the collision processes 
occurring in a gas are readily obtained from afterglow 
studies in which the electrons are in thermal equi- 
librium with the gas. During the discharge, the electrons 
have an average energy of the order of 1 ev. When the 


3M. A. Biondi, Rev. Sci. Instr. 22, 500 (1951) 

‘ The vacuum system is similar to those described by D. Alpert, 
J. Appl. Phys. (to be published). Chemically pure mercury (99.98 
percent) was doubly distilled into the quartz bottle, and Airco 
reagent grade helium was added before seal-off from the system 
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Fic. 2. Production and loss of mercury ions in helium. These 
measurements were made at a constant helium density of 5.8 10'* 
atoms/cc. 


ionizing field is removed, the electrons lose this energy 
chiefly by elastic recoil collisions with the gas atoms and 
finally come into thermal equilibrium with the gas. We 
may define an energy relaxation time, Tx, of the elec- 
trons by 

Tr=(M/2m)T., (1) 
where M and m are the masses of the gas atom and 
electron, respectively, and T, is the mean time between 
elastic collisions. If this collision time is not a function 
of the electron energy, Tr is the time required for the 
electron energy to diminish by a factor 1/e. 

Using the data of Adler and Margenau® to compute 
the elastic collision time in mercury, we find that for 
electrons whose energy is a few tenths of an electron- 
volt this relaxation time is approximately (10~*/p) sec, 
where p is expressed in mm Hg. Since our measuring 
intervals are of the order of milliseconds, measurements 
at pressures less than 1 mm are complicated by the fact 
that the electrons are not in thermal equilibrium with 
the gas during the measuring interval. In the present 
experiment, this difficulty has been avoided by adding 
helium to the mercury vapor to act as a “recoil gas.” 
Since helium atoms are much lighter than mercury 
atoms, they are more effective in removing the elec- 
trons’ excess energy in elastic recoil collisions [see Eq. 
(1) ]. In addition, the excitation potentials of helium 
are sufficiently large to assure that the helium atoms are 
not excited in most of the experiments. As a result, the 
helium does not interfere with studies of the behavior of 
ionized mercury atoms. 

Helium at a density of 5.8 10'® atoms/ce (1.8 mm 
at 300°K) is added to a sealed-off quartz bottle con- 
taining a drop of mercury; consequently, the energy 
relaxation time is reduced to less than 10 ysec.® The 
electrons now come into thermal equilibrium with the 


gas during the first 100 usec of the afterglow and 


5 F. P. Adler and H. Margenau, Phys. Rev. 79, 970 (1950) 
® The elastic collision probability is obtained from R. B. Brode, 
Revs. Modern Phys. 5, 257 (1933). 
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remain in thermal equilibrium during the remainder of 
the measuring interval 


III. PRODUCTION AND DIFFUSION OF MERCURY 
IONS IN HELIUM 


Studies of the mercury afterglows were carried out 
over a very wide range of mercary vapor densities. 
Initially, the lower oven of Fig. 1 was replaced by a low 
temperature bath. At a bath temperature of 77°K, the 
mere ury vapor pressure Was reduc ed essentially to zero 
The electron density variation during the afterglow was 
then characteristic of the behavior previously observed 
for pure helium at 1.8 mm Hg.’ As the bath tempera 
ture was increased to the point where the vapor pressure 
of mercury lay in the range 10°*—2 10-4 mm Hg, the 
data indicated the production of electrons during the 
afterglow by the Penning reaction and the ambipolar 
loss of ions and electrons. The 


diffusion mercury 


Penning ionizing reaction for helium containing mercury 


1S 


He*+Hy—>Hyt +e+He, (2) 


where * indicates an atom raised to a metastable state. 
Kxamples of experimental data for three vapor pressures 
and two vapor temperatures are shown in Fig. 2. It has 
been shown? that when electrons are produced by meta 
stable atoms according to reaction (2) and lost by 
ambipolar diffusion, the electron density, n,, obeys the 
following equation: 


n= A’ exp(—!/Tp)— B’ exp(—t/T »), (3) 


where Ty is the decay time due to ambipolar diffusion 
of mercury ions and electrons, T,, is the helium meta 
1’ and B’ are constants. The 
data of Fig. 2 obey Eq. (3). The behavior of the helium 
metastables is discussed in reference 7. The final slope 
of the curves of Fig. 2 yields the ambipolar diffusion time 
constant, Tp, which is related to the ambipolar diffusion 
coetlicient D, by ~ 


stable decay time, and 


Da=A*/T pn, (4) 


where A is the characteristic diffusion length of the con- 
tainer.’ It is found that D,=440 cm?*/sec for mercury 
ions diffusing through helium at a density n=5.8X 10'® 
atoms/ce and a temperature of 290°K. 

The ambipolar diffusion coefticient is related to the 
and mobilities of the ions and 


diffusion coefficients 


electrons by ie 


Diu. ! Dey rT, 
Da =D, 1+- “), 
lot] t My T, 


™M. A. Biondi, Phys. Rev. 88, 660 (1952). 

®§M. A. Biondi and S. C. Brown, Phys. Rev. 75, 1700 (1949) 

In the present experiment, the diffusion takes place in a 
cylinder of radius R= 2.22 cm and height 7=3.82 em, for which 
A=0.735 cm 

1 A. von Engel and M. Steenbeck, Electrische Gasenltadungen 
(J. Springer, Berlin, 1932), Vol. I, p. 199. The concept of electron 
and ion “temperature” applies only to cases in which the particles 
have Maxwellian velocity distribution. 
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where D, uw, and 7 are the diffusion coefficient, mobility, 
and temperature, respectively, of each particle, and the 
subscripts 4+ and , refer to ions and electrons. Thus 
measurements of the ambipolar diffusion of electrons 
yield values of the ionic diffusion coefficient when the 
ionic and electron temperatures are known. In the 
present experiment in which thermal equilibrium is 
attained, 7, 7. Tans. 
The ionic diffusion coefficient is given by'! 


-/3nopd) mw, (6) 


p. lv, Sig 


where / is the mean free path, 2, the random velocity, 
op the diffusion cross section of the ions, and 7 is 
the density of the gas in which the ions diffuse. Curves 
1 and 2 of Fig. 2, taken at the same temperature but at 
different mercury atom concentrations, exhibit the 
same diffusion time constant, indicating that the dif- 
fusion is controlled by collisions of mercury ions with 
helium atoms. The diffusion cross section of mercury 
ions in helium is expected to vary inversely with the 
velocity of the colliding particles (polarization inter- 
action). As a result, Eq. (6) predicts that the ionic 
diffusion coefficient varies directly with the ion tem- 
perature at constant gas density. The ratio of the dif- 
fusion coefficients obtained from curve 3 (7’=355°K) 
and from curves 1 and 2 (7'=290°K) is 1.30, while the 
temperature ratio is 1.23, agreeing within experimental 
error with the predicted behavior. The diffusion coef- 
ficient obtained from these measurements may be com- 
pared with measurements of alkali ion mobilities in 
helium by use of the following relation :" 


D = (RT ,./e)p.. (7) 


Our measurements yield the value nu, = 19.9 em? /volt-sec 
for the mobility of mercury ions moving in helium 
at 760 mm Hg pressure and 291°K. This value agrees 
with an extrapolation of the mobility vs mass curve 
observed by Munson and Tyndall” for the alkali ions, 
confirming our interpretation that mercury ions are 


formed and diffuse in helium. 


IV. DIFFUSION AND CONVERSION OF MERCURY 
IONS IN MERCURY 


As the vapor density of the mercury is increased 
above 10" atoms ‘cc, collisions of mercury ions with 
mercury atoms modify the ambipolar diffusion. At 
vapor densities in excess of 6X10" atoms/cc, the 
diffusion of the ions is controlled by collisions with 
mercury atoms rather than with helium atoms. Over 
the range of densities 6X10" to 3.410" atoms/cec, it 
is found that the electron density decay time T 
increases with the mercury vapor density according to 
the relation, 


T= (1.5X 10—'%2) sec, (8) 


"BE. H. Kennard, Ainelic Theory of Gases (McGraw-Hill Book 
Company, Inc., New York, 1938), p. 194 ff. 


2 R. J. Munson and A. M. Tyndall, Proc. Roy. Soc 
A172, 28 (1939) 


(London 
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where x is expressed in atoms/ce. This variation of the 
decay time with mercury vapor density is characteristic 
of the diffusion of mercury ions in mercury and leads 
to the value D,n=3.6X 10"? (cm?/sec)(atoms/cc) at a 
temperature of 350°K. 

The chief interaction between a mercury ion and a 
mercury atom results from charge transfer. This inter- 
action leads to a diffusion cross section which is prac- 
tically independent of the ion’s energy. As a result 
[see Eq. (6) ], the diffusion coefficient is expected to 
vary as the square root of the ionic temperature. This 


temperature correction was applied to the data to 
obtain Eq. (8). The measured ambipolar diffusion coef 
ficient is in good agreement with the value D,n=3.8 
X10" obtained from theory." 

As the vapor density is increased further, the meas- 
ured decay time deviates from the diffusion law given 
by Eq. (8). It is found experimentally that the electron 


density decay time now obeys the relation 


1/T=A/nt+Cn, (9) 


where A and C are constants. The first term represents 
diffusion loss and the second term a process whose rate 
is directly proportional to the mercury concentration. 
If Eq. (9) is multiplied by x, the first term on the right 
becomes invariant and the second term proportional to 
n°®, The experimentally measured values are illustrated 
in Fig. 3. The intercept of the curve is (7/T)o= Dan /A°*. 
The slope of the curve of Fig. 3 gives us the values of C 
in Eq. (9). 

There are two possible interpretations of the volume 
loss term, C. If the electrons are lost by attachment to 
mercury atoms to form negative ions, we interpret C 
as the attachment coefficient, which is related to the 
attachment cross section, o, by 


C=<a,3, (10) 


where 7 is the mean relative speed of the electrons. The 
measured slope then yields a value o,=7X10-" cm’, 
which is the order of a radiative attachment 
section. Preliminary calculations of the effect of nega- 
tive ion formation on the ambipolar diffusion loss of 
electrons indicate that the interpretation of C as the 
attachment coefficient applies only if the ratio of the 


cross 


negative ion to electron concentration remains small. 
Thus it appears that the assumption of electron attach 
ment is open to question. 

Alternatively, the increased rate of electron loss may 
result from the conversion of atomic mercury ions to 
molecular ions according to the reaction 


Hg*+ Hg+He—-Hg2*+ He. (11) 


Unfortunately, experiments in sealed-off quartz bottles 
did not permit us to vary both the mercury and the 


8 'T, Holstein, J. Phys. Chem. 56, 832 (1952). 

4T. Holstein and I. B. Bernstein (private communication) have 
recently calculated the diffusion cross section of mercury ions in 
mercury following the procedure outlined in reference 13 
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Fic. 3. Variation of electron density decay constant with 
mercury vapor density. 


helium concentrations in order to verify this reaction. 
Investigations of a similar reaction involving conversion 
of At to A,* in the presence of He or Ne are in progress. 
In these experiments, it is relatively simple to vary 
both the A and He or Ne concentrations. If the reaction 
(11) leads to the increased electron loss, the second 
term on the right of Eq. (9) is simply the conversion 
frequency which is found to be 


1.7X10 "(nyre: Nie) = 140 (pug: Pre) sec, (12) 


Veony = 


where x” is expressed in atoms/cc and p in mm Hg. 

The explanation of why the conversion of atomic 
ions to molecular ions results in an increased rate of 
loss of electrons is as follows. At low pressures, the chief 
electron and ion removal process is ambipolar diffusion. 
It is expected'® that the atomic ions diffuse more slowly 
than the molecular ions. It has been shown'® that if 
atomic ions are converted to molecular ions at a rate 
which is smaller than the molecular ion diffusion rate, 
the rate of loss of electrons will be simply the combined 
rates of the ambipolar diffusion and conversion of 
atomic ions. At higher pressures recombination between 
molecular ions and electrons becomes important, since 
the diffusion decreases with increasing pressure. In this 
case, the electron density decay will still be determined 
by the combined atomic ion diffusion and conversion 
rates provided that the electron recombination rate!” 
exceeds the conversion rate and that the molecular ion 
concentration remains small, i.e., 


(13) 


am iM > Pens 


MKA <n, (14) 


where @ is the recombination coefficient, M the molec 
ular ion concentration, and A the atomic ion concen- 
tration. 

As the vapor density is increased further the curve 
of Fig. 3 deviates from linearity, exhibiting an increased 
slope at high vapor density. This additional loss may 

6 R. Meyerott, Phys. Rev. 70, 671 (1946). 


* A.V. Phelps and S. C. Brown, Phys. Rev. $6, 102 (1952) 
See Eq. (18) of the next section 
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Fic. 4. Electron-ion recombination in mercury vapor 


conversion reaction! 


Hg*+2Hg—Hg2++ Hg. 


result from the 
(15) 


Qur data indicate that reaction (15) leads to a con- 
version frequency of the order 


(16) 


V conv™~ 10! (nig)? ~100 (pug)? sec. 


There are no theoretical calculations of the rates of 
reactions (11) and (15); however, the estimated values 
from the present experiment are the same order as are 
obtained experimentally for the conversion of He* to 
He,*.'6 

The experimental data presented so far do not clearly 
indicate whether the electron loss of Fig. 3 results from 
electron attachment to mercury atoms or from the 
conversion of atomic mercury ions to molecular ions. 
In the next section, it will be shown that interpretation 
in terms of conversion to molecular ions is consistent 
with the observation of a large recombination loss of 
electrons. 

V. RECOMBINATION IN MERCURY 


It has been shown previously'’ that the large recom- 
bination observed in microwave afterglows requires the 
presence of molecular ions. The process is evidently 
dissociative recombination, which in the case of mercury 
proceeds according to the reaction 


Hgo++e—>Hg*+Hg, (17) 


where * indicates an excited atom. In the present ex- 
periment, it is observed that as the pressure is increased 
through the range, p~1 mm Hg, the electron density 
decay curves show increasing evidence of recombination 
loss, indicating the formation of appreciable numbers of 
molecular ions. 


18M. A. Biondi and T. Holstein, Phys. Rev. 82, 962 (1951); 
M. A. Biondi, Phys. Rev. 83, 1078 (1951). 
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The rate of removal of electrons and molecular ions 
by recombination is given by 


dn,./dt=—an,.M, (18) 


where q@ is the dissociative recombination coefficient. 
At sufficiently high pressures the ions in the afterglow 
are expected <o be chiefly molecular in nature. If we 
require quasi neutrality in the afterglow plasma, then 
ne—&M, and Eq. (18) becomes 


(19) 


dn,./di~—an?, 
whose solution is 


1/n.= (1/n,.)o+ att. (20) 


An example of the observed electron density variation 
when recombination is the dominant electron removal 
process is shown in I’ig. 4. It should be noted that the 
determination of the absolute magnitude of the recom- 
bination coefficient requires knowledge of the absolute 
electron density. As a result of the finite collision fre- 
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Fic. 5. Variation of the measured recombination coefficient 
with the vapor pressure of the mercury. The vapor temperature 
at each vapor pressure is approximately one degree higher than 
that of the liquid mercury so that the temperature varies from 
407°K at 1.4 mm Hg to 505°K at 46 mm Hg. 


quency of electrons with mercury atoms, there is a 
correction needed in the formula relating the electron 
density to the change in resonant frequency of the 
cavity.’ Using Adler and Margenau’s® data for the 
elastic collision probability of electrons in mercury, we 
have corrected our electron density data for the finite 
collision frequency effect. 

The observed variation of the recombination coef- 
ficient with pressure is shown in Fig. 5. We interpret 
this pressure variation as follows: Dissociative recom- 
bination between electrons and ions of a given type is 
expected to be independent of gas pressure since the 
recombination is a two-body process involving only 
the ion and the electron. The observation of a pressure 
dependent recombination coefficient may therefore 

9 The correction to be applied to Eq. (3), reference 3, has been 
calculated for various experimental arrangements by A. V. Phelps, 
doctoral thesis, Massachusetts Institute of Technology, Cam 
bridge, Massachusetts, 1951 (unpublished). 
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indicate that two ions having different recombination 
coefficients are present during the afterglow and that 
their relative concentrations vary with the gas pressure. 
Loeb and Kunkel” have suggested such a scheme to 
account for pressure dependent recombination coef- 
ficients in hydrogen ; however, their proposal encounters 
difficulty in explaining the observed form of the pressure 
dependence. In the present experiment, the linear de- 
pendence of @ on pressure suggests an equilibrium 
reaction of the form 


It is assumed that Hg;* has a weak binding energy (of 
the order of ten k7); therefore a quasi equilibrium 
exists between the concentrations of the two recom- 
bining ions. In this case the measured recombination 
coefficient has the form” 


a= (arta;kn)/(1+Kn), (22) 


where a» and a; are the recombination coefficients of 
Hg.+ and Hg;*, respectively, AK is the equilibrium 
constant of reaction (21), and v is the concentration of 
mercury atoms. This equation predicts a linear de- 
pendence of @ on pressure provided that An<1. At 
high pressures, An>>1, the curve is expected to approach 
the value a;. Unfortunately, we were unable to obtain 
data at pressures in excess of 50 mm Hg. If measure- 
ments could be carried into the range where az is 
determined, it would be possible to obtain the value of 
K and, hence, the binding energy of Hg;*. 

According to Eq. (22) the intercept of the curve of 
Fig. 5 yields the value of a». It is found that the disso- 
ciative recombination coefficient of Hg2* ions and 
thermal electrons (77~400°K) is 5.5X10-7 cc/sec. 
This value is two orders of magnitude larger than that 
estimated by Dandurand and Holt? for recombination 
with “thot” electrons (7, was estimated to be of the 
order of 2000°K). However, it is the same order of 
magnitude as has been found for thermal electrons 
recombining in noble gases such as Ne and A.”! 


VI. IONIZATION BY MERCURY 
METASTABLE ATOMS 


The effect of ionization produced by metastable 
atoms in helium and in neon has previously been re- 
ported.” Corresponding studies of metastable atoms in 
mercury containing helium were not possible since it 
appeared that the mercury metastables were rapidly 
destroyed by the helium. However, measurements in 
pure mercury did show the effect of ionization by meta- 
stable atoms. The ionization resulted from collisions of 
pairs of metastable atoms: 


Hg*+Hg*—Hgt+e+Hg. 


This reaction is energetically possible if the sum of the 


(23) 


” L. B. Loeb and W. B. Kunkel, Phys. Rev. 85, 493 (1952). 
21M. A. Biondi and S. C. Brown, Phys. Rev. 76, 1697 (1949). 
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metastable excitation energies exceeds the ionization 
potential. The ionization potential of mercury is 10.44 
ev. The upper *P, metastable level is 5.47 ev above the 
ground state, the lower *P») metastable 4.67 ev above 
ground, If the ionizing reaction results in the formation 
of atomic ions,” it is clear that only the upper meta- 
stable states have sufficient energy for reaction (23). 

If electrons are produced by metastable atoms ac- 
cording to Eq. (23) and are lost by ambipolar diffusion, 
the electron density obeys the equation’ 


n.=A exp(—t/Tp)—Bexp(—2//T»), = (24) 


where Tp is the ambipolar diffusion decay time of 
mercury ions and electrons in mercury, T, is the meta- 
stable decay time, and A and B are constants. We 
expect Eq. (24) to be applicable in cases where the 
ambipolar diffusion coefficient does not change with 
time. It is therefore necessary that the electron energy 
remain constant. In studies of pure mercury afterglows 
the electrons do not attain thermal equilibrium with 
the gas; however, there is evidence that their energy 
does not change appreciably during the measuring 
interval (see Sec. VII). As a result, the ambipolar 
diffusion coefficient is expected to be constant, and Eq. 
(24) should represent the experimental data accurately. 

An example of the observed electron density variation 
during the afterglow in pure mercury is shown in Fig. 6. 
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Fic. 6. Measured electron density, n,, and derived difierence 
density, An., during the afterglow in pure mercury. The mercury 
vapor density is 1.35 10" atoms/cc, and the temperature, 350°K. 


2 In the corresponding studies of reaction (23) for helium and 
for neon, reference (7), it was possible to identify the ions formed 
as atomic ions by comparison of the measured ambipolar diffusion 
coefficients with known values. In the present experiment no such 
identification is possible, and the alternative reaction, 


Hg*+Hg*—Hg.* +e, 


must be considered as a possibility. This reaction will be ener 
getically possible for the lower */5 metastables as well as for the 
upper *P; metastables if the binding energy of Hgz2* is sufficiently 
large (>1.1 ev). 
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7. Variation of the metastable decay rate with the mercury 
vapor density at 7~350°K. 


The final slope of the electron density curve gives us 
the diffusion time constant, Tp, while the slope of the 
difference density curve gives us T,,/2. The metastable 
mercury atoms are destroyed chiefly by diffusion to 
the walls and by collisions with normal mercury atoms. 
Therefore, the metastable time constant is given by 


1/T m= D»/A?+no4), (25) 


where D,, is the metastable diffusion coefficient, a7 the 
de-excitation cross section for collisions with normal 
atoms, and # is the mean relative speed of the colliding 
particles. Multiplication of Eq. (25) by m makes the 
first term on the right invariant and the second term 
proportional to #®. The experimental values of n/T,, 
vs n® are shown plotted in Fig. 7. The intercept yields 
the value D,2=1.5X10'°+10 percent (cm?/sec)- 
(atoms/cc) at 7=350°K. This value, which presum 
ably applies to the *?, metastable, may be compared 
with measured diffusion coefficients for the #P?5 meta- 
stable. Coulliette™ obtained a value D,n=1.8X 10'%, 
while McCoubrey™ found the value 1.7 10". 

The slope of the curve of Fig. 7 yields the de-excitation 
cross section, og=8X10°'+-10 percent cm?. This cross 
section for the destruction of the upper metastable 
state is rather large; unfortunately, theoretical calcu- 
lations of the cross section are not available for com 


parison.* 


VII. AMBIPOLAR DIFFUSION IN 
PURE MERCURY 


In the preceding section, it was pointed out that the 
final slope of the electron density curve of lig. 6 gave the 
ambipolar diffusion time constant, Tp. Over the range 
of mercury vapor densities, 6 10'""—2X 10" atoms/cc, 
the measured diffusion decay times yield a_ value 
D,n=1.4X 104-20 percent (cem*/sec)(atoms/cc) at 
350°K. This value, obtained for pure mercury under 


% J. H. Coulliette, Phys. Rev. 32, 636 (1928). 

* A. O. McCoubrey, Phys. Rev. 84, 1073 (1951). 

* Note added in proof: A. V. Phelps (private communication) 
has recently measured the lifetimes of metastable atoms by com 
bined optical absorption and microwave techniques. He finds that 
in some cases the microwave studies lead to erroneously large 
values for the metastable de-excitation cross section. 
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conditions in which the electrons are not in thermal 
equilibrium with the gas, agrees closely with the value 
Dan=1.5X10'* obtained by Mierdel' at a vapor tem- 
perature of 400°K. 

Mierdel found that the electron “temperature,” as 
determined by Langmuir probe measurements, de- 
creased from 6200°K during the discharge to ~2200°K 
during the first few hundred microseconds of the after- 
glow and then remained essentially constant. In the 


present experiment, it is possible to calculate the 


electron temperature during the afterglow from meas- 
ured values of the ambipolar diffusion coefficient. 
According to Eq. (5), if the electrons and ions possess 
Maxwellian energy distributions of temperatures 7, 
and 7, respectively, the ambipolar diffusion coefficient 
is related to the ionic diffusion coefficient by 


Di=D,(1-+-T,/T.). (26) 


In Sec. IV the ambipolar diffusion was measured under 
conditions such that 7,=7,=35)°K. In this case the 
ionic diffusion coefficient may be calculated directly ; 
the value D,n=1.8X10'? (cm?/sec)(atoms/cc) is ob- 
tained. For the case of measurements of ambipolar 
diffusion in pure mercury, it is assumed that the ions 
are in thermal equilibrium with the gas even though the 
electrons are not, i.e., 7. > T= Tgas=350°K. Equation 
(26) then yields the value 7,=2400°K for the electron 
temperature during the afterglow, agreeing within 
experimental error with Mierdel’s probe measurements. 

Mierdel attributes the rapid decay of electron tem- 
perature at the beginning of the afterglow to inelastic 
collisions between electrons and mercury atoms. It is 
doubtful whether this mechanism can account for a 
threefold decrease in electron energy (from 7',=6200° 
to 2200°) since only electrons with energies in excess 
of 4.67 ev (the first excitation potential of mercury) can 
make inelastic collisions. While such inelastic collisions 
would rapidly deplete the high energy tail of the elec- 
trons’ energy distribution, they would have little effect 
in changing the average energy of the distribution. In 
Sec. II, it was shown that the energy decay time due to 
elastic collisions is greater than 107% sec in these experi- 
ments. Thus, neither elastic nor inelastic collisions of 
electrons with mercury atoms can account for the rapid 
decay of electron energy after the discharge is ter- 
minated, 

We propose that the transport of energy to the walls 
of the container by the diffusing electrons is responsible 
for the energy decay. In the case of ambipolar diffusion, 
electrons must diffuse against the ambipolar space 
charge field. Only those electrons which have sufficient 
kinetic energy to surmount the potential barrier of the 
space charge well are able to diffuse to the walls. Thus, 
the large diffusion loss of electrons at the beginning of 
the afterglow results in the rapid energy decay. 

The fact that the electron temperature levels off at 
~2200°K, rather than continuing to decrease during 
the afterglow, suggests the action of a process which 
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replaces the fast electrons lost by diffusion to the walls. 
Mierdel suggescs collisions of the second kind between 


slow electrons and metastable atoms as the source of 
the fast electrons. He attempts to demonstrate the 
plausibility of such a process by an energy balance 


argument in which he equates the energy gained by the 
electrons from collisions with metastable atoms to the 
energy lost in elastic recoil collisions with normal atoms. 
There are two objections to this argument: First, 
Mierdel’s probe curves show that the electron tem 
perature becomes essentially constant a few hundred 
microseconds after the discharge is interrupted. Since 
the elastic recoil time is several milliseconds, the equi- 
librium electron temperature resulting from his energy 
balance process would not be attained with sufficient 
rapidity. Second, the fast electrons (~5 ev energy) 
produced by collisions of the second kind would diffuse 
to the walls before losing appreciable energy by elastic 
recoil, and hence the loss of energy by diffusion would 
probably determine the energy balance. 

In the present experiment in which electrons are 
produced during the afterglow by metastable-meta- 
stable collisions, the electrons’ initial kinetic energy is 
0.5 ev [the excess energy of reaction (23) |. The sub- 
sequent diffusion of these electrons against the ambi- 
polar space charge field may reduce their kinetic energy 
to the point where their average kinetic energy is 0.3 ev 
(T= 2400°K), the value calculated from the diffusion 
coefficient’ measurements. Calculations of electron 
energy distributions in the presence of space charge 
fields are not sufficiently advanced to permit quanti 
tative estimates of these effects.” 


VII. SUMMARY 


Studies of electron production and removal in gases 
of large molecular weight are complicated by the fact 
that the electrons may not attain thermal equilibrium 


*© Preliminary results of such calculations have been reported 
by I. B. Bernstein and T. Holstein, Phys. Rev. 84, 1074 (1951) 
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with the gas during afterglow measurements. This dif 
ficulty has been overcome by adding helium to these 
gases to reduce the electron energy decay time. In the 
present experiment, measurements have been made of 
the behavior of thermal electrons in a mercury-helium 
mixture. At 290°K, it is found that the ambipolar 
diffusion coefticient of Hgt ions and electrons in helium 
is given by Dun=2.6X10" (cm* sec)(atoms cc). The 
temperature dependence of the diffusion coefficient over 
the measured range, 290-355°K, agrees with theoretical 
predictions based on polarization interaction between 
mercury ions and helium atoms. The ambipolar dif- 
fusion coefficient of Hg* ions and thermal electrons in 
mercury is D,n=3.6X10" (cm?*/sec)(atoms/ce) at 
350°K. These diffusion coefficients agree with values 
obtained from other experiments” and from theory." 

It is found that Hg* ions are converted to Hgs* ions 
as a result of three-body collisions involving a mercury 
atom and a helium atom. The frequency of conversion 
is equal to 140 (Puy: pu.) sec'. The formation of 
molecular mercury ions in the afterglow leads to recom 
bination between the ions and electrons. The measured 
recombination coefficient is 5.5 10-7 ce/see at 400°K, 
which is the same order of magnitude as found in 
noble gases.”! 

Ionization by the collisions of pairs of mercury meta 
stable atoms has been studied in pure mercury. The 
diffusion coefficient of the *7. metastable is given by 
D,n=1.5X%10'8 (cm?/sec) (atoms ‘cc) at 350°K. This 
value is approximately the same as has been found for 
the *Po The measured de-excitation 
cross section for *Ps metastables is ¢,=8X10°'? em®. 
The electron “temperature” during the afterglow in 
pure mercury to be 2400°K. Since the 
electrons produced as a result of metastable-metastable 


metastable.” 


is estimated 
collisions have initial kinetic energies of 0.5 ev, the 
estimated electron temperature appears reasonable. 

The author is greatly indebted to ‘T. Holstein and 
A. V. Phelps for helpful discussions and suggestions 
concerning this work. 
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Stability of a Limiting Case of Plane Couette Flow* 
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A fluid is supposed to be viscous and incompressible. The fiow examined is u=gy; v=0 (OC y<»; 
“ <x< ~~). Its stability is investigated by the method of small vibrations. Accepting the legitimacy of the 
usual expansions, the problem is reduced to the solution of a transcendental equation containing one param- 
eter apart from the unknown. It is rigorously shown that the solutions of this equation are such as to make 


all modes of vibration of the flow damped. 


I 


T is known experimentally that under seemingly 

similar conditions a fluid flow may, in general, be 
laminar or turbulent. The first instance of this phe- 
nomenon to be investigated experimentally in detail 
was the flow of a liquid through a pipe. It is known that 
the laminar flow through a pipe becomes increasingly 
“unstable” as the velocity of the fluid is increased. The 
resultant flow is turbulent. At sufficiently small veloci- 
ties disturbances rapidly die out. O. Reynolds inferred 
that hydrodynamically similar laminar flows of incom- 
pressible fluids are stable or unstable according to as 
the “Reynolds’ number” R= ul/v is smaller or greater 
than a critical value. 

The significance of the experimental results is a 
matter of some doubt. It is generally agreed with 
Reynolds that the breakdown of laminar flow and the 
onset of turbulence at high Reynolds numbers is ini- 
tiated by a rapid increase of small disturbances. 

The following hypotheses can be made: 1(a) The 
steady laminar flow is unstable as such, i.e., with respect 
to disturbances originating in the fluid. 1(b) The dis- 
turbances are carried into the fluid from outside. The 
experimentally observed phenomena may well be com- 
plicated by the coexistence of both these effects. 2(a) In- 
stability (i.e., increase in time) is exhibited by certain 
disturbances of however small amplitude. 2(b) Insta- 
bility is peculiar to certain small but finite disturbances. 

It is natural first to attempt to confirm 1(a) and 2(a). 
This is the approach first taken by Rayleigh and 
Kelvin. 2(a) corresponds to neglecting certain inertia 
terms in the equations of motion of the perturbation to 
linearize them. Much work has been done in this 
direction.' There is some doubt in many results because 
of the approximations made. Recently? the case of the 
plane Poiseuille flow has been definitely settled through 
numerical methods in favor of instability of a type 
predicted by Lin.' Because of the amount of computing 
involved, this numerical approach seems impracticable 
to cover a wide range of the parameters. 


* Presented by B. Zondek in partial fulfilment of the require 
ments for the degree of Doctor of Philosophy in the Faculty of 
Pure Science, Columbia University, New York, New York. 

1C, C. Lin, Quart. Appl. Math. 3, Nos. 2, 3, 4 (1945). (An ex 
tensive list of references will be found here.) 

21. H. Thomas, Phys. Rev. 86, 812 (1952). 


The plane Couette flow is generally assumed to lead 
to no instability.’ From Hopf’s paper it seems not quite 
certain, however, that all roots of the transcendental 
equation involved were considered, each root corre- 
sponding to a mode of vibration. The analysis is com- 
plicated and it appears desirable to reinvestigate this 
case independently. 

The limiting case of the plane Couette flow, where 
the moving boundary is at infinity, will be treated here. 
It will be shown that all modes of vibration‘are damped. 


II. FORMULATION OF THE PROBLEM 


The two-dimensional flow in the x-y plane of an 
incompressible viscous fluid is given by 


AW, t WAV, 


WV, (condition of incompressibility). 


WAV, = vAAY, 


u=WV,, 1 


W(x, y, ¢) is the stream function, « and v are velocity 
components, and v is the kinematic viscosity. We con- 
sider the main tlow 


u=gy; v=0 (0S v< «; 2<x< ©; 930), 


for which one may take WV = gy". According to Squire,' 
two-dimensional disturbances are less stable than three- 
dimensional ones in the case of parallel flow. Hence, 
the perturbed stream function may be taken to be 
dey’+yY(xy/). Neglecting nonlinear terms in y, one 
obtains 

Ayit+ gv’Ay, 


We are concerned only with velocity perturbations 
originating inside the fluid. Therefore y,=y,=0 at 
y=0, and y,-0, y,->0 at infinity in the x-y plane. 
Hence at infinity ¥ will tend to a constant, which one 
may take to be 0. It is therefore reasonable to assume® 


that 
¥(xyt) = f w(kyt)e**dk, 


x 


vAAy. 


w= dw/dy=0 at y=0; 


w 0, dw/dy-0, when yo. 


3L. Hopf, Ann. Physik 44, 1 (1914). 

*H. B. Squire, Proc. Roy. Soc. (London) A142, 621 (1933). 

5E. T. Whittaker and G. N. Watson, A Course in Modern 
Analysis (Macmillan Company, New York, 1946), fourth edition, 
Sec. (9.7). 
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By separating variables (vy and /) one obtains 
w(kyt) = don cn(k) expl —iynlk)tlen(y, 2), 

where 7,(k) and ¢,(vk) are given by the following eigen- 

value problem: 


[vf (d?/dy*) — k?} + iy — ikgy }[ (d*/dy’) 


~k* |e(v)=0, (1) 
¢(0)= ¢’(0)=0, (2) 
¢g(y)0;  ¢’(y)0, when y> ~. (3) 


We shall not concern ourselves with the legitimacy 
of this eigenfunction expansion for w. For the plane 
Couette flow with walls a finite distance apart, a proof 
has been given by Haupt.® 

y and ¢ are complex. k, v, and g are real. It will be 
proved that for any k, v, and g all eigenvalues ¥ satisfy 
R(iy)>0, i.e., all perturbations are damped. 


Ill 


It is convenient here to make a list of some notations 
to be used henceforth. 
Quantities: v, g, k, y, ¢(y) are 


defined in Sec. II. 
z=ky, 
b= g/vk*>0, 
a= —1+i7/vk?, 
e= b= (vk?/g)'>0, 
B=—te, 
a= —(a+1)e=—ity/(vk?g)}, 
o=at+e, 
(12'*/ir) exp(—in/6), 


eS 
a 2531/6 y I 


Cm= (24"3"m!)— TT (9L2n—1]?—4). 
n=0 


R and I mean real or imaginary parts, respectively. 
* means complex conjugate. 

Notation defining contours of integration in the complex 
plane: Let z be a fixed point in the complex plane and 
{ be the variable of integration. 


(z)4. or (z) 
or negative sense, respectively. 


: closed loop around z taken in the positive 


[zs], or [z]_: 2 by-passed so that arg(¢—z) increases or 
decreases, respectively. 


5; or; 3: path starts or ends at 2, respectively. 


1V 


The eigenvalue problem, Eqs. (1), (2), and (3), with 
the sign of k reversed has eigenvalues y, for which sign 


6Q. Haupt, Sitzber. math.naturw. KI. bayer. Akad. Wiss 


Miinchen 2, 289 (1912). 
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I(iy) is reversed and R(iy) is unaffected. We shall 
therefore confine ourselves to k> 0. 

Reduction to dimensionless form: Substituting s= ky 
and p(z)= ¢(y) into Eqs. (1), (2), and (3) and bearing 
in mind the definitions of Sec. III, one obtains 


[ (d?/ds*)+a— ibs |{ (d?/dz*)—1 Ja(s) 


\ 
p(O) = p’(0) =0, 


p(2)=p'(o)=0. 


Reduction to a transcendental equation: Write 
d(s)=[ (d/dz)+1 Jp(s). 


To satisfy Eqs. (5) and (6) one must have 


p(z) = pe te f eo(cjde, 


a2 


(0) = 0. 


p is a constant of integration that is fixed by condition 
(5). We now have for 3(z) the following boundary value 
problem : 


[(d? dz?) +a—thz l[ (d/dz) 1 |(z) 0, 


(0) =0, 


x 
f ed(C)dé converges. (9) 
0 


The solutions of Eq. (7) can be given as contour 
integrals (in close analogy to the treatment of Stokes’ 
differential equation). This is conveniently done in two 
stages: Let 


v(z)=[(d/dz)—1 ](z), 


v(z) femsonp 


The function f(p) and the proper contours of integration 
in the complex p plane are determined by Eq. (7). We 
obtain 


and put 


f(p)(— p’+a)+bf'(p) =0. 


Henc e 


{(p)=explb-'( p’—ap) |, 


apart from an irrelevant constant factor. Thus, 


z) few b-'(\ p'—ap)+ ipz ds, 


and (apart from an arbitrary multiple of e*) 


(2) ff expt ‘(Lp —ap)+ipz |\(p+i) ‘dp 


Now 6 is positive (see Sec. IIL), and thus the integrand 


tends to zero strongly when p-» “e'*, xe‘? or wet¥’’ 
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where 514/6<9<79/6; 2r/60<9'< 9/2; —r/2<9"< 
-m/6. To satisfy Eq. (9) the appropriate path of 
integration is (xe'*; [—i]_; we**’), Indeed, take 
g=117/12, g’=2/3. Then along the contour one can 
make 177/122 arg(ip) 2 52/6. Hence, on such a contour 
R(ip)<—m’* (a fixed negative upper bound). With 
K(p) defined in an obvious way we have, when z->< , 


W(z) fe K(p)dp < exp( mes) { Ka 


const. exp(—m?z)—0, 


Moreover m’ can be chosen as large as we please, thus 
assuring condition (9). [The contour (xe'*;[—i],; 
we?) will lead to a divergent integral (9). This will 
be obvious from the relationship that these functions 
bear to the Hankel functions (see Sec. 5). | 

The equation for the characteristic roots is then given 
by condition (8), namely, 


O= 9(0) f exp b-'(4p'— ap) (p+iy ‘dp. 
un/3 

Two convenient forms of this equation are obtained 
by the substitutions: 


p bis, p bi—1 (b'>0). 


They are 


gila, B) f exp(4s3+as)(s—B)~'ds=0. 
«; [A] aoe*/3 
(11) 


fila, B) f exp( \P+ Bt?+at)t-'dt=0. (12) 
2. {0} oels 


é 


() these are identical. We define for later use 


(13) 


lor p 


gi(o, 0) =g,(o). 


V 


The functions /; and g, are related to the Bessel func- 
tions of order one-third. It is convenient to make use of 
the so-called ‘modified Hankel functions of order one 
third,” hy(z) and ho(z).7* They are connected with the 
Hankel functions by 


hy(s) = (42!) Wy (G2!), (14) 


ho(z) = (32')tH, (§s!). (15) 
They are univalued and are an independent set of 
solutions of “Stokes’ equation”’ 


u’(s)+su(z)=0. (16) 


The well-known asymptotic series for the Hankel 


7 Annals of the Computation Laboratory of Harvard University, 
Vol. 2, “Tables of Modified Hankel Functions of Order One 
Third and of their Derivatives.” 

8G. N. Watson, A Treatise on the Theory of Bessel Functions 
(Cambridge University Press, Cambridge, 1944). 


AND 
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functions yield 


2 
‘ex ig 
3 


valid for —27r/3< 


‘exo 


hy(z)~a’z 


Sri 
yu } z. Ot 1)" at 3m/2 |, 
12 


m= 


(17) 


Cargs <47/3. 


2 RY) 
-~12'+ ) 
5 12 


X14 ¥ ("Cys 3m, 


m 


ho(z)~a’'z 
(18) 


valid for — 42/3 <argz< 2/3. We also have the contour 


integrals 
hy(z) = f 
hy(z) of 


Several symmetry relations are satisfied by these 
functions. We take note only of 


exp(4s*+-2s)ds, 


exp(4s*+ 25)ds. (20) 


[h,(z*) ]*= h2(z), (21) 


[hy (2*) |*= he! (2). (22) 
VI 


We now investigate the function g,(o) [see Eqs. (13) 
and (11) |. From the contour integral (11) or otherwise 
it can be proved that 


e*™ 1 gi(aote* *) It. (23) 


gi(o)=— 


We also need the function go(o) defined by 


£o(a) f exp(4s'+as)s~'ds. (24) 
©: (O],; we in/3 


It can be proved directly from the contour integrals [ in 
close analogy to a similar formula involving /; and he 
(see Sec. V) ] that 

gi(ae~?* 8) = — g,(a)+- go(o) — 27. (25) 


From Eqs. (11), (13), and (19) we see that 


gi(a) = g1(O) +. f hy(s)dz 
0 
and 
gi(Q) f exp(4s*)s lds 
co ; [0] : we'™ 3 
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We have, therefore, 


cgi(a) = trict f hy(z)dz, 
0 


_ 217i/6,—1i/6 
g 12% ” 


(26) 
—4tric= —0.87358+ 0.504367. 

This formula is useful to compute g:(o) numerically 
from the table of 4, and /2.? A similar formula involving 
ho(z) gives g(a), but we do not need it. 

Let us now investigate the function 


o 


ct hy(z)dz. 
woe'® 3 


It follows from the asymptotic form of /,(z) [see Eq. 
(17) ] that this integral converges. As a function of o it 
tends to zero when o—~ e'*’®, Its derivative is c~'h,(o). 
The function g,(o) has the derivative c~%,(c) too. 
Moreover, g:(o)—>0, when o—~ e'*8, This follows from 
Eq. (11). (See similar arguments in Sec. IV.) For in Eq. 
(11) 4e<args<a, and when argo=4n, we have 
2 <argos< 4/3. Hence, R(os)<—m’|o| along the 
entire path of integration. Therefore, 


cei(a) -f Ay(z)dz. 
wet/3 


Similarly one obtains 


ctaalo) = f ho(z)dz. 
en” 3 


(27) 


Bearing in mind that arge=—32m (see Sec. III) it is 
easily proved from Eqs. (25), (27), and (28) that 
o 


cgi(a) =e 24i/3 own hy(ze?**8) dz 
we 73 


+f (ce | — dic (29) 


VII 
The asymptotic series of gi(o): From Eq. (27) one 
obtains, by integrating the leading term of Eq. (17) 
(30) 


valid for: —3a<argo<4m/3. We shall not need the 
higher terms. An asymptotic formula valid in a sector 
that includes the ray argo = —§m is obtained from Eq. 
(29). In the first place we have from Eqs. (17) and (18) 


a’cgi(a)~o?* exp(Zia!— 1171/12) 


e~ * 8h (se?*"8) Va’s! exp(— Fiz!— 11i/12) 


x14 ¥ iC,2- 3m] 
l 


m 


(31) 
valid for —4a/3 <args< 3m. 
e~?8"8fpo(ze?* 3) a’s—! exp(Riz!— 5xi/12) 


<(1+ ¥ (-—A "Cuz 
m=! 


valid for: —24<argz <0. 
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Inserting Eqs. (31) and (32) into Eq. (29) and inte- 


grating term by term, we have 


a’ egi(a¢)~— io exp(Zio!—5mi/12) 
<X[1—1A yo !— Ago *'?+-7A yo? - - 
+io—! exp(—3io!—11i/12) 
[1+7A4 o-!— Ago 9/277 Ago? - - 


(33) 


]—2 rica’ 
valid for —42r/3 <arga <0. 
A,=Ci+$=41/48, 

Ay= Cot (9/4)C14+ 27/16= 9241/4008, 


(135/16)C,+ 405 /64 
= 5075225/663552. 


A3z=C3+ (15 ‘ANC ot 


Vill 


The results of Secs. VI and VII are now used to 
obtain complete information about the zeros of gi(o). 

Proof that gi(o) has no zeros in the sector —}n 
<argo<m: To this end we determine the change in 
arg[ gi(o) | going around a closed contour composed of 
the rays argo=_m and argo= —4 and a large circular 
arc connecting them. Let 


hy(z) = Rhy (x, v)+ilha(x, y) ; 
hy'(z) = Rhy’ (x, y)+ilhy'(x, y). 


s=x+1y; 


Along the real axis (y=0), I/,(x, 0) satisfies Stokes’ 
equation 
(d?/dx*)Thy(x, 0)+-xIhy(x, 0)=0. 
Now from Eq. (19) or from the table’ one finds that 
1h,(0,0)<0, (d/dx)Tiny(x, 0)| -.o= Ihy'(0, 0) > 0. 
Hence, from Stokes’ equation: 
x <0. 


Ihy(x, 0)<0, when 


Thus from Eq. (26), when o=x<0, 


Il cgi(x) | 050+ f Thy (x, O)dx>0. 


0 


We see from this that arg[g:(o) | changes by less 
than 7 when we go from ¢=0 to c= — ~~. Now, from 
Eq. (26), 

arg| cg:(0) |= (5a/6)+22n, 
and from Eq. (30), 
arg[ cg;(— ~) ]= —(Sx/3)+2n’, 


so that 


7 Om sa 
arg[ cgi(a) || oo —4r. 
Going along a large circular arc in the negative sense, 
we have from Eq. (30) 


@ exp( —wit/3) 
bs : 


arg[ cgi(a) ||% = =. 
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Going back from « e~*"* to the origin in the o-plane, 
we have from the symmetry relation (23) 
arg! cei(a) ||? 7 ' ; Str. 
Thus the total change of argg;(0) vanishes, and the 
proof is established, All the zeros of g,(o) are therefore 
1 


in the sector — w< argo: Tr, 


IX 


To obtain an asymplolic expression suitable for nu 
merical work, substitute / 2a) in (33) (—ar<argl<n, 
4/3 0). This leads to 


when argo « 


i(3/4m)'g\(0)bb~— (3m) 't! 
+ cosi{ 14 A (31/2) A »(3t 


14 2) 


2)-*— A3(31/2) +: - + ] 
1+ A (31/2) 


A;(3t/2)-3--- ], 


+ sin/| 


(34) 


This is a real expression in / and thus has pairs of 
complex conjugate zeros in terms of ¢. In terms of ¢ 
there are pairs of zeros symmetrically placed with 
respect to the ray argo 2a. This also follows from 
Eq. (23) 

Taking the leading terms of Eq. (34) we have the 
equation 
cost— sint, (35) 


(3m) ?t? 


(3r)'0) sin(¢— 4m); —w<argl<m. (36) 


Squaring Eq. (35) and setting /= .x+1y, one obtains the 
pair of real equations 
3ry+cos(2x) sinh(2y)=0, 
3ax—1+sin(2x) cosh(2y) =0. 


From this form of the equation it easily follows that 
for all large solutions, y= O(logx). Hence, for the large 
solutions (i~x', and Eq. (36) becomes 


(3m) x! sin(x—}) coshy, x! >0, 


0=cos(x— 41) sinhy. 
The solutions are: 


x= (79 /4)+ 27k, 
(37) 


Vk tarc cosh{ (3a) x! |, (k=0,1,--°), 


20i/3(3//2)8- 


~~ xt 1Vk 5 a=e (3/ —mw<argl<r. 


By investigating (d/dy)(y/x) it is easily seen that y/x 
is a monotonically decreasing function for x 2 x9 =5, 
argo+3n|. So that if to 
yields a damped perturbation (R(a) <0), so do all &. 


and hence so is |argt| and 


X 


We now want to gain an idea about the accuracy of 
Fqs. (37). For k=0 they yield t%~5.5042.311. 
Calculating a first correction to this value from Eq. 
(34) using the terms up to ¢-* gives fo =5.40+: 2.367. In 


AND 
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terms of o this gives the pair of zeros 
4.141, 


2.987, 


-1.05 


3.06 


y4 004. >= 


ay 04 


with errors in the last figures retained. 

This is the smallest pair of zeros obtainable from the 
asymptotic series (33). The larger ones should be given 
even more accurately by Eqs. (37). Whether these 
actually are all the zeros of g,(o) (there might still be 
undetected small zeros) will be cleared up later. First 
we mention an independent check on the preceding cal- 
culation. This is furnished by the power series expansion 
of cgi(o) around a point chosen suitably close to one of 
the zeros. The coefficients can be computed with the 
aid of the table in reference 7. If o= x+ iy, formulas (21) 
and (26) yield 


— (3)! +f Rho, —y)dé -f 1h.(O, n)dn 
0 0 
+-7(2)§3~-3- if Tho(t, —y)dé if Rh.(O, n)dn, 


cgi(a) 


where /2(o)= Rh2(x, y)+-i1ho(x, y). The integrals can 
be evaluated for the Euler-Maclaurin 
formula (reference 7 also tabulates the derivatives of 
h, and hy). The derivatives 


instance by 


are found in the table up to m= 2. The higher derivatives 
are given by recursion formulas that follow from Eq. 


(16). 
In this way one obtains, for o 


-1.0—4.11, 


cgi = 0.368 015+0.225 850i, 

cg: = 6.382 182+4-1.164 1827, 

cog: = 4.614 268+ 4.854 430i, 

bce” =0.268 1734+4.555 188i, 
(1/24)cg," - 1.539 999+ 1.932 5701. 


One obtains a corrected value for oo, which is 


1.0626 — 4.128827. 


x] 


To complete the treatment of the limiting case e=0, 
it remains to show that formulas (37) actually furnish 
all the zeros of gi(a). We know that in terms of 4, all 
zeros are in the sector —}m<argi<4m (see Secs. 
VIII and IX). Now let (3/27)!g:(o) = p(t). Then Kq. 
(34) gives 

p(t)~i(Omr) +4 [¢ “¢ ' V r—a/4 |, 
where ‘= x+1y; and this is valid for: —~a<argt< x. 
Now let a=x,+27=2r(k+1)+3a [see formulas 


(37) ], & be a large positive integer, and 6 any large 
positive number. We now count the number of zeros 





STABILITY OF Ft 

of p(t) inside a rectangle with vertices a—ib; a+-ib; ib; 

—ib. We have to find the change in argp(t) as we go 

around the perimeter. The symmetry of gi(o) [see 

Eq. (23) ] permits us to confine ourselves to that part 

of the perimeter that lies in the upper half ¢ plane. 
On the straight line going from a to a+ 18, 


p(t)~i(6mr)!+ it-Le+ ev | 
and 


ait 


arg! p(t) ]! a ~} arg(a+ ib) 


On the straight line joining a+ ib to ib: 


pii~—t tee, 
and 


ib 
_ 1 Lh. 
a+1b— ~~ +ut 2 a 


arg[ p(t) || rg(a+ib)+2r(k+1)+3n 


=} arg(a+ib)+3mr+2n(k+1). 


On the straight line joining 7d to 0, 


0 


arg! p(t) |! » her. 


This is so because arg!= 42 corresponds to argo= —4r 
and this ray was investigated in Sec. VIII. 

We thus find that the total increment in argp(¢) in 
going around the complete perimeter is 2(2k+-2). 
Hence there are 2k+2 zeros of p(t) inside it. This 
number of zeros is also given by Eq. (37), and thus none 
have been missed. 

On the basis of this we can state: Jn the limiting case 
e=(), all the characteristic roots are furnished by Eqs. (37) 
and lead to stable perturbations, i.e., R(a)= R(a) <0. 


XII 


The general case €>0: Equation (12) defines functions 
a(8). Denoting partial derivatives by subscripts, we 
have 


da/dBp=— fa hac 


Further we notice that fg= faa and 


fa= f exp(}f + Bt?+ at)dt 
— wer t/3 


-f _exp( i+ or)dr exp(—aB—}f*) 


=c h(a) exp(—oB—}8*), 


where (=r—B. Moreover, 


fa= faa=c[hy' (a) — Bhy(c) | exp(— oB— 46°). 
Hence, 


da/dB= —[hy'(a)/hy(c) +8, 


da/de= iL hy’ (a+ &)/hy(at+é) ]— 
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TaBLe I. Comparison of the asymptotic formula (40) for w(¢) ) with 
the direct calculation of w(o) from the table of reference 7. 


computed trom 
in reference 7 


)04+- 0.60887 
17+ 1.348% 
17+ 1.473% 
33+ 1.6897 
42+-1.8601 


1. 
1.4 
—1.4 
a 
.7 


(Similar considerations lead to expressions for the rates 
of change of the characteristic roots in the case of plane 
Couette flow with walls a finite distance apart.) 

It is perhaps of interest to note that one can obtain 
a second-order algebraic differential equation for @ or 
more conveniently for ¢. From Eq. (38) we have 


(da /de— €)hy(a) = ithy'(a). 
Differentiating with respect to e€ and using /y’(o) 


-ah\(a) [see Eq. (16) ], one obtains 


d’a do do ’ 
+7 > ( ‘) | 1=0. 

de de de 
As ¢ is varied, each of the characteristic roots @ will 
trace out a curve in the complex a-plane according to 
Eq. (38). The starting values of a@ at «=O lie in the 
left half a-plane (R(a@)<0). Moreover, the possible 
singularities of Eq. (38) are given by the roots of 
hi(a+é)=0. The zeros of 4,(0) are however known’? 8 
to lie all on the ray argo 2x for which R(a) 
=R(o—eé)<0. To establish now that R(@)<0 for all 
€>0), it is sufficient to show that 


da 
K/( ) RLit{hi'(o)/hi(a)} —€] <0, 
de 


when R(a) 20. For in that case a(e) 
imaginary axis in the a-plane to get into the region 
R(a) 20. € being positive, it is sufficient to verify that 
I[hy'(a)/hy(c) | >0, when R(o) 20. 

Asymptotically we have from Eq. (17) 


(39) 


cannot cross the 


wa) =h,'(a)/h\(o)~— ia}, (40) 


<4n/3, so that for large o: I(w) >0, 
can verify from the 


[argo 
lor small a, one 


valid for — 32< 
when R(a) 20. 
tables’ that 


Rhy: thy’ — Rhy’ - Th, >0 [for I(e) 20], 


and 


Rh»': lho— Rhy: The’ > 0 [for Ia) <0). 


Actually the asymptotic formula (40) is sufficiently 
accurate throughout most of the relevant portion of 
the tables. This can be seen from the values of Table I. 

Thus we have established that for all €20 one has 
R(a)<0, ie., the fluid flow examined 1s stable towards 
infinitesimal perturbations originating inside the fluid. 
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Cluster Theory of the Saturated Vapor Pressure of Helium Isotope Mixtures* 
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The cluster-avaianche theory of saturated vapor is developed for the two helium isotopes He* and He' 


and for mixtures 
Dirac statistic 
of the 


vapor pressure in terms surface energy 


isotopes ire used to determine the surface energies in pure He 
formula for the surface energy of mixed clusters is then found to explain the 
rhe results appear to indicate that He* is anomalously reduced in the 


the isotopic mixtures 


mixed clusters below the lambda-point of bulk liquid mixtures of like concentration 


of the two isotopes. Quantum degeneracy 
s required by the parity of mass numbers in the clusters 


of clusters 


using Bose-Einstein and Fermi 
Ihe theory expresses the saturated 


is included by 


The observed vapor pressures of the two pure 
‘and pure He clusters. An interpolation 
observe d vap yr pressures ol 
surfaces ol 


Data above 2.2°K 


are needed before this interpretation can be established. 


SATURATED VAPOR PRESSURE OF PURE He' 
[ J SING the clustering approximation for a quantum 


degenerate gas with Bose-Einstein statistics, the 
following expression for the saturated vapor pressure of 
Het has been derived: 


Pau =RT > > (QasmkTh*))) 


<exp[ — jstX(s)/kT]. (1) 
The factor s{¥(s) represents the surface energy of a 
cluster containing s atoms; its relation to the total 
internal energy W’, of the cluster is given by its formal 
definition: 


i si Y(s)sf, (2) 


where WW is the energy of vaporization per atom. For 
s=1 we know that V(1) 0, while for 
large values of s the term X(s) should approach the 
surface tension per atom of the liquid phase. We do not, 
however, know enough about the clusters to construct 


HW because W, 


the function X(s) a priori, so we proceed in the opposite 
direction. ‘The series (1) is found to converge fairly 
rapidly, so the dominant term is the first one in which 
Y(1)=W. To simplify the problem we therefore assume 
NV(s) to depend only on 7 and neglect its variation 
with s, and find by trial and error a function Y of T 
that allows Eq. (1) to agree exactly with the observed 
saturated vapor pressure curve for He'. Essentially the 
resulting values of VY are averages for small clusters. 


TABLE I. Comparison between energy surface term and energy 


of evaporation of He’. 


W ergs/atom 


* Supported by funds from the U. S. Office of Naval Research 

t Now at Bell Telephone Laboratories, Murray Hill, New 
Jersey. 

'W. Band, Phys. Rev. 79, 871 (1950) 


In Table I the second column gives the observed 
saturated vapor pressures.’ The third column gives the 
values of Y needed to fit Eq. (1) exactly with the data. 
In column four are the values of W found from the 
observed latent heats and volume changes on evapo- 
ration.” Above 3°K there is no close correspondence 
between Y and HW’. Any attempt to include a reasonable 
dependence of XY on s actually has the effect of widening 
the divergence between XY and W here. The effect is 
due to approach to the critical temperature at 5.2°K, 
and the fact that the formula Eq. (1) neglects the 
volume of the clusters. 


SATURATED VAPOR PRESSURE OF He? 


The vapor pressure of He* can be discussed in a 
similar fashion, using Fermi-Dirac statistics. In the 
clustering theory only those clusters that contain an 
odd number of atoms obey the Fermi-Dirac statistics; 
clusters that contain an even number of atoms obey 
Bose-Einstein statistics. We can treat the vapor pres- 
sure as the sum of partial pressures of groups of clusters, 
each group consisting of clusters of a given size. The 
complete expression for the vapor pressure turns out to 
be 
Poa =kRT YS QasmkTy h?)!(— 1) 80 


~ 
l 


xexp[ — jstN(s) /k7 

lor the same reasons as given above, we neglect the 
variation of X(s) with s and find YX as a function of 7 
so as to fit Eq. (3) exactly with the observed vapor 
pressure of He’. In Table II the columns have the 
same meanings as in Table I. 


SATURATED VAPOR PRESSURE OF 
He! —He*® MIXTURES 


Denote by (s, ¢) a cluster that contains s atoms of He' 
and ¢ atoms of He’, and denote the number of such 
clusters in the assembly by N(s,¢). The totality of 
clusters of type (s, 4) for any given s and ¢ is treated 

2W. H. Keesom, Helium (Elsevier, Publishing Company, Inc., 


New York, 1942). 
3 Abraham, Osborne, and Weinstock , Phys. Rev. 80, 366 (1950). 
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as a subassembly obeying the statistics determined by 
the parity of ¢. The mass of the cluster of type (s, /) is 
(sM4+tM;) where M, and M;, are the isotopic masses. 
The Gibbs free energy per cluster of type (s,/) is 
(Sus+lus) where us and yw; are the respective atomic 
free energies of the isotopes. The equilibrium number of 
clusters of type (s,¢) in an assembly with given free 
energies is easily shown to be! 


V(s, t)= V (QrkT/h*)?(sM4+tM;)' > | 


Xexpl 7 (sust lust 


kT), (4) 


where H’,, is the average energy of dissociation of a 
cluster of type (s, (). This is assumed to have the form 


W c=sW4t+tW3—X(s, 0), (5) 


where X(s,/) is a surface term approximately propor- 
tional to (s+/)'. It is convenient to set M4y=4m, and 
M;=3m approximately. 

In theory the free energies wy and-y, can be determined 
from the restrictions to constant total numbers for each 
type of isotope: 

V4 > > sN(s, b), + dX tvs, b. 


tea), 8 ( 


In practice these summations would be very difficult to 
carry out and the best that we have done is to evaluate 
them for certain limiting cases. 

The first case that we consider is when .V4>>.V3. Then 
the probability of finding a cluster containing more 
than one or two He’® atoms is very small except near 
the critical temperature the average size of 
clusters may become very large. Neglecting all clusters 
which contain more than two He* atoms, the summa 


when 


tions determining uy and ys; become 


Vi=> sV(s,0)+3 sN(s, 1I)+D5 sN(s, 2)4 
Cd | s=l 


s=l 


V;=> N(s, 1)+2¥ N(s, 2)+---. (8) 


The condition for saturation is that 4 has its critical 
value uy=—H'y. This can be seen by considering Eq. 
(4) when t=0. At high temperatures or low densities 
the value of us must be large and negative. As the 
temperature drops, or the density rises, the value of us 
becomes less negative until it reaches the value —W’,. 
When this happens the sum reaches its radius of 
convergence and the presence of large clusters becomes 
probable. The same is true for every value of ¢. This 
is interpreted on the cluster theory as the incipient 
formation of the liquid phase. During any further 
decrease in temperature or increase in density the value 
of ws remains equal to —W’, in order to maintain 
convergence, and the number of large clusters and their 
size increases. This critical value of us thus corresponds 
to an equilibrium between the vapor and a vanishingly 
small quantity of the liquid phase. 
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ras_e IT. Comparison between energy surface term and energy 
of evaporation of He’. 


W ergs/atom 


0.634 107" 


X ergs/atom 


0.420 107! 
0.523 
0.639 
0.754 
0.868 
0.948 


psat dynes /cm? 


1.16 10 
6.70 10° 
2.03 105 
4.46 10° 
8.24 10° 


1.19 10° 0.000 


Making use of this condition for saturation, Eq. (4) 


and Eq. (5) can be used in Eq. (7) and Eq. (8) to yield 


Va= V (lamkT /h?)'{a+b expl (ust+Ws)/kT | 
+ ¢ exp[ 2 (us4 H's) kT |4 -}, (9) 


V(QamkT /h?)3{b' expl (us+- Ws) /kT | 


+ ce exp[ 2(u t+ W's)/kT JA 


where 


a=8)> ¥ s*?7 exp —jN (5, 0) k7 


1) 


> s(4s+3)3 exp! 


1 


NX (s, 1)/kT'], 


> (4s4 X(s, 1)/kT ], 


3) exp 


5 s(4s4+- 3) exp| 2A ts. 1) kT | 


NX (s, 2)/kT'], 


+ pS s(4s+-6) exp! 


(4s+ 3)! exp| 2X (s, 1)/kT | 


X(s, 2)/kT |. 


+2 >$° (4s4 6)! exp! 


In a similar fashion the equation for the pressure of 
the saturated vapor can be approximated by including 
only terms representing the effect of clusters that 
contain two or less He* atoms: 


(12) 


Pout = Dd pls, N+ DL { pls, 1+ pls, 2)4 


ps’ + ps”, (13) 
where p,’ has the same form as the expression for pure 
He‘, and p;* is the partial pressure due to those clusters 


containing He* atoms: 
p&=kT (2rmkT/h’)'45 dS stj8” 
a=], j=] 


exp — 7X (s,0)/kT |, (14) 


pst=kT (QaemkT/ YES XS (454+3)8(-— Dy 


K exp| Hust W X (s. 1)} k7 |+ > (45s+-6) 


(15) 


K exp 2{ust Wy—X (s, 2)}/kT }. 
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The next step is to solve Eq. (10) for exp[ (us +W3)/kT | 
in terms of V;/V and put the result into Eq. (15). 
When this is done we find 

ps* = (N3kT/V)[1—(N3/2V) (c’/b”) 


x (2emkT/h*) +). (16) 


It is convenient to obtain p,;* in terms of the ratio of 
isotopes present : 


x \ V4. (17) 


To do this the solution of Eq. (10) for exp[ (us +W3)/kT ] 
must be put into Eq. (9) to give V4/V in terms of V;/V: 
a(2amkT /h*)'+- (b/c) (N3/V) 

(bc’ /b*) \(2rmkT/h*) 1(N3, 


N,/V= 


+[ (c/b’) Vy. (18) 


The two Eqs. (17) and (18) can now be used to give 
ps* as a function of the ratio x: 
ps* =xkT (2emkT/h’)'| a/(1—xb/b’) | 

[1 —-xac’/{ 2b" (1—xb/b’)} ]. 
This is the final form that can be used for numerical 
calculations, combined with Eqs. (13) and (14) to find 


the vapor pressure. 
The second case, when V2>>.V4, can be treated in 
exactly the same way to give the following equations: 


Poat= ps” { ps", (20) 


(19) 


9 


1)¢@ vp) 5/2 


pi =kT (Qrmk7/h?)I33 > Y | 


1,j=1 


Xexp[ — X (0, )/kT'], 


pa* = ykT (2emkT/h?)'[.a/(1— yb/b’) J 


[1 — yae’/{ 2b? (1— yb /b’)} ], 
y N, N3< : 


where 


a=31 Y (-1)-0p6 


tel, j=l 


yt expl— 7X (0, )/kT |, 


b=> (4432)! expl — NX (1, O/kT J, 


tel 
=> X(1, )/k7'), 
tet) 


(4+ 31)! exp| 


2-1 t(44 3t)!(—1) expl—2NX 0, 0/kT] (24) 


t=I 
t+- > £(8+ 3t)! exp — X (2, )/kT ], 

t=I 

2X (1, t)/kT | 


IS (4430)!(—1)' exp| 


te) 
+ 25° (8+ 31) exp -X (2, t)/kT ). 


tom) 


This completes the general theory of the saturated 
vapor pressure of mixtures of the two isotopes, in so 
far as we are interested only in very small concentrations 
of He® in He‘ or of He‘ in He*. Application of the 


mm. NELSON 


formulas depends on a suitable choice of the function 
X(s, t). 


RESULTS AND DISCUSSION 


In the first two sections of this paper values of Y, 
and X; were found that must be used in the clustering 
theory to fit the experimental data on pure Het and 
pure He’, respectively. The problem now 1s to find a 
function X(s,¢) as a reasonable interpolation formula 
depending on the concentration in the vapor, restricted 
at least to being proportional to (s+)! because it is a 
surface energy. However, it must be noticed that Vy, 
of which X(s,¢) is a part, is the energy required to 
dissociate the cluster and distribute its atoms in the 
vapor— not into empty space. In practice therefore the 
surface energy of a cluster of pure He‘ in a mixed vapor 
is not the same as that of a similar cluster in the pure 
vapor: in other words X(s, 0) is not equal to s!Ny, and 
similarly X (0, ) is not equal to (4X. 

The interpolation formula tentatively adopted for 
preliminary calculations was 

X(s, t)= (s+) X411—C)+X;3C], (25) 
where 
C= N3/(N3+N4)=x/ (142). (26) 
This formula is about the simplest one can choose; it 
essentially assumes that on average the concentration 
of He’ in the surface of clusters is the same as that in 
the vapor. 

The results of this assumption were included in a 
technical report to the U. S. Office of Naval Research 
dated June 16, 1952. Since then, experimental data 
have become available* for comparison with the theory. 
It turned out® that Eq. (25) gave pressures considerably 
higher than those observed. To obtain better agreement 
it is necessary to adopt a nonlinear interpolation formula 
as follows: 


X(s, 1) = (s+0'LN4(1—C)"+X;C7], (27) 


where 2 has some value chosen to give the best fit with 
the data 

From the data we drew smoothed isotherms of Psat 
versus Vapor concentration C at the temperatures 2”, 
1.7°, and 1.55°K and found the value of needed to 
fit Eq. (27) exactly to the data at C= 10 percent. The 


results were 
P=2Z 


The predicted pressures are quite sensitive to the values 
of n if one takes the experimental! error as reported by 
fixed to within +0.5 


220.79: T=1.7",9=0.738; T=155", 20.77. 


Sommers, the values of m are 
percent. 

By using Eqs. (14) and (19) one can also obtain a 
rather rough prediction of the pressure at C= 20 
percent, while by using Eqs. (21) and (22) one can 


‘H. S. Sommers, Jr., Phys. Rev. 88, 113 (1952). 


5 R.A. Nelson and W. Band, Phys. Rev. 88, 1431 (1952 
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obtain exact predictions for C=95 percent and rough 
ones for C=90 percent. On the basis of these calcula- 
tions we have drawn theoretical curves shown in Fig. 1, 
and compared them with the smoothed experimental 
curves. Experimental data are lacking between 78 
percent and 100 percent so that exact comparison at 
95 percent is not possible. However, it is quite obvious 
that the curves fitted at 10 percent are too low at the 
higher concentrations. For the 2°K isotherm the devi 
ation becomes significant at about 40 percent, for the 
1.7° isotherm at about 65 percent, and for the 1.55 

isotherm at about 80 percent. These vapor concentra- 
tions can be translated very roughly into liquid phase 
concentrations at the same pressures, and they turn 
out to be about 10 percent at 2°, 24 percent at 1.7°, 
and 30 percent at 1.55°. These are actually quite close 
to the lambda-transition points in the liquid mixtures.® 

Now the liquid phase does not enter our analysis as 
such--the saturation is an effect of clustering in the 
vapor. But there does remain the possibility that small 
droplets—large clusters may on average exhibit an 
anomaly at or near the lambda-transition in the liquid. 
In our formula Eq. (27) with n<1, the He?® isotope 
does indeed play a reduced part in determining the 
surface energy of small clusters, compared with that in 
the linear formula Eq. (25). This may be interpreted 
as due to an average deficiency of He? in cluster surfaces. 
Above the lambda-points our formula Eq. (27) is 
apparently over-corrected: to obtain the observed 
curve, x would have to be nearer unity. This means 
that He’ plays a greater part in determining the surface 
term above the lambda-point than below. 

The transition, if it exists, appears to be quite 
gradual; no breaks have been observed in the isotherms 
at the lambda-points. This might be explained as due 
to a dependence of a sudden transition in cluster on the 
cluster size. On the other hand, the fact that the devi- 
ations appear to set in at the lambda-points may be 
fortuitious. ‘To decide this question it would be neces- 
sary to have an observed isotherm above 2.2°K where 
the lambda-transition could not occur at all. If then a 
formula of the type Eq. (27) with a value of m appreci- 
ably nearer unity was found to fit the entire curve, the 
above interpretation would be well enough established. 
It would also be very desirable to be able to set up the 


6 Abraham, Weinstock, and Osborne, Phys. Rev. 76, 864 (1949) ; 


J. G. Daunt and C. V. Heer, Phys. Rev. 81, 447 (1951). 
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Fic. 1. Saturated vapor pressure of mixtures of helium isotopes: 
comparison between theory and smoothed experimental data. 


theory in some way that permitted precise computations 
at all concentrations instead of only those near either 
zero or 100 percent. 

It may be worth emphasizing in conclusion that 
quantum degeneracy has entered our analysis only 
through the 7 series in each expression Eqs. (14), (19), 
etc., and Eqs. (21), (22), etc. These series in every case 
proved to converge so rapidly that never more than 
three terms were needed. The contribution of quantum 
degeneracy to the saturated vapor pressure is in fact 
always extremely small. The high vapor pressure of He* 
compared with Het is taken care of by the smaller 
value of Y, compared with Y4, and is not appreciably 
affected by the alternating signs in the / series arising 
from the statistics. In the 
small effect of quantum degeneracy, the s sum, repre 


Fermi-Dirac contrast to 
senting gas imperfections in the vapor, had to be 


evaluated to as thirteen terms to 


obtain the desired precision.’ 


many as ten or 


7 Some of the relevant series have been summed and tabulated 
in a technical report to the U. S. Office of Naval Research by 
R. A. Nelson, June 25, 1952 (unpublished) 
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By tinding 
radius vanishes, the | 


the points in the synchrotron magnetic cycle at which the time rate of change of electron orbit 


total electron energy loss per orbit revolution is measured. The results, for electron 


energies from 205 Mev to 280 Mey, are in excellent agreement with classical electromagnetic theory. The 


measurements have been extended to 318 Mev with reduced precision by observing orbit shrink rates after 


the radiofrequency accelerating voltage is removed 


losses other than radiation have been observed 


I. INTRODUCTION 


N electron moving in a large orbit radiates energy 
at a rate 
pP a(e 


P) Wy! Ke me’)! 1) 


according to classical electromagnetic theory.!? Here 
P is the instantaneous power in ergs/sec, e the elec- 
tronic charge in esu, p the instantaneous radius of 
curvature in cm, wy the angular velocity, and £ and me 
total 


spectively. For an electron moving with angular ve- 


are the electron’s energy and rest energy, re- 


locity wo in an orbit of constant radius this power can 


be conveniently expressed as electron volts per 


revolution: 


P=716B'p’ ev, rev, (2) 


where B is measured in webers m* and p in meters. If 
B is measured in gauss and p in em the right side of Eq. 
(2) must be divided by 10 

The frequency distribution of this radiation has been 


calculated by Schwinger.* The energy is radiated at 


IP2i | 


Donut 


hic. 1. Light emitted tangentially from electron orbit is 
brought to a focus on a grid placed over a photomultiplier. When 
the orbit radius shrinks, the focal spol moves across the grid, 


modulating the photomultiplier output 


* Assisted by the joint program of the U. S. Office of Naval 
Research and the U. S. Atomic Energy Commission 

']). Iwanenko and I. Pomeranchuk, Phys. Rev. 65, 343 (1944). 

21. I. Schiff, Rev. Sci. Instr. 17, 6 (1946) 

3]. Schwinger, Phys. Rev. 75, 1912 (1949); See also L. I. 
Schiff, Am. J. Phys. 20, 474 (1952). 


No coherent energy losses and no significant energy 


high harmonics of the revolution frequency and much 
of it lies in the optical range for electron energies of a 
few hundred Mev. ‘The existence of this optical radia 
tion is well known' to experimenters with large syn- 
chrotrons and betatrons. In the Cornell synchrotron, 
for example, some of this light is directed on to a photo- 
multiplier whose output signal is used as a tuning 
indication. 

Recently a quantum-mechanical calculation® of the 
radiation frequency distribution showed results at 
variance with Schwinger’s classical distribution and 
indicated a radiated power markedly below the classical 
value. Since the fourth power energy dependence of 
this radiation represents a major barrier in the con- 
struction of circular electron accelerators in the Bev 
range, it is of considerable practical importance to 
know which result is correct. Measurements previously 
reported® showed that the classical value of total radi 
ated power is the correct one. The work reported here, 
which is an extension and refinement of that previously 
reported, shows even better agreement with the classical 
result. In the meantime the faults of the quantum- 
mechanical calculation have been pointed out.” * 


II. PRINCIPLE OF THE MEASUREMENT 


The magnetic field in the Cornell synchrotron varies 
with time in an approximately sinusoidal fashion at a 
frequency of 30 cycles per second. The field has a radial 
dependence given by B= Bo(po p)", where the nominal 
value of » is 3. For the total energy of an electron 
moving with a radius of curvature p in a magnetic 
field B we have E=300Bp, where EF is in ev and Bp 
in gauss cm. This equation is good to better than one 
part in 10° for a 200-Mevy electron. If we allow both 


Bg and p to vary with time, we have 


BE/E=(1 


, ? 


n)p/p+ Bo Bo, (3) 


where the dots indicate differentiation with respect to 


time. If the magnetic field has a general radial de 


‘Elder, Langmuir, and Pollock, Phys. Rev. 74, 52 (1948) 
5 (3. Parzen, Phys. Rev. $4, 235 (1951) 
6 T). Corson, Phys. Rev. 86, 1052 (1952 


7 Judd, Lepore, Ruderman, and Wolff, Phys. Rev. 86, 123 
(1952) 


8H. Olsen and H. Wergeland, Phys 
by Schiff, reference 3 


Rev. 86, 123 (1952 





RADIATION BY E 
pendence B= Bof(p) the factor (1—n) in Eq. (3) must 
be replaced by {1+[pf’(p)/f(p) ]}, where the prime 
indicates differentiation with respect to p 

In Eq. (3) F is the net rate of change of energy and 
is the sum of various contributing terms. We have 

B= Et Est Brat Eo, (4) 
where Ey, is the rate at which energy is supplied by the 
radiofrequency accelerating field, EB, is the rate at 
which energy is supplied through the betatron effect 
by virtue of the changing magnetic flux within the 
orbit, Ey. is the rate at which energy is lost through 
radiation and Ey is the rate at which energy is lost 
through any other mechanism which may exist, as, 
for example, through image currents in the conducting 
walls of the vacuum chamber. If the various electrons 
in a bunch radiate coherently, the radiation energy loss 
per electron per revolution will depend on the number 
of electrons in the bunch. 

In all the measurements reported here the electrons 
are accelerated to an energy F and then the radio- 
frequency accelerating voltage is removed, so that 
.+=0. By is measurable (see Sec. III C), so that the 
result of the experiment is a determination of Eyaa+ Eo. 
These two terms can be separated by measuring at 
different electron energies and finding the part of the 
total energy loss rate which has a fourth power energy 
dependence. Ey turns out to be no more than one or two 
percent at most of the total energy loss at any of the 
energies measured here. 

It is convenient to express By /E as a fraction k of the 
quantity By By. If k were equal to unity, and neglecting 
any energy losses, the acceleration would be entirely by 
betatron action. k is the ratio of flux within the orbit 
to the flux necessary to satisfy the betatron condition. 
For the parts of the magnetic cycle where the magnetic 
shunts, which provide the initial betatron acceleration, 
have saturated, k is measured to have a constant value 
of 0.192+0.002. 

Expressing F';’/F in this fashion we have 


(Bina t+ Eo)/E= (1—n)p/p+(1 -k) Bo/ Bo, (5) 


’ 


for the case where F,; 
way to use Eq. (5) to measure F,a+ Fy is to find the 
point on the back side of the magnetic cycle, i.e., where 


0. The most straightforward 


the field has passed maximum intensity and is de- 
creasing, where 6=0 when the radiofrequency field is 
removed. At this point in the cycle the electrons are 
losing energy by radiation and by inverse betatron effect 
to the magnetic field, but the field is falling at a rate 
which keeps the orbit radius fixed. If the radiofre- 
quency accelerating field is removed earlier in the cycle 
the orbit shrinks, if later the orbit expands. If k, Bo, 
can be calculated. p is 
2x of the radiofre- 


Bo, and p are known, Eyaat+ Eo 
best known from the frequency wo 
quency accelerating field, so that Eq. (5), in terms of 


energy loss measured in electron volts per revolution, 


LECTRONS 


IN LARGE ORBITS 


hic. 2. Modulated signal from photomultiplier. At left, modu 
lation produced by rf pick-up shows where rf is turned off. Light 
spot moving over grid produces seven half-cycles in photomulti 
plier output before beam is intercepted by synchrotron target 
Average signal level changes because effect of limiting apertures 
depends on orbit radius 


may be written as 


300(1—n) Bop (1—k)9XK 10" By 
Ak + ev /Te\ 


(wo/27) 2m (wo/ 2m)? 


If the excitation of the magnet is changed and the new 
p=0 point determined, AF can be found for a new 
electron energy. 


Ill. MEASUREMENTS 


A. Determination of » =0 points 


The primary method used in finding the p=0 points 
is illustrated in Fig. 1. As a bunch of electrons moves 
around the orbit, the narrow cone of light (half-angle 
~mc/E) sweeps across a lens. The lens brings the 
light to an approximate point focus on a grid placed 
over an electron multiplier tube ({P21). As the orbit 
shrinks, after the accelerating tield has been removed, 
the focal spot moves across the grid, which is alter 
nately transparent and opaque, modulating the multi 
plier output. As the radiofrequency turn-off time is 
advanced to later points in the magnetic cycle, a point 
is reached where the orbit shrinks for a short time 
and then expands. In this case the modulated multi 
plier pattern is double— one pattern as the orbit shrinks 
and a repeat pattern as it expands. The mid-point of 
this double pattern, corresponding to p=0, can be de 
£0.1° of the 
magnetic cycle. An example of a single modulated 


termined with a probable error of about 


output pattern is shown in Fig. 2. 

The p=0 point can also be found, as indicated in 
Fig. 3, by observing the x-rays produced when the 
electrons strike a target. As long as the accelerating 
field is applied the orbit radius is constant. If it is 
turned off near the peak of the magnetic cycle the beam 
spirals in, as at (a) in Fig. 3, and strikes the synchrotron 
target at p=p, producing x-rays at (=¢,. There is a 
point in the magnetic cycle where the orbit will first 








14 
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Fic. 3. Illustration of x-ray production time dependence on rf 
turn-off time. X-rays appear at a minimum time when orbit 
radius is in equilibrium when the rf is removed. 


contract and then expand, as at (b) in Fig. 3. In this 
case the x-rays appear at /=/, when the electrons strike 
the electron injection gun at p=pe. As the radiofre- 
quency turn-off time is advanced still further, as in (c) 
Fig. 3, the x-rays appear at ¢=¢, which is earlier than 
ty. There is an earliest time for x-rays to appear, corre- 
sponding to the case where the orbit neither shrinks nor 
expands when the accelerating field is first removed." 
The radiofrequency turn-off time in this case is the 
p=O0 time. 


B. Measurement of B, and B, 


By and Bo are measured with the aid of an annular 
loop of wire fixed in the gap of the synchrotron magnet 


a, 
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Fic. 4. Wave forms for rate of change of magnet field and 
for betatron effect in volts/rev. 


This phenomenon was called to my attention by Dr. Morton 
Camac 


CORSON 


and centered on the orbit. This loop is part of the cor- 
rection coil system regularly employed in the operation 
of the machine. The output voltage from this loop is 
proportional to By in the magnet gap at every instant. 
The wave form of this voltage, shown in Fig. 4, is 
precisely determined in the manner indicated below. 
Since the area of the loop is unknown, By cannot be 
determined directly. Instead the wave form is inte- 
grated numerically, and the integral set equal to the 
known peak magnetic field. This determines the scale 
on the By vs time wave form. The peak magnetic field 
has been determined in two ways: by measuring the 
spectrum of electron pairs from the bremsstrahlung 
X-ray spectrum in a pair spectrometer which has been 
absolutely calibrated," and by measuring the peak 
magnetic field at various azimuths around the magnet 
with a small coil which rotates synchronously with the 
alternating magnetic field. The rotating coil is cali- 
brated in a de magnet by comparison with the proton 
magnetic moment resonance. 

In plotting the By vs time wave form it is essential 
that the time base be strictly linear; otherwise the in- 


TaBLE I. Determination of the constant k= (£gBy/EBo) from 
measurements of the emf Vg induced in a single loop of wire at 
the orbit radius and from the rate of change of magnetic field at 
the orbit, at various points in the magnetic cycle 


x10°8 


Vg (volts) B g Se 


0.195 
0.193 
0.192 
0.190 
0.188 
0.192 
0.195 


249 2.00 
232 1.89 
208 1.69 
176 1.45 
139 ‘<5 
97.5 0.795 


51.4 0.412 
Average = 0.192+4-0.002 


tegration will not establish the proper By scale. Linearity 
has been insured here by providing a timing circuit 
which divides the magnetic cycle into 0.1 degree in- 
tervals. This is accomplished by subdividing a 108-ke 
oscillator frequency by a factor of 3600 to produce 
30-cycle pulses, which are held in time coincidence with 
the 30-cycle “peaking strip” pulses from the magnet by 
a time discriminator automatic frequency control cir- 
cuit. The 108-ke frequency and its various submultiples 
then provide 10°, 1°, and 0.1° marker pulses for timing 
events throughout the magnetic cycle. By the use of 
suitable gates, coincidence. circuits, and delays, a con- 
tinuously variable trigger pulse whose phase is known 
to +0.1 degree is available. 

The By wave form is recorded in comparison with a 
de potential difference in a null manner. The un- 
grounded side of the annular coil is connected to one of 
the vertical deflection plates of an oscilloscope. The 
other vertical plate is connected to the variable tap of 
a precision variable resistance which serves as a po- 


J. W. DeWire (unpublished). 





RADIATION BY E 
tential divider across a battery, one side of which is 
grounded. The precision timing marker is placed on the 
horizontal deflection plates. The wave form is then 
plotted out at closely spaced intervals throughout the 
magnetic cycle by recording the variable tap position 
when the timing mark is brought to the no-deflection 
position on the scope. 

Once the By vs time curve is precisely determined, 
By vs time is obtained by integrating backwards (since 
values near the top of the cycle are the ones of interest) 
from the known peak magnetic field. 

In order to measure the radiation energy loss at dif- 
ferent energies it is necessary to vary the magnet ex- 
citation and measure the p=0 point at several different 
magnet currents. The peak magnetic field for each 
magnet current must be measured, and this is done with 
the rotating coil in a fixed position in the magnet gap. 


C. Measurement of Betatron Voltage 


The energy contributed per revolution by the chang- 
ing flux within the orbit is measured with a single loop 
of wire in the magnet gap at the orbit radius. The out- 


TABLE II. Determination of the magnetic field radial de 
“ ” . . 
pendence exponent ‘“n” from measurements of the orbit shrink 
velocity at symmetrical points early and late relative to the peak 
of the magnetic cycle 


Bo 
g se B 
x10°8) (gX10 n 


0.57 
0.55 
0.59 
0.60 


1.08 
O.8S 
0.49 
O18 


0.90 
0.94 
1.03 
1.05 


Average =0.58+0.02 


put voltage from this loop is maximum at the beginning 
of the magnetic cycle, as indicated in Fig. 4, when the 
magnetic shunts are unsaturated. The peak voltage is 
measured with a peak reading voltmeter. Amplitudes 
relative to the peak are measured on an oscilloscope in 
a null manner similar to that used for the Bo meas 
urements. 


The factor & detined in Eq. (5) is given by 


Eg By 698K 10°" Vg(wo/2r)? 


: : : (7) 

EB, Bo 
where V is the emf in volts induced in the loop at a 
time when the magnetic field is changing at a rate By 
measured in gauss per second. 

One may get a check on the By determinations by 
measuring & at the beginning of the magnetic cycle. 
Since the initial acceleration is by betatron action, k 
must be unity. The measured value is 0.998. 


D. Measurement of o 


The highest energy which can be reached using the 
p=0 points is about 280 Mev with the synchrotron 
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Fic. 5. Measured orbit shrink velocities when rf is turned off 
at various magnetic cycle angles. Solid curves are calculated on 
basis of classical radiation for measured and nominal values of 
radial dependence exponent “n.” 


operating at its normal excitation (peak electron energy 
of 318 Mev at the orbit for these measurements). To 
extend the measurements to the peak energy, p and n 
in Eq. (6) must be determined. is measurable from the 
modulation frequency of the photomultiplier output, 
provided the change in orbit radius corresponding to 
one modulation cycle is known. This has been cali- 
brated by intercepting the electron beam with the 
synchrotron target and measuring the number of modu- 
lation cycles vs target position. The p determination is 
somewhat uncertain because, as indicated in Fig. 1, the 
azimuth in the orbit where the observed light is radi- 
ated changes as the orbit shrinks, resulting in an 
apparent slowing up of the orbit motion. Consequently 


Pasie Il. Electron energy loss in electron volts/revolution 


determined from the magnetic cycle angle (0) corresponding to 
p=0 at several magnet excitations. By, Bo, and E refer to the 
p =) point 


B Bo 
Imag gauss g ‘sec X10 # 
9320 
9060 
8790 
8600 
&350 
8060 
7790 
7490 
7200 
6880 


1.100 
0.952 
0.870 
0.777 
0.697 
0.610 
0.518 
0.453 
0.382 
0.301 


2550 
2400 
2300 
2200 
2100 
2000 
1900 
1800 
1700 
1600 





R. 








275 Mev 
Ld 








40 ) 60 
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losses in ev/rev vs E4, The 
ical radiation calculation 


Fic. 6. Measured energy 
straight line is the cla 


only the first few half-cycles of the modulation pattern 
are useful, even though eight or ten complete cycles 
have been observed. » may also be measured by ob- 
serving x-ray production time vs target position. This 
leads to somewhat uncertain results also, because the 
electrons are spread out in orbit radius over a few 
millimeters and it takes several microseconds for the 
beam to sweep across the target. Consistent results 
are obtained by measuring times corresponding to the 
end of the x-ray pulse. Presumably the electrons which 
arrive at the target last are those which are not ex 
ecuting oscillations about the equilibrium orbit, and 
consequently are those which give a correct indication 
of the equilibrium orbit motion 


E. Measurement of ‘‘n”’ 

“n"’ may be determined directly by observing the 
orbit shrink rates at symmetrical points about the 
peak of the magnetic cycle. In Eq. (5) one sees that 
KE must be the same at the two points and Boy Bo is 
the same in absolute value but is positive at the early 
point and negative at the late point. Equating EE at 
the two points we have 

| Bo | p 
k) : (8) 

By |pe—px\ 
where pg and p, are the orbit shrink rates at the sym- 
metrical points early and late relative to the peak of the 


magnetic cycle 


CORSON 


IV. RESULTS 


The results of the measurements to determine ‘k”’ 
from Eq. (7) using the measured synchrotron frequency 
of 47.3 Me 

The numbers used to determine ‘7’ 
Table II. 


Figure 5 shows a plot of orbit shrink veloc ity US 


sec are shown in Table | 
are shown in 


magnetic cycle angle. The solid curve represents the 
calculated velocity dependence for an ‘‘n”’ of 0.58 and 
the measured 4, and By values, assuming that the only 
energy loss mechanism is by radiation according to 
classical theory 

The most precise results are those from the p=0 de- 
terminations. These data are tabulated in Table III 
and plotted in Fig. 6. The straight line in Fig. 6 repre- 
sents the classical radiation loss. In these measurements, 
the angle corresponding to p=0 is determined with a 
probable uncertainty of +0.1 At any given angle, Bo 
and By have an estimated probable uncertainty of 0.5 
percent The syn hrotron frequency is known to 0.1 
Mc sec, 
negligible. (1—k 
be noted that the primary method used to tind the p=0 


so that the uncertainty from this source is 
is known to +£0.3 percent, It should 


points results in a measurement of the corresponding 
magnetic radius smaller than the 
equilibrium synchrotron orbit. One that 
0) has a slight dependence on orbit radius, de 


angle at an orbit 


can show 


Ap 
pending on ‘n,” but over the range of radii of interest 
Aé is no more than 0.1 
at all can be observed. All results have accordingly been 


Experimentally, no variation 


reduced to the synchrotron equilibrium orbit: radius. 
Total energy loss rates are determined with an esti- 


No de 


pendence of energy loss per electron per revolution on 


mated probable uncertainty of +1 percent. 


the number of electrons in the bunch has been ob- 


servable, i.e., no coherent effects have been detected. 


V. CONCLUSIONS 


From the plot of Fig. 6 it is evident that nearly all 
the energy loss is accounted for by the classical radiation 
loss. The measured points lie slightly above the radia- 
tion line, but perhaps not significantly so. The agree- 
ment with the classical theory is substantially better 
than in the previously reported results."' The difference 
lies in the more precise timing during the magnetic 


cycle in these measurements 
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A situation analogous to thermionic emission into vacuum can occur in semiconductors 


\ semiconductor 


analog for a plane parallel vacuum diode may consist of two layers of m type semiconductor bounding a 
plane parallel slab of pure semiconductor. The current density analogous to Child’s law is J =9xequV?/8W4, 


“W here A 


= dielectric constant, e9=mks permittivity, 4=mobility, V 


applied voltage, and W= thickness of 


pure region, The condition prevailing at the space-charge maximum is analyzed taking into account diffusion 


due to random thermal motion 


Brief discussions are given of the effect of fixed space charge, the 


dependence of mobility upon electric field strength and the role of space-charge limited emission in a new 


class of unipolar transistors 


I. CHILD’S LAW ANALOG 


NE of the basic equations of vacuum electronics 

is Child’s law,' which gives the current density 
for space-charge limited emission. Child’s law is an 
approximate expression, valid for conditions in which 
the voltage is large compared to k7’/e. In order to deal 
with lower voltages or with the situation prevailing at 
the potential energy maximum, it is necessary to deal 
with the problem by the methods of statistical me 
chanics.” 

In this article we shall show that there is a situation 
in transistor physics analogous to space-charge limited 
emission in vacuum and that for this situation there 
is an approximate equation for current density analo- 
gous to Child’s law. There is also an exact solution that 
gives the situation near the potential maximum. 

The situation of interest may be described in terms 
of an n-i-n structure which consists of a sandwich with 
n type material bounding a plane parallel layer of pure 
or intrinsic material. For concreteness we shall think 
in terms of a single crystal of germanium containing 
donor rich ends and a pure center. Under conditions of 
thermal equilibrium the densities of electrons n, holes 
p, donors Vy, the net charge density p and the potential 
energy for electrons will be qualitatively as represented 
in Fig. 1. 

The potential energy rise from each n type region is 
seen to be due to a dipole layer: the positive part is 
due to unbalanced donors within the ” type region and 
the negative part is due to electrons in the 7 region. 
Deep within the 7 region, holes are present in equal 
numbers Where electron 
densities are nearly equal, the deviations from equality 
vary as exp(+x/Lp) where Lp is the Debye length’ 


with electrons. holes and 


and in mks units is 
Ly= (xegkT/2en,)'” (1.1) 


32, 492 (1911) 
Compton, Revs. Modern Phys. 3, 237 


C. D. Child, Phys. Rev 

>]. Langmuir and K. 1 
1931). 

>W. Shockley, Bell System Tech 
tion see p. 441 


J. 28, 435 (1949), for a deriva 


where 
the dielectric constant of germanium, 
mks permittivity, 
thermal energy, 
e| = the electronic charge, 
material, 


nv, = electron density in intrinsl 


For germanium 
16, (1.3) 


that 
1 corresponds 


and at room temperature 2,=3X10" cm ™ so 
Lp=6X10 cm. The situation of Fig 
to an 7 region many Debye lengths thick. 

When a voltage is applied to the structure, the situa 
tion shown in Fig. 2 results. The hole density has been 
neglected in this case, as it may be if it is small com 
pared to the electron density. The hole current flowing 
from the positively biased ” region is similar to the 
reverse saturation current in a p~a junction and will 
be small if the » region is heavily doped and has long 
lifetime.‘ 

The conditions prevailing in the 7 region may be 
derived from Poisson’s equation 


xegl E/dx = p, (1.4) 


(where E& is the electric field and p is the charge density 
and is negative), and the equation for current density 


I = Ddp/dx—pupk, (8.3) 


where J is current density in the minus x direction and 
D and u (both positive numbers) are diffusion constant 
and mobility. D and uw are related by the Einstein 
relationship 


eD=kT u. (1.6) 


The ratio of diffusion current to drift current is 


(Ddp/dx)/upE = (d \Inp/dx)/(eke/kT). (1.7) 


Throughout most of the 7 region Inp varies gradually 
so that 
1/W. 


d Inp/dx: (1.8) 


* See reference 3, p. 461. 
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hic, 1, The thermal equilibrium state of a n-4-n structure 


On the other hand, 


eE/kT =eV/RTW, (1.9) 
where V 
compared to kT /e | 
ture) the current is carried « hiefly by drift. 

If the current is carried by drift, then p may be 
obtained in terms of J from (1.5), this value of p in 


serted in (1.4) and the resulting equation integrated 


is the applied voltage, so that if V is large 
=25 millivolts at room tempera 


to give 


LE (1.10) 


Ix/Kequt+ const. 
Space-charge limited emission requires that E=0 at 
x=0, the left edge of the 7 region. Hence the ‘‘const”’ 
in (1.10) is zero. We shall also set the electrostatic po- 
tential ¥(x)=0 at x=0. The applied voltage is then 
V=W(W). Integration of (1.10) to obtain W gives 

(1.11) 


(1.12) 


W = (87 /9xequ)2x8”2, 
V = (8J/9xequ)!?W3/2, 
The current density and transit time across the region 
are : 
(1.13) 
(1.14) 


J= OxequV?, ‘SH * 


transit time=41V%/3uV. 
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The above equations constitute the analog to Child’s 
law. 

These equations are in error because diffusion and 
the dependence of mobility upon electric field have been 
neglected. For large applied voltages, the latter effect 
is more important. We shall formulate a method of 
solution for the latter case under somewhat more gen- 
eral conditions. 


Il. CASE OF A p-n-p STRUCTURE 


In Fig. 3 we illustrate a case in which the mobile 
charges are holes and the fixed charges are donors. The 
change from electrons to holes emphasizes the added 
freedom of transistor electronics compared to conven- 
tional electronics and simplifies the subsequent equa- 
tions in regard to signs. The p regions are regarded as 
heavily doped so that the voltage drop through them 
is negligible. If the charge density due to donors is py 
and that due to holes is p, then the equation for current 


ENERGY LEVEL 
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Fic. 2. Space-charge limited emission in a n-i-n structure 


in the plus x direction is 


J = p(x)of E(x) ], (2.1) 


where 0(/)=y,F for low fields and yy is the low field 
mobility of holes. For larger values of E, empirical or 
theoretical expressions must be used for »().® Poisson’s 
equation then becomes 


kegl E/dx (2.2) 


= py + J/v(E). 

If py is independent of x, this equation may be reduced 

to quadratures by writing it as 
xed E:/[ py +-J/v(E) } 


dx, (2.3) 


so that the coefficient of dE on the left-hand side is a 
function of E alone. 

Before integrating this equation we may note that 
for small applied potentials, the structure will behave 
similarly to a p—n—p transistor with a floating base. 


Conditions of space-charge limited emission will occur 
Shockley, Phys. Rev. 81, 139 (1951); 


“6E. J. Ryder and W 
J. 30, 990 (1951) 


W. Shockley, Bell System Tech 





SPACE-CHARGE LIMITED 
first when the space-charge layer at the reversely biased 
junction penetrates the » region. This phenomenon is 
referred to as punch-through since the space charge 
punches through the middle layer. The voltage at 
which it occurs is called the punch-through voltage. For 
voltages greater than the punch-through voltage, the 
electrons may be neglected and any additional po- 
tential will produce a space-charge limited flow of 
holes. The critical voltage is obtained by integrating 


(2.2) with J=0 and is 


V ;=pW?/ 2x0, (2.4) 


corresponding to a potential distribution 


WV: pyx"/ Keo, 


which gives V=O and =O at x=0. 

For the case in which constant mobility uw, prevails, 
the equation for E may be conveniently integrated in 
terms of the transit time s from x=0, to x, where 


| dx ppl. 





3. A p-n-p structure 











Orer-—-----4 


This procedure leads to 
E(s)=(J/u pps) (E—1), 


V(s) (J?xeo/up'pP) (GE — 2E+ Int+3 

(2.9) 
(2.10) 
(2.11) 
(2.12) 


(2.13) 


x(s) = (Jxeo/upp?)(E—Iné—1), 


£=exp(supp,/xeo), 


V(t) = (J? xe€o/ upp?) (4n? — 2n+1nn+ 3/2), 


W(t) = (J xeo/u pps’) (n—Inn— 1), 


n=expp exp(tu,py K€y), 


where ¢ is the transit time through the layer of thick- 
ness W and V is the applied voltage. 

Equations (2.11) and (2.12) relate J to W and V 
with , or its equivalent 7, as a parameter. From them 
J can be plotted as a function of V and W. 

The relationship between J and V can be conveni- 
ently expressed in terms of Vy and a current unit Jy. 
The current unit, 


J = equ pV 2/8W?, (2.14) 


is the current that would flow if V; were applied to a 
structure of the same spacing but with the » region 
replaced by an 7 region. In terms of J, the current 
density is 


I= (32 ,/9[e—B—1] (2.15) 


Figure 4 shows the relationship between J and V. On 
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this plot, the Child’s law analog would pass through the 
point (1, 1) with a slope of 1/2. This is the asymptote of 
the solution for large values of J and V. 

Space-charge limited currents in germanium p-n-p 
structures have been investigated experimentally by 
Dacey.® He finds the behavior in qualitative agreement 
with that described here. In order to get quantitative 
agreement, however, he finds it necessary to refine the 
treatment taking into account the correct dependence 


of v upon F&. 
Ill. SOLUTION INCLUDING DIFFUSION 


lor the p-i-p or n-i-n structures it is possible 
to obtain an exact solution in the region in which 2 is 
proportional to EF. For this case Eqs. (1.4) and (1.5), 
modified for p-i-p structure with » and D applying 
to holes, may be integrated once to obtain 


Jx= — xegDdE/dx+ }xeuk. (3.1) 


If distance, potential, electric field, and charge density 
are measured in the following units: 
(nD J) 
kT /e, 
kT/eL,, 
xeglt,/L,, 
where 
2KEegkT c 
then (3.1) becomes 
dy/dz— (1/2)y*+-2=0, 


where 
(3.8) 


(3.9) 


This equation has a solution for y, denoted by &,, 
which has the correct approach to the Child’s law 
analog for large positive values of 2: 


E,(z) 


»( do)i/2 


(3.10) 


The corresponding electrostatic potential is taken as 


V.=V/V,= frou, 


0 


(3.12) 

















$4. Current-voltage relationship for p-n-p structure 
neglecting diffusion and effect of electrons 


®G. C. Dacey, Phys. Rev. 90, 759 (1953). 
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FIELO 


AND ELECTRIC 


DISTANCE 4 


Field and potential near the space-charge maximum 
in reduced units for exact solution and 


Fic. 5 
as functions of distance 
Child’s law analog 


The procedures employed in integrating (3.7) to obtain 
the solution and the equations for the solution are 
given in Appendix II. 

The dependence of FE, and V 


iy. 5 for the exact solution. Also shown is the approxi 


upon is shown in 
mate solution given by the Child’s law analog. For 
most purposes the error is seen to be quite small. At 
large values of 2, the approximate and exact E/ curves 
are asymptotically equal. If Child’s law is extrapolated 
back from this point to H=0, an error of about 1.3L, 
in estimating the location of the maximum will be 
made. The error in estimating the potential will be 
less than k7T’/e over most of the range. The reason for 
the good agreement between exact and approximate 
solutions is that except near the maximum the current 
is carried preponderately by drift. 

To the left of the maximum, the exact solution closely 
approximates a Boltzmann distribution. If the hole 
distribution were accurately a Boltzmann distribution, 
then the height of the potential maximum above the 
Fermi level in the P region would be obtainable from? 


pe V, le pik ‘dz, (3.13) 


where .\, is the effective density of states in the valence 
band, f, is the Fermi factor for holes and dE,/dz= 1.3 
is evaluated at the maximum. Approximating /, by the 
Boltzmann factor for the energy difference, denoted 
by eAV, between valence-band edge and the Fermi 
level gives 

kT In(ev, (3.14) 


1.30, ). 


eA 


The fact that the hole density falls off slightly faster 
with increasing x than would a Boltzmann distribution 
causes this expression to overestimate the height of the 
maximum by something less than 0.7R7, as is discussed 
in Appendix | 


and Holes in Semiconductors (D. Van 
New York, 1950), for a discussion in 


7W. Shockley, Election 
Nostrand Company, Inc 
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IV. SOME IMPLICATIONS OF THE VIEWPOINT 


The analogy between thermionic space-charge limited 
emission and space-charge limited emission in semi- 
conductors suggests that amplifying structures should 
be possible that bear a closer resemblance to vacuum 
tubes than do point-contact transistors, filamentary 
transistors, or p-2 junction transistors. In these types 
of transistors both hole currents and electron currents 
flow through the same regions of space and interact 
with each other in a significant way. In this sense these 
transistors are bipolar devices, whereas a vacuum tube is 
unipolar since the working current flows through a 
space containing no other charged particles. Although 
the mode of operation and the basic structure of trans 
istors are fundamentally different from those of vacuum 
tubes, it is possible to design unipolar transistors. 
There are, of course, two classes of unipolar transistors, 
corresponding to positive and negative carriers, com- 
pared to one class of vacuum tubes. One type of uni- 
polar transistor, referred to as an analog transistor, may 
be described as a literal translation of a vacuum tube 
triode into semiconductor language, and there are other 
types as well.* These possibilities give further evidence 
that the physics of semiconductors can furnish a sound 
base for an extensive engineering science of transistor 
electronics. 

APPENDIX I 

Before presenting an exact solution to Eq. (3.7) 
in Appendix II, certain physical features of the solution 
for diffusion over a potential maximum will be pre 
sented. For this purpose we shall consider the tlow of 
holes and shall assume that the electrostatic potential 
¥(x) is known and has its maximum at x=0. The equa- 
tion for current then becomes 


J Dip /dx (A1.1) 


updy dx. 


The appropriate solution is 


p(x) =(J D)Lexp(—eW/kT) if exp(ey/ kT )dx, (A1.2) 


where C corresponds approximately to the right-hand 
edge of middle layer. This solution correctly represents 
current drifting to the right beyond the maximum as 
may be seen by writing y in the form 


V(*1 + §x) = V(x, ) 


and inserting this in the integral and letting C= ; 


(A1.3) 


E(x1)6x, 
this leads to 
(J/D) exp kT \(kT/eE)) 
I/ pk. 


gy (xy 
Xexpl g(x) /kT | 


p(x, ) 


(A1.4) 


To the left of the potential maximum, the integral is 
practically independent of x so that p(x) is propor- 


5 W. Shockley, Proc. Inst. Radio Engrs. 40, 1289 and 1365 
(1952) 
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tional to the first exponential and thus is given by a 
Boltzmann distribution. If the potential ¥(x) is sym- 
metrical about its maximum, then at the maximum 
itself the value of p(x) is half of what it would be on the 
basis of a Boltzmann distribution. Put in another way, 
the potential is less by (k7/q)In2 than would be de- 
duced by estimating it by assuming that p(x) is given 
by a Boltzmann distribution. If the potential is un- 
symmetrical, however, as it is for Fig. 5, then the 
integral has more than half its maximum value at the 
potential maximum; this is the justification for the 
statement at the end of Sec. III. 


APPENDIX II 


This Appendix presents the integration of the differ- 
ential Eq. (3.7) leading to the solutions plotted in Fig. 5. 

The mathematical problem is uniquely set (as is 
readily apparent from a rough direction field sketch) 
by asking for that solution of 


dy/dz (A2.1) 


for which y~(2z)!'” as z+ ~. 
lirst, we introduce the new dependent variable ¢ 


through the substitution 


(A2.2) 


y 2(d/dz) In ¢ 


This transforms (A2.1) into a linear equation of higher 
order: 


&¢/d2—42¢=0. (A2.3) 


The simultaneous change of dependent and independent 
variables defined by 

(A2.4) 
and 


guise, (A2.5) 


reduces (A2.3) to the moditied Bessel’s equation of 
order 1 3 
d (4 1 dey | l 
, 1 T c) 0, 
dg? g dg | Qe? 
for which a general solution is 


re Alij3(g)+ BK, (g), (A2.6) 


where A and B are arbitrary constants. Substituting 
(A2.6) into (A2.5) we have 


€= Ag"? 4/3(g)+ Bg!*K 35(g). (A2.7) 
By use of (A2.4), (A2.2) can be written as 
(d dg)\n|¢ (6g)"/3 dé 
~ (d/dg)(z) ¢ dg 
Making use of 


(d/dg)| g"Tn(g 


\+ (2n/g) 2" 


and 


d/dg){ g"Kn(g) + (2n/g)e"Knl(g), 


MiISSTON FIN 5S! 
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one obtains by substituting (A2.7) into (A2.8), 


AT 4)3(g)—BK43(q) 2 
(6g)! + 


ys(g)+BKyalg) 3g 


(A2.9) 


Now the asymptotic behavior of the modified Bessel 


functions as g—+ « (and hence z+ ~ ) is 


n(g)~ 2 y)l/2ee 
: (g)~ (1/2ng =a (A2.10) 
Kn(g)~ (w/2g)!"e-". 


Therefore, for A #0 


y~ — (6g)! 


so that the requirement that 
(6g)! 


y~ (22) 1/2 


necessitates the choice 4=0. For B#0, the solution 


(A2.9) then reduces to 


fee | 
v= (6g)!" , 
K43(¢) 3g 


(A2.11) 


2)'*. By use of (A2.10) it is readily ascer- 


where g= 4(2° 
tained that this solution is asymptotic to (6g)'® | 
x. It is therefore the de- 


which 


is equal to (22)? | as g++ 


sired field function E,(z). 
The potential function V,(z) will now be computed. 


V ,(z) ff Bend. 


Making use of (A2.8) we replace this by 


f (d dg;) In ¢( £1) 
) 
(d dgy)[ 2, | 


J 


| In ¢( £1) “dey 
0 dg, 


2 In} ¢(g)/¢(e) 


By definition, 


(A2.12a) 
Substitution of (A2.17) (with A =0) gives 
| 2! Ays(g) 

2 In 


| limg,! ‘hy al 21) 
Now, for small g:, 
Kyy3(g1) =- 


so that 
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and (A2.13) leads to 
| 34/21'(2/3) 


VY =2 In 
| wails 


g!*Kyalg)|. — (A2.15) 


Now for any z>0, g is a positive real number and 
(A2.11) and (A2.15) permit straightforward plotting of 
E, and V However, for z<0 g is 
imaginary and (A2.11) and (A2.15) cannot easily be 
used for computation. Because of the rather messy 
Q, the simplest and most straight- 
forward procedure is to obtain a solution of (A2.1) 
useful for z<0 and continuous with (A2.15) at z=0. To 
this end we change the independent variable in (A2.1) to 


as functions of 2. 


branch point at g 


u Z, 
obtaining 
dy/du+}y’+u=0. (A2.16) 
The variable change (A2.2) now becomes 
y=2(d/du) Incl, (A2.17) 
and in conjunction with the double transformation, 
(A2.18) 


C= wllse (A2.19) 


w= $(u3/2)', 


leads to the ordinary Bessel’s equation of order 1/3 
(for ¢ as a function of w) and hence to the solution 


4 { 2 : ‘J, ;( 2 ) { Byw' 'V 3(w), (A2.20) 


where A; and #, are arbitrary constants. Substituting 
(A2.20) into (A2.17) and using 


2n 
w" J ,(w) 


na 1(W) + 
dw w 


we obtain the solutions 


\ (Ow)! 


The constants 4; and 2, must now be so chosen that 


1S 4 (WwW) BiY, 3( Ww) 2 
(A2.21) 


LJ (Ww) 4 By, s(w) jw 


lim(A2.21) = lim(A2.11). 


For small g, 
))! 3 - 
K y3(g) Hoe’) 
I'(4/3) ‘ 


2)2/8 
+O(¢4 »| 
2/3) 


and 


K43(g) 


AND R PRIM 


From these it follows that 


(2/3)?41'(2/3) 
lim(A2.11) = = E.(o). 


g-") 


(4/3) 


Also, for small w 


V4 3(w) = 
and 


Y 13(w) 





+O(w* | (A2.26) 
I'(4 
When these are used in (A2.21), it can be shown that 
3424 ,+B, (2/3)?41(2/3) 
lim(A2.21) 
ey 2B, (4/3) 
To make this limit equal to F,(0) as given by (A2.22), 
it is necessary that 


(374 ,+ B,)/2B,\=1, 


2A. 
From (A2.21) we then obtain 
V 4)3(w) —3"2S /5(w) 


— (Ow)! , (A2.27) 
2] 


V 13(w)—3 sw 


af (W) 
where w= 3[ (—2z)*/2 }'*. The associated potential func- 
tion is obtained by substituting (A2.20) (with Bb, 
3-241) into (A2.12a) and making use of (A2.24) 
and (A2.26): 
V.=2 In| ¢(w)/¢(0) 
34/21'(2/3) 
wis 31271 3(w 28) 


24/3 


)—Vuja(w) ]]. (A2. 
| 


For any <0, w is a positive real number so that 
(A2.27) and (A2.28) are suitable for computing FE, and 
V, as functions of z. They thus complement (A2.11) 
(A2.15) are suitable for use when z>0. 
Finally, of course, for the joining point z=0, (A2.12) 
and (A2.22) provide 


and which 


E,(0) = (2/3)?41'(2/3)/1T' (4/3), 
V.(0)=0. 





PHYSICAL REVIEW VOLUME 


90, NUMBER 5 


Space-Charge Limited Hole Current in Germanium 


G. © 


DACEY 


Bell Telephone Laboratories, Murray Hill, New Jersey 


(Received January 19, 1953 


A situation can arise in semiconductors similar to the space-charge limited emission of electrons in vacuum 
The theory of Shockley and Prim for this phenomenon has been extended to the high field case using the 


approximation that the drift velocity of the carriers is ¢ 


=(Ey)*, where wis the low field mobility, E the elec 


tric field, and Ey the “critical field.” For this approximation the current density analogous to Child’s law 


for a plane parallel diode is 


J = 3)(5/3)32 


where Vis the potential across a diode of thickness 


2|" 3/2 5/2 
a u« A 


and A is the dielectric constant in mks units. Good 


agreement between theory and experiment for hole flow in germanium at liquid air temperature has been 


obtained, using values of w and /y obtained independently by Ryder 


I. INTRODUCTION 


T has been suggested by Shockley' that the hole 

current which flows across a p-n-p junction, when 
sufficient voltage has been applied to extend the space- 
charge region completely across the » layer, will, in 
the limit, be determined by space-charge effects analo 
gous to Child’s law in thermionic diodes. (The same 
arguments would apply, both here and throughout 
this paper, to electron currents through n-p-n struc- 
tures.) In order that this region of operation may be 
reached at comparatively low voltages, it is necessary 
to make the layer of material approaching intrinsic 
resistivity. Such material is currently available, and it 
has been suggested that it be designated by the symbol 
v. Thus the structures we shall treat are designated 
p-v-p. 

We shall take as a model for a p-v-p, the parallel 
plane structure pictured in Fig. 1(a). We shall regard 
the p layers as being very heavily doped and the junc- 
tions between the v and p layers as being stepwise dis- 
continuities in the excess of donors over acceptors, 
Va 
alloy process to make structures which closely approxi- 


\,), as shown in Fig. 1(b). It is possible by the 


mate this form. 

As voltage is applied across the p-v-p, one of the 
junctions will be biased in the forward direction and 
the other in reverse. Accordingly a space charge barrier 
will appear at the reverse junction.? This barrier will 
extend deeply into the v material but only slightly 
into the relatively more heavily doped p layer. If the 
thickness of the p-layer is w, the voltage Vy required 
to push the barrier completely across the region is given 
by an appropriate solution to the one-dimensional 
Poisson equation with constant charge density p,. This 
voltage is referred to as the “punch-through” voltage 
and is given by 


V ;=ppw?/2K, (1.1) 


where AK =xeo is the dielectric constant of the v region 
'W. Shockley, Proc. Inst. Radio Engrs. 40, 1289 (1950); and 
W. Shockley and R. C. Prim, Phys. Rev. 90, 753 (1953). 
2See W. Shockley, Bell System Tech. J. 28, 435 (1949). 


in mks units. The fixed charge density p,; is simply 
Va), (1.2) 


\,) is the excess donor concentration in 
the v material. We shall neglect the effects of diffusion! 
and obtain the hole current density J flowing across 
the p-v-p by solving the set of equations 


K(d?V /dx*) = K (dE/dx) = prt+p, 


p J/v(E). 


where (.V, 


(1.3) 
(1.4) 


Here v(£) is the drift velocity of holes in the v material. 
For low fields v(2) 
stant. For higher fields 2(£) is a more complicated 


uk, where uw is the mobility, a con 


function which has been reported for electrons in ger 
manium by Ryder and Shockley® and analyzed by 
Shockley.4 The author is indebted to E. J. Ryder for 
the previously unpublished data for holes in germanium 
shown in Fig. 2. 


Il. LIMITING CURRENT FOR HIGH APPLIED 
VOLTAGES 
When the applied voltage has been increased beyond 
Vy sufficiently, enough hole current will flow so that 
the density p of the moving charge will be large com- 
pared with the tixed charge density p,. Under these 
limiting circumstances (1.3) and (1.4) combine to give 


dE/dx=J/Kv(E). (2.1) 


We shall solve this equation, assuming for v(/) the 
following relationship: 


v(E) 
v(E) 


E<Eb, 
E> E,. 


Eo, 1 
“oy 1 


pE for 


w(K E)'? for 


Let x=x9 be the point at which E vy and 


take V= E=0 at x=0; then, for x< xo, 
E= (2) x/pK)'?, 
V= 


(2.3a) 
(8Jx3/9uK )'?, (2.3b) 


+. J. Ryder and W. Shockley, Phys. Rev. $81, 139 (1951) 
*W. Shockley, Beil System Tech. J. 30, 990 (1951) 
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(b) 
Fic. 1(a). Schematic diagram of parallel plane p-»-p diode; 


(b) Excess acceptor concentration vs distance in the p-»-p 
structure. 


and, for x> xo, 


F3?= (J /2K wEo!')(3x+ x0). (2.4) 


Note that (2.4) has been adjusted to give Eo at x= Xp. 
We accordingly obtain 


dV /dx= —(J/2KpE,!)?*(3x+2%0)?* for x>29. (2.5) 


Integrating this equation, adjusting the integration 
constant to give V=Vo at x=, and substituting for 
Xo its value from (2.3b), we obtain 


V=—(5J)[ (2K uEy!) 28(3J x 


+K Eo?/2)°*— KyE/3)] for x>x9. (2.6) 


9 


For a typical case of interest we might have x=3X 107 
cm Eo= 1400 v/cm; «= 1700 cm?/volt-sec; K = 16X8.8 
10°" f/em; J =1 amp/cm*. Under such circumstances, 
the terms in &,? and £,* are negligible and (2.6) re- 
duces to 


V (3/5)(3/2)?8(J/KpEg!!?)?/8x5/8, 7) 


This result is the same as would have been obtained if 
v(E)=p(E,E)' had been assumed throughout the 
width w of the center layer. Introducing the applied 


voltage V, V(w), we obtain 


J = (2/3)(5/3)®*K wEo'!V .3?/w*!” 


(2.8) 
= 1.43KpEo!V 2/2/w?, 


Compare this with the formula if 0(£)=£ had been 
assumed. 


J=uKV,? 


Sw? =1.125Ku(E)V82/w8?, (2.9) 


where (E) is the average field V,/w. 

It is sometimes of interest to consider maximum 
electric field as a parameter rather than the thickness w. 
The formula corresponding to Eq. (2.8) is 


J = (0.403 KpEo!?E*?)/V a. (2.10) 


DACEY 


The current density given by Eqs. (2.8) or (2.10) 
will then be the limiting form for high applied voltage 
to the p-v-p. In Fig. 3 these equations have been 
plotted on a log-log scale with x or E as parameter. 
For the purposes of these curves Ey has been taken as 
1400 volts/cm, the hole mobility as 1700 cm?/sec volt, 
and the dielectric constant as 16. The current at other 
mobilities or critical fields can be obtained by multiply- 
ing the value obtained from the curve by appropriate 
factors. The transit time T of a hole moving across the 
v-region may also be of some interest, 


“dx E(w) K(dE/dx)dx K 
raf Saf Kv 
0 t 0 J J 


? 


(3/2)(3 


3/2 


5)! ayy" 
(2.11) 
Eo! 2ul a 2 


III. CURRENT FOR INTERMEDIATE APPLIED 
VOLTAGES 


When the voltage applied to the p-v-p is small, 
the current which flows is simply the saturation current 
of the reverse junction. As the voltage is raised the 
space-charge region penetrates more and more deeply 
into the v-layer until at the voltage Vy of Eq. (1.1) it 
reaches entirely across. In Fig. 4 there is shown sche- 
matically the potential energy for holes within the 
v-region for several applied voltages below the punch- 
through voltage Vy. As can be seen, for zero applied 
voltage there is a slight potential rise within the v- 
region, which is just that necessary to prevent the 
flow of hole current from the p regions into the p- 
region. As the potential of the right-hand p layer is 
made more and more negative, the space-charge region 
of width Y, (shown in Fig. 4 for the case V= —0.2V ,) 
penetrates more and more deeply. Equation (1.1) 
applies throughout the region Y. The current which 
flows is the saturation current of this reverse biased 
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Fic. 2. Drift velocity vs electric field for holes in p type 
germanium at 300°K (from the data of E. J. Ryder). 





SPACE-CHARGE I 
junction.» When, finally, the voltage Vy has been 
reached, there remains only a slight potential rise or 
hump at the left side p-y junction, and as further 
increases of voltage are made above Vy this hump is 
pulled down, allowing holes to pour over, leading to a 
very rapid increase in current when the voltage is 
raised beyond Vy. 

In this intermediate range then, when the current 
density is not high enough so that the approximation 
of neglecting the fixed space charge py, is justified, we 
must use Eqs. (i.3) and (1.4). The result (2.7) of the 
previous section indicates that the use of the rela- 
tionship 


v(E) = (Eo)! (3.1) 


over the entire range of £ should yield a useful ap- 
proximation. Combining this result with Eqs. (1.3) and 
(1.4) gives 

KdE/dx=psyt+-J/u(EoE)'”. (3.2) 


We shall find this equation easy to integrate if we 
introduce a variable s defined as follows: 


s fo E; ds=dz/E. 


Combining (3.2) and (3.3), we obtain 


ds/dE= (Ka/p;E'*) (1+ aE") *, 


(3.3) 


(3.4) 
where 
Q= py! 2p 4/J . 


If we integrate (3.4) and adjust the integration con- 
stant so that s=0—-E=0, we obtain 
s=(2K/p,) log(i+ak"”). 
Solving this equation for E gives 
E= (J*/p?pPEo)(e%*?* —1)?= —dV /dx 


=(1/E)(dV/ds); (3.5) 
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Kic. 3. Space-charge limited drift of “tepid” holes in germanium. 


‘It may be necessary in considering this saturation current to 
take account of changing lifetime within the space-charge region. 
The situation is analogous to the saturation current of a p-n-p 
transistor with floating base 
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be 


Fic. 4. Schematic plot of potential energy for holes vs 
distance in the p-v-p diode. 


and if (3.5) is integrated and the integration constant 
chosen so that s=0 when V =0, we obtain 


V=—(J*K /6u'p SE.) (3e"— 16e™!2 


+ 36e"— 48e"?+6u+25), (3.6) 


where 
u=pys/K. 


The total thickness w, of the v-layer can be obtained 
by integrating the following equation: 


w(s) = ff eas 


w(u) = (J?K /y?p Pf Eo) (e"— 4e"?-+u+3), (3.8) 


where u is understood to have its value at x=w. If for 
the case u<1 we eliminate u between (3.6) and (3.8), 
we obtain 


y3/2 — (3 /2)(3/5)3* Jw? /pK Eo'/?, (3.9) 
which is the same as expression (2.8) and shows that 
in the limit, the behavior is the same as if py were 
negligible. We find it convenient to introduce the fol- 
lowing variables: 


V »=—pw?/2K, 


Jy = (2 /3)(5/3)?"*K wEy!/? V P!2/p!?, (3. 10) 


Here |’, is the voltage necessary to sweep the mobile 
carriers out of a region of thickness w containing a fixed 
space charge p,. J, is the space-charge limited current 
corresponding to an applied voltage of Vy, across a 
diode of thickness w with no fixed charge and with a 
mobility law given by (3.1). If we make use of the 
first of the relations (3.10) and eliminate J between 

















Theoretical Int InJ curve for a space-charge 
limited p-v-p diode in reduced units. 


Fic. 5 


(3.6) and (3.8), we obtain 


V , (3e7"— 16e*"/24- 360" 1S$e"/?+-6u-+ 25) 
(3.11) 
(e“— 4e"/2+ u+ 3)? 


From (3.8) and the second of the relations (3.10), we 
obtain 
1.98 -/(e"— 4e"?+-u4+3)!?, (3.12) 


It can be seen from an inspection of (3.11) and (3.12) 


that 
u-»% implies V-+>Vy and J-0, 


while, as previously noted, u—>+0 implies (2.8). This 
solution therefore gives us the expected rapid increase 
of current at a voltage Vy and goes into the space 
charge limited law (2.8) at high voltages. 

A plot of V/V, vs J/Jy has been obtained by nu 
merically eliminating « between (3.11) and (3.12). 
This result is shown in Fig. 5. 


IV. EXPERIMENTAL RESULTS 


Structures closely resembling the ideal model of 
Fig. 1 have been made by a modification of the alloy- 
diffusion technique. Agreement between theory and 
experiment has been good for several samples at various 
temperatures. We shall describe in detail, however, the 
experimental results for one typical sample. 

Sample P-35A was fabricated from n type material 
in which the excess donor concentration was approxi- 
mately 10"°/cc. This material was purified by the zone 
process of Pfann.’ ‘The excess donor concentration was 
determined by measuring the conductivity at tempera- 
tures low enough so that the density of thermally 
generated carriers was small compared to the excess 
donor concentration but high enough so that essen- 
tially all of the donors were ionized and the electron 


density equal to (Va—.V,). The electron density 


® See, for example, R. N. Hall and W. C. Dunlap, Phys. Rev 
80, 467 (1950); J. S. Saby, Tele. Tech. 10, 32 (1951); Proc. Inst. 
Radio Engrs. 40, 1358 (1952); and Law, Mueller, Pankove, and 
Armstrong, Proc. Inst. Radio Engrs. 40, 1352 (1952). 

7W. G. Pfann and K. M. Olsen, Phys. Rev. 89, 322 (1953). 
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was then deduced from the conductivity by assuming 
that u(7)=p"(300°K)- (300/T In addition to this, 
measurements of differential capacity vs reverse bias 
were made. The capacity was observed to vary in- 
versely as the square root of the reverse voltage in- 
dicating that the impurity densities were discontinuous 
stepwise as assumed. 

It is interesting to note that the presence of step 
gun-tions makes possible a determination of dielectric 
constant from a measurement of differential capacity. 
It is necessary to know the area and thickness of a 
capacitor in order to obtain « from the capacity. In the 
usual graded p-n junction the thickness can be deter- 
mined 
region, but these measurements are difficult to make 
and rather inaccurate. In the present experiment with 
an applied bias equal to the punch-through voltage V,, 


independently by probing the space-charge 


the capacitor spacing is just the thickness of the speci- 
men and is known to better than 10 percent. The 
differential capacity at this bias was measured on an 
10 kc) and was 


impedance bridge at 1 ke (and at 








a 
10 
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Fic. 6. Comparison of theory and experiment for space-charge 
limited p-v-p diode The observed current J is shown. The theo 
retical curve is fitted by using the measured area 


consistent with the value of x=16 obtained from the 
optical measurements of Briggs.’ Furthermore, the 
differential capacity at lower biases agreed with a 
spacing w calculated from (1.1) using x=16 and the 
value of py calculated from the value of (Va—N,) 
obtained from a low temperature conductivity measure 
ment as described above. 

The thickness w of the sample was 2.8X10 cm. 
Thus the punch-through of the space-charge layer 
should occur at a voltage of 


pyw? 1.610 10" (2.8 10-2)? 


2K 2«& 168.8 107" 


44 volts. (4.1) 


The punch-through for this sample occurred at approxi- 


mately 40 volts. This agreement is all that can be ex 
pected since p, is not known with great precision 


*H. B. Briggs, Phys. Rev. 77, 287 (1950 
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Measurements on this sample were carried out at 
liquid air temperature (77°K) in order to reduce the 
saturation current of the reverse junction and to avoid 
heating effects. (In order to further reduce the effects 
of heating, pulses of voltage and current were em- 
ployed.) Thus the mobility should be multiplied by a 
factor of (300/77))*~7.5. At this temperature the 
critical field Ey has been shown by Ryder’s measure- 
ments to be approximately 300 volts cm (rather than 
1400 as assumed for Fig. 2). Thus a factor of (300 
1400)! comes into the determination of /;. The area 
of the sample was 0.0445 cm*. When all these factors 
are taken into account, we obtain 


J;=71.5X10" at V,;=40 volts. (4.2) 
Using the values of V; and J, of (4.1) and (4.2), we 
have replotted Fig. 3 as V, against / instead of the 
normalized values. This curve appears as the solid line 
in Fig. 6. The circles in Fig. 6 represent the experi- 
mental data. As can be seen the agreement is remark- 
able. No adjustable constants were used in obtaining 
this fit, except that the measured rather than calculated 
value for the punch through voltage was used. As 
pointed out above the agreement between these two 
values is better than the precision with which py, is 
known from external evidence. It should be pointed out 
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that a space-charge penetration experiment of this 
kind could be used to measure py. 

Thanks are due W. G. Pfann who supplied the ger 
manium, E. Snyder who fabricated the samples and 
aided in taking the data, and R. A. Logan who sup 
plied the pulser. The author wishes especially to thank 
R. C. Prim and W. Shockley for helpful discussion and 
suggestions. 

Note added in proof.—-In this paper the temperature 
variation of hole mobility was taken as 7 Phat is, 
the field required for a given drift velocity was assumed 
for both low and high tields. This is in 


to vary as 7° 
J. Ryder for samples of 


agreement with the data of E. 
about 1 ohm-cm resistivity. Since this paper was written, 
however, experiments of M. B. Prince’ and F. J. Morin 
(private communication) have suggested that the tem 
perature variation of the low field hole mobility may 
in fact be 7? for pure germanium. In the present 
experiment we are dealing with holes well into the 
high field range. It may be for such “thot” holes that 
the field required for a given drift velocity does vary 
as 7%, In any case, it should be pointed out that the 
quantitative agreement of theory and experiment 
shown in Fig. 6 depends on the accuracy of the 7°” 
variation assumed. 
Bull Phys. Soc. 28, No. 2 (1953) Abstract 
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Spin Orbit Coupling and the Mesonic Lamb Shift 


R. CuisHotm AND B. TouscHEek 
Department of Natural Philosophy, University of Glasgow, Glasgow, Scotland 
(Received December 10, 1952) 


It is shown that the self-energy corrections for a nucleon moving in a scalar potential well lead to a strong 
spin orbit coupling for pseudoscalar mesons. The effect is, however, opposite in sign to that required by the 


nuclear shell model. 


b. 


HE nuclear shell model recently proposed by 

Haxel, Jensen, and Suess,' and Mayer® suggests 
according to the latter—the existence of a strong spin 
orbit coupling. In the applications of the shell model 
this coupling can in many cases be treated as a one- 
particle property: a single proton or neutron moving 
in the field of the core of the other nucleons aligns its 
spin with respect to its angular momentum in such a 
way that the state of higher moment is energetically 
favored. 

In attempting to find a theoretical picture for this 
spin orbit coupling one is faced with three possibiiities, 
each representing a crude simplification. The simplest 
of these is that the coupling is a one-particle phenome 

' Haxel, Jensen, and Suess, Naturwiss. 35, 376 (1948). 

2M. G. Mayer, Phys. Rev. 75, 1969 (1949). 


non. Another alternative, more in keeping with the 
traditional layout of nuclear theory is the introduction 
of a spin orbit term into the expression for two-particle 
forces. Finally it is possible that spin orbit coupling in 
heavy nuclei is a many-particle property, related per 
haps to the nonlinearity of the meson equations. 

The second of these possibilities has been discussed 
by Le Couteur.* He has shown that the resultant of 
the two-particle spin orbit forces between the nucleons 
of a saturated core and an outside nucleon leads to a 
one-particle spin orbit force for the outer nucleon. This 
one-nucleon force can be derived from a spin orbit 
potential, 


S.= —(@ gradFp), (1) 
3 J. Hughes and K. H. Le Couteur, Pro« 
634, 1219 (1950) 


Phys. Soc. (London) 
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in which F is a function of r alone, which can be deter 
mined if a particular form of the two-particle spin 
orbit interaction, 


M (0; + @2, YT; To, Pi P2), (2) 


is given, 

The first possibility has been discussed by Dancoff.' 
The aniversal spin orbit coupling of a single particle 
in a scalar potential U/, the Thomas force, 


1 


Sy (o gradl’p), (3) 
V4 


is two orders of magnitude too small to explain the 
most recent value of 2.5 Mev of the He® doublet and 
one order too small for an explanation of the Mayer 
coupling for heavy nuclei. 

Another theory of this kind has been discussed 
independently by Rosenfeld® and Gaus.* According to 
Rosenfeld it is possible to choose the vector- and tensor- 
constants g and f of vector meson theory in such a way 
that a nucleon moving in the mesostatic field of the 
core experiences a spin orbit force proportional to gf. 
Gaus has shown that the spin orbit coupling thus ob- 
tained has the right sign and is of the order of magni- 
tude required by the shell model. 

Recent developments in the theory of fields have 
opened up a further possibility for the interpretation 
of spin orbit forces as a one-particle effect. The self- 
field of a particle changes if the particle is subjected 
to external forces. In the following work we show that 
in the case of a charge symmetric pseudoscalar meson 
theory this change in the self-field leads to a spin orbit 
force of the right magnitude but of the wrong sign. 
(The magnitude is not sufficient to explain the ex- 
ceptionally large spin orbit coupling of He®.) Scalar 
theory, on the other hand, leads to an effect several 
times smaller than the Thomas effect but of the right 
sign. 

The case of pseudoscalar mesons with pseudoscalar 
coupling indicates that it is possible to obtain strong 
spin orbit forces from the Lamb shift in a potential well, 
and this recommends the adoption of the one-particle 
viewpoint rather than the assumption of two-particle 





Fic. 1 


*S. Dancoff and D. Inglis, Phys. Rev. 50, 784 (1936) 

6 L. Rosenfeld, Nuclear Forces (Interscience Publishers, New 
York, 1948), p. 368. 

6H. Gaus. Z. Naturforsch. 4a, 721 (1949). 
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spin orbit forces. The latter seem to be very small in 
pseudoscalar meson theory.’ Furthermore, if mesons are 
responsible for the spin orbit effect it is probable that 
the self-mesons of a nucleon play the predominant part 
in this phenomenon. Spin orbit coupling is then analo- 
gous to the anomalous magnetic moment of a nucleon: 
it is caused by the mesonic cloud around this nucleon 
and one could expect it to be proportional to g?(M/y)* 
times the Thomas coupling. The factor g? measures the 
probability of dissociation of the nucleon and the mass 
factor indicates that the effect is due to the meson. 
Inspection of Eq. (11) shows the absence of the mass 
factor. However, g appearing in this equation is the 
“large” g corresponding to a pseudoscalar coupling and 
M/ times greater than the “small” g of the pseudo- 
vector coupling theory. 


II. 


Following the notation of Dyson,’ we have for the 
second-order correction to the potential energy U(xo) 
of a particle situated at x9, 


3 f Hex) U alana 


1 ss 
= — fare fae favrar v1) U(x)H'(x%2)), (4) 
) 


where {dro is an integration over 3-space, U (x9) 
=Y(xo)U(xo)W(2») is the density of potential energy 
at xo, W and w are the field operators of the nucleon, 
and U is treated as a scalar quantity. Assuming charge- 
symmetric meson theory, //’ is taken to be of the form 


H'=ighystaba, ©) 


for scalar and pseudoscalar theory, respectively. In 
the latter case pseudoscalar coupling is singled out to 
insure the possibility of renormalization. There are 
only two graphs contributing to the expression (4); 
viz., Figs. 1(a) and 1(b) where the ‘“‘meander”’ repre- 
sents the external potential. Figure 1(b) does not lead 
to a spin orbit coupling in either scalar or pseudoscalar 
theory and, therefore, will not be considered in the 
following. 
Using Dyson’s rules, one obtains from Eq. (4) 


3g*% 
a { Care _ fetrof ae fap. fap. 
(2m)* 


x ett0(p2 pitk Vp) J (pipe) U (RW (po), 


(x) fervor 


A. Bethe, Phys. Rev. 83, 1106 (1951) 
75. 486 and 1736 (1949). 


H'= rapa ; 


(6) 
where 


(7) 


7D. B. Beard and H 
*F. J. Dyson, Phys. Rev 
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foser — p)S(p2—p)D(p) 
J (pips) 
p) sD(p), 


farresto p)S( pe 


respectively, in the scalar and pseudoscalar case. ‘The 
Fourier representations of the Feynman functions S$ 
and D are 


i(yq) -M 
S(q) ‘ 
P+M 


D(q) ’ (9) 
g° + iT 

where yu is the mass of the meson. We are only interested 

in that part J of J which leads to spin orbit coupling. 

This term arises from the product of the terms i(y-p; 

-p) and i(y-p2.—p) in the S functions in Eq. (8). J 

can be evaluated by standard methods. In the non- 
relativistic limit (p)= p2=iM) one obtains 


) 


Tr 


J (pip2) = Le yol PiuPov — PrvP2,)-——(logd —1), (10) 
2M? 


where oy,= —31(yu¥r—Y¥n) and X=M/yu. Terms of 
order 1/A have been neglected. Inserting from Eq. (9) 
into Eq. (6) one finds that the expectation value of the 
correction to the potential energy can be derived from 
a spin orbit potential AU: 


AU =¥3(g/4eM )*(@ gradl’p), (11) 


the two signs referring to scalar and pseudoscalar 
mesons, respectively. It follows that scalar mesons 
favor inverted doublets and pseudoscalar mesons pro- 
duce normal doublets. 


Ill. 


In scalar meson theory g is of the order 1, and it is 
seen from Eq. (11) that in this case the correction AU 
represents only a small fraction of the Thomas coupling. 
The effect is therefore, as far as the present approxima- 
tion goes, quite negligible. 

In pseudoscalar theory, however, g is of the order 
10 and the spin orbit coupling (10) is an order of magni- 
tude in excess of the Thomas coupling. This magnitude 
is sufficient to lead to spin orbit splittings of several 
Mev for heavy nuclei. 

The wrong sign for pseudoscalar mesons is not altered 
if the scalar potential is replaced by a function repre- 
senting the time component of a 4-vector. This replace- 
ment changes the sign of the Thomas coupling. In the 
present calculation U’ should then be replaced by yV, 


and the expression (8) becomes (for pseudoscalar 
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To obtain a nonrelativistic approximation for this ex- 
pression one has to draw ys through the y-aggregates 
Vrvsy. and y4 through y,. ys acting on a nonrelativistic 
wave function can be replaced by unity: yevv«7«¥s 
= VV eV Where the arrow indicates the non- 
relativistic limit. The opposite situation obtains in the 
case of scalar mesons owing to the absence of the 5. 
The mesonic coupling for scalar mesons, therefore, de- 
pends on the introduction of 74 in the same manner as 
the Thomas effect. 

It can be argued that this lack of sensitivity against 
changes in the transformation character of the potential 
makes the pseudoscalar meson results more trust- 
worthy than those obtained for scalar mesons: For the 
present calculation assumes the persistence of the 
potential U in the intermediate state, and it is doubtful 
whether this assumption is valid if the intermediate 
states draw mainly from the negative energy com- 
ponents of the spinor field. The fact that the introduc- 
tion of y into the potential energy operator does not 
alter the result for pseudoscalar mesons indicates that 
the main contribution to the spin orbit correction arises 
from the positive energy intermediate states. 

A further weakness of the above argument appears 
to arise from the inconsistency of using a scalar poten 
tial in a pseudoscalar meson theory. ‘This argument can 
be met only by assuming that the main part of the 
interaction between the outer nucleon and the core 
arises from an exchange of an even number of mesons 
represented for example by Fig. 2. This picture, how 
ever, assumes a slow convergence of the perturbation 
method when applied to meson theory. It is difficult, 
therefore, to see how the first approximation to the 
spin orbit effect should be sufficient and it is possible 
that higher approximations will change its sign. This 
objection, however, does not invalidate the fact that 
self-field corrections may lead to spin orbit effects far 
in excess of the Thomas coupling. 

The authors wish to thank Professor J. C. Gunn for 
numerous discussions. 
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I. INTRODUCTION 


N high electric fields the mobility of electrons (or 

holes) in semiconductors becomes field dependent. 
The drift velocity v7, and the current density J should 
then be expressed as : 


wT, aE, (1) 
and 
/ Nea rae Oe E\E. 


new, EVE (2) 


Phis dependence of mobility or conductivity on field 
for reasonably pure w-type germanium has been re- 
ported previously,’ and a theoretical interpretation has 
heen presented by Shockley. Similar conductivity 
measurements have since been made on p-type ger 
manium and on both m-type and p-type silicon. These 
data are being reported on at this time along with addi- 


PULSE 
GENERATOR 


hic. 1. Schematic diagram of circuit used to 


measure conductivity 


tional data on n-type germanium at a temperature 
sufficiently low so that impurity scattering rather than 
lattice scattering is dominant at low fields. 


Il. GENERAL CONSIDERATIONS 


Several experimental problems confront one when 
the high electric fields 
required to observe changes in o or in the equivalent 
quantity yw. It is required that high rates of energy be 
there must be no 
appreciable heating of the specimen, and there must be 
no change in the number of carriers. Heating of the 


measurements are made at 


given to the carriers. However, 


specimen will change uw through its dependence on T, 
and may change ” under some circumstances. Injection 
of minority carriers can also increase the number of 


kK. J. Rvder and W 


} Shockley, Phys. Rev. 81, 139 (1951). 
>W. Shockley, Bell System 


Tech Ti 30, 990 (1951) 


field dependence of mobility has been determined for electrons and holes in both germanium and 
Phe observed critical field at 298°K beyond which w varies as E+ is 900 volts/cm for n-type ger 
em for p-type germanium, 2500 volts 
These values of critical field are between two to four times those calculated on the basis of 


m for n-type silicon, and 7500 volts/cm for 


A saturation drift velocity of 6(10)® cm/sec is 


manium which is in good agreement with predictions based on scattering by the optical 
Data on n-type germanium at 20°K show a range over which impurity scattering decreases and the 
with field until lattice scattering dominates as at the higher temperatures 


carriers. Heating and injection have been minimized 
(1) by the choice of a semiconductor whose carriers 
normally have a high mobility, (2) by the choice of one 
having relatively few carriers, (3) by the use of electrical 
pulses of short duration, and (4) by special fabrication 
of the samples. 

The rate at which energy is transferred to an electron 
is we#?. When the mobility of carriers is high, it thus 
becomes possible for these carriers to receive energy 
at correspondingly high rates. Single-crystal germanium 
of moderately high resistivity (2-10 ohm-cm) is par- 
ticularly well suited for high field studies. Haynes has 
determined the low field mobility of electrons and 
holes in germanium at 300°K to be 3600 and 1700 
cm*/volt sec, respectively.? At this temperature a 
nonlinear drift velocity range is reached with fields of 
the order of 10° volts per cm and has been studied up 
to over 10! volts per cm. These tields are considerably 
below that predicted by Zener!® at which there is a 
field-induced generation of electron-hole pairs and a 
very rapid increase in the number of carriers with field. 
This Zener field, of the order of 10° volts per cm, dictates 


the upper limit of field in these studies. 


The experimental difficulties arising from heating of 
the crystal have been overcome by using samples of 
relatively high resistivity and by operating with pulsed 
electric fields. Germanium of 10 ohm-cm resistivity has 
roughly one conducting electron per 10° atoms. When 
these electrons become “‘heated” by virtue of the energy 
imparted by high but short pulsed fields, the lattice 
temperature is practically unaffected. Pulse durations 
of 1 microsecond at moderate fields and 0.1 microsecond 
at the higher fields prove sufficiently short. The maxi 
mum energy delivered to such a sample during a single 
pulse raises its temperature 1°K at most. However, 
since the pulses occur repetitively, it is important that 
the repetition rate be sufficiently low to avoid any ac- 
cumulative heating of the crystal. The thermal time 
constant of the samples was less than 10~ sec; a 
repetition rate of the order of 100 pulses per second 

3 J. R. Haynes and W. Shockley, Phys. Rev. 81, 835 (1951) 

*C. Zener, Proc. Roy. Soc. (London) 145, 523 (1934) 


5 McAfee, Ryder, Shockley, and Sparks, Phys. Rev. 83, 650 
(1951) 
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was then permissible at the highest fields. This was 
confirmed experimentally by varying the repetition rate 
from 50 to 200 pulses per sec. The change of conduc- 
tivity over this pulse range was negligible. 

The second experimental difficulty is associated with 
changes in the number of carriers. In n-type material 
holes can be injected from the positive electrode. 
Modulation caused by this hole current was suppressed 
by fabricating the samples so that the electrodes were 
with respect to that portion of 


“electrically remote” 


Sy ry 


—I—TTTITM 


> 


me 


awquawd 
‘7 Zw 


ie 
es 


ie 


oo” 


w 
IN CM/SEC 


N AMPERES 
3 


NSITY 


p- TYPE GERMANIUM 


E 
re) 


_-— LOW FIELD EXTRAPOLATION = 
sins € V2 LANES 
---- €° LINES 


ORIFT VELOCITY 








Y. poe op 1 a eee! 
10 10* 10 “104 10 
M 


ELECTRIC FIELD IN VOLTS/C 


5 


Fic. 2. Current density in p-type germanium as 
a function of electric field 


special cutting and 
midsection of a 
slender filament 


the crystal being studied. By 
punching techniques® most of the 
crystal was removed leaving a short, 
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Fic. 3. Current density in n-type silicon as a 
function of electric field. 


integral with two relatively massive ends, as shown in 
Fig. 1. Broad ohmic electrodes were then attached to 
the two ends. When current flows through the sample, 
the field at the ends is small compared with that along 
the filament. As a result, holes which are injected from 
one electrode during a pulse will drift relatively slowly 
toward the filament—the region which is being studied. 
However, observation of the pulse current along the 
filament is completed before these holes reach the 


6 W. L. Bond, Phys. Rev. 78, 646 (1950 
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filament and modulate its conductivity. ‘These injected 
holes, therefore, do nct manifest themselves. 

One additional precaution must be taken to keep the 
carrier density constant. Apparently, holes can also be 
generated along the surface of the filament if it is not 
treated properly. Suitable etching of this surface is 
necessary to minimize generation of additional 
carriers. It appears that etching is effective for two 
reasons: first, it region of the 
which has been strained by the cutting and punching 
reduces surface irregularities 
which would have abnormally high local fields. 

It is easy to determine carrier density 
actually remains constant with electric field. Any change 
of carrier resulting from hole modulation 
manifests itself as a change of current during a single 
pulse and is readily observable, so that cases in which 
such changes occur may be excluded from consideration. 

The foregoing remarks about hole injection in n-type 
material apply also to electron injection in p-type 
material. In fact, more 
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Fic. 4. Current density in p-type silicon as a 
function of electric field 


serious problem because of the relatively higher mobility 
of electrons. 


III. EXPERIMENTAL RESULTS 


A schematic diagram of the circuit used to measure 
conductivity is shown in Fig. 1. The current through a 
sample was determined from the pulse voltage observed 
across the small series resistance. The voltage delivered 
by the pulse generator was measured independently. 
This voltage was corrected to give that which was 
actually across the filament of the sample. From the 
geometry of the filament one then obtained both the 
current density and the electric field. 

Measurements of conductivity were made of a 
p-type germanium filament at temperatures of 77°K, 
193°K, and 298°K and of n-type and p-type silicon 
filaments at 298°K. These data, shown plotted in Figs. 
2, 3 and 4, are consistent with similar data for n-type 
germanium which have been reported previously? and 
which are reproduced in Fig. 5 for convenience of com- 
parison. Each figure has an additional ordinate scale of 
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drift velocity reckoned from the low field drift mobility 
of holes and electrons at room temperature, as deter- 
mined by Haynes and by Prince.’ These scales of drift 
velocity for both types of germanium apply equally 
well to the low temperature data since the carrier 
density in these two samples of germanium is substan- 
tially throughout’ the temperature range 
investigated. 

Three distinct ranges are evident in Figs. 2, 3, and 5. 
lirst, there is a range over which the conductivity or 
mobility is constant and Ohm’s law holds. The pulse 
data in this range fit within experimental error the 
broken lines of constant conductivity which are extra- 
polations of de data taken at extremely low fields. 
However, beyond a critical drift velocity of roughly 
3 10° em per sec there is a departure from Ohm’s law, 
and there is a second range over which the drift velocity 
varies as E! and the mobility is proportional to E~4 
This nonlinear range continues with increased field 
until there is a third saturation range where the drift 
velocity is substantially independent of field and the 
mobility varies as #'. Figure 4 does not show a satura- 
tion range for p-type silicon; it was not possible to 
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Fic. 6. Current density in n-type germanium as a 
function of electric field. 


. B. Prince (private communication). 
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reach this range at room temperature because of the 
relatively low mobility at low fields of 370 cm*/volt/sec 
for this material.’ 

Additional conductivity measurements were made on 
one sample of n-type germanium of reasonably high 
purity at 20°K. These data are plotted in Fig. 6 along 
with data taken at 77°K. At 20°K scattering of elec- 
trons in this sample for low fields is due mainly to 
ionized impurity centers rather than to lattice vibra- 
tions. Beyond a field of about 10 volts per cm the elec 
tron “temperature” rises, and there is a rapid decrease 
of impurity scattering and a corresponding increase of 
conductivity or mobility. This decrease of impurity 
scattering continues with increased field until lattice 
scattering becomes dominant whereupon the current 
density (and the drift velocity) vary as E} as at the 
higher temperatures. Heating of the sample prevented 
extension of these data to include the saturation range. 
Also shown in Fig. 6 is a theoretical curve determined 
by Conwell which fits the experimental data at 20°K 
quite well.’ 


IV. DISCUSSION 


In brief, the interpretation of these data is as follows: 
When the electric field is low the electrons remain in 


TaBLE I. Comparison of experimental and calculated values of 
critical drift velocity and critical field at 298°K. 


Experimental 
Material de 


Calculated Experimental Calculated 
Vde I 


€ ve 


3.2(10)® 
2.4(10)8 
3.3(10)8 
2.8(10)° 


0.8(10)6 
0.8(10)8 
1.4(10)® 
1.4(10)° 


900 230 
1400 480 
2500 1070 
7500 3750 


n-type 
p-type 
n-type 
p-type 


thermal equilibrium with the lattice and their drift 
velocity is given by 


Va= bok, (3) 


where po is the low field mobility. However, as the field 
is increased the electrons gain energy and their ‘tem- 
perature” increases. Their collision frequency increases 
and their drift mobility decreases. If the rate at which 
electrons acquire energy from the field is equated to 
the rate at which they deliver energy to the lattice, it 
is found that there is a range of tield over which the 
drift velocity varies as E}. If it is assumed that constant 
energy surfaces in the Brillouin zone are spherical, the 
drift velocity in this range is given by? 


Va= 1.23 (cuoE)}, (4) 


where c is the velocity of longitudinal acoustical waves. 
This velocity has been determined to be 5.4(10)5 cm/sec 
in germanium’ and 9.2(10)* cm/sec in silicon." 

8 E. M. Conwell (following paper) Phys. Rev. 90, 769 (1953). 

* Bond, Mason, McSkimin, Olsen, and Teal, Phys. Rev. 78, 176 
(1950). 

‘0 McSkimin, Bond, Buehler, and Teal, Phys. Rev. 83, 1080 
(1951). 
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If a critical drift velocity v4, is defined as that velocity 
at which the Ohm’s law and the E} regions intersect 
when extrapolated, we obtain from Eqs. (3) and (4) a 
critical drift velocity given by 
(1.23 "c= 1.3i¢, (5) 


and a corresponding critical field given by 

E.=1.51¢ (6) 
Table I shows a comparison of the experimental and 
calculated values of critical drift velocity and critical 
field for silicon and germanium at 298°K. The observed 
values are from two to four times those calculated from 
Eqs. (5) and (6). Evidently then, electrons and holes 
are able to deliver their energy to the lattice up to 
higher fields than simple theory would predict. Shockley 
has proposed that the constant energy surfaces in the 
Brillouin zone are nonsphericai and deeply re-entrant.? 
This concept serves also to explain the magnetore- 


Mo- 


sistance increase of some sevenfold found by Suhl." 


ae Rev. 78, 646 (1950 


Suhl, Phys 
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In the saturation range at the higher fields the elec 
trons are “heated” sufficiently so that they can transfer 
energy to optical modes of lattice vibration. These 
modes are much more effective than the acoustical 
modes in absorbing energy from the electrons. ‘Theory 
predicts that the drift velocity is independent of the 


)6 


field in this range and is of the order of 6(10)® cma per 
sec.” This value is in very good agreement with that 
shown in Figs. 2 and 5 for p-type and n-type germanium 
at room temperature and is in fair agreement with the 
observed value of 8(10)® shown in Fig. 3 for n-type 
silicon. 

The author is indebted to many of his associates for 
their assistance in this work and, in particular, to W. 
Shockley for his encouragement and advice. 

Note added in proof:—In Fig. 2 the low field mobility of holes 
varies as 7~! 5 for the particular sample of germanium which was 
used. F. Morin and M. Prince (private communication) find a 
similar dependence for somewhat impure material and a 7°74 
dependence for purer material, 


90, NUMBER 5 NI 


Ji 


High Field Mobility in Germanium with Impurity Scattering Dominant* 


E. M. Conwetrt 


Bell Tele plone Laboratories, 


Received February 2, 


Vurray Hill, New Jersey 


1953 


Experimental measurements show a variation of mobility with electric field intensity of electrons in 
n type germanium which differs at 20°K from that observed in the same specimen at 77°K and higher 
temperatures. This difference can be accounted for by scattering by ionized impurities. A crude quantitative 
treatment is carried out along the lines of Shockley’s treatment for the case of lattice scattering. As in that 
case, the resulting theory fits the data well if the rate of energy loss is taken several times higher than that 
given by the theory assuming that the surfaces of constant energy are spherical 


INTRODUCTION 


SING a pulse technique to apply high voltages to 

a sample of mn type germanium, Ryder’ has 
obtained the data shown in Fig. 1 for current density 
vs electric field intensity at 77°K and 20°K. Since the 
number of carriers and the temperature of the sample 
are kept constant, Ryder’s experiment measures essen- 
tially the variation of drift velocity or mobility with 
electric field intensity at constant lattice temperature." 


* Presented at the Washington meeting of the American 
Physical Society, May 1, 1952. Also presented in preliminary 
form at the Twelfth Annual Conference on Physical Electronics, 
Massachusetts Institute of Technology. Figure 1 in the written 
report of this conference is incorrect, however. The corrected 
version constitutes Fig. 2 of this paper. 

+ On leave from Brooklyn College, Brooklyn, New York. 
Now with Sylvania Electric Products, Inc., Bayside, New York. 
1E. J. Ryder (preceding paper), Phys. Rev. 90, 766 (1953). 

18 Note added in proof.—A similar, although steeper, increase of 
current density with voltage has been observed at 4°K by Sclar, 
Burstein, Turner, and Davisson, Bull. Am. Phys. Soc. 28, No 
2, 17 (1953) and attributed by them to increase in carrier density 
through impact ionization of neutral impurities. The current pulses 


The significance of Ryder’s data can perhaps be made 
clearer if they are replotted as mobility vs electric field 
intensity. This plot is shown in Fig. 2. The number of 
conduction electrons per unit volume was taken from 
Hall effect data. 

The 77° behavior is of the same type as has been 
observed previously in samples at 77°K and _ higher 
temperatures. It has been explained by Shockley in the 
following way.2* In the samples which show this be 
havior mobility is determined by interaction with 
acoustical modes of lattice vibration. This mechanism, 
at these temperatures, gives rise to a constant mean 


free path and isotropic scattering. In low fields, the 


in their experiment had a visible rise time for fields beyond the 
breakdown field, as would be expected for the mechanism of 
impact ionization, while the pulses in Ryder’s case were flat 

?W. Shockley, Bell System Tech. J. 30, 990 (1951). 

3 The problem of electron drift in high fields was treated earlier 
in essentially this manner by H. Frohlich and F. Seitz, Phys 
Rev. 79, 526 (1950), and F. Seitz, Phys. Rev. 76, 1376 (1950) 
The Seitz paper also contains a review of the literature. 
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Current density and drift velocity vs electric field intensity 
for a sample of n-type germanium at 20°K and 77°K. 


hic. 1 


electrons are able to dissipate in collisions with the 
lattice the power they get from the electric field without 
an appreciable rise in their ‘‘temperature.” As long as 
this is the case, they have a constant collision rate and 
constant mobility of wo. When the field becomes high 
enough, the electron “temperature” is raised, the rate of 
collision increases, and the mobility decreases. After a 
short transition region, the mobility is observed to be 
proportional to FE} or the drift veloc ity to FE}, which 
has also been derived theoretically.” 

In the case of the data at 20°K, scattering by ionized 
impurities is more important than lattice scattering for 
of the order of the lattice 
by ionized impurities is 
Rutherford scattering, with a differential 
proportional to 1/7*. When the average electron speed 
is increased by a high field, the detlection of an electron 
is decreased, and the 


electron temperatures 


temperature. Scattering 
x-section 


passing an jonized impurity 
average drift velocity the electrons can develop per 
unit field is increased. This increase in mobility means 
in turn an increased rate of power input from the field. 
\s a result, the mobility has an initial steep increase. 
\fter a small range of fields, this increase results in the 
impurity scattering becoming less effective than the 
and the >) variation characteristic 
sets in. The deviation from this 


lattice scattering, 
of that mechanism 
which is observed at the highest fields obtained will be 
discussed later. 


QUANTITATIVE THEORY OF THE VARIATION 
OF MOBILITY WITH FIELD 


A quantitative treatment for the case with impurity 
fields will now be carried 


scattering dominant at low 
out under the assumption that the surfaces of constant 
energy in the Brillouin Zone are spherical. Although 
there is reason to suspect that this assumption is not 
true.’ such a treatment, it will be seen, leads to semi 
quantitative agreement with experiment. Under this 
assumption it can be shown that the mobility yw is 


‘ Pearson, Haynes, and Shockley, Phys. Rev. 78, 295 (1950) 
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related to the relaxation time 7 by 


gq sid 
p= ( (7), (1) 
3m \v* dv 


where g and m are the electron charge and effective 
mass, respectively, and the average indicated is to be 
taken over all electrons.’ This is valid at high as well 
as low electric fields provided the energy loss of an 
electron in a collision is small, which is the case for the 
scattering mechanisms involved here. 

Under the assumption that equipartition is valid for 
the lattice oscillators which the electron interacts with, 
the relaxation time for lattice scattering, 7z, is given by 


L/2, (2) 


where /, the mean free path, is independent of electron 
velocity.® Since the range of velocities over which the 
impurity scattering term contributes is small, the log 
term in the relaxation time for impurity scattering can 


ye considered constant, and 7, is given by? 
| | | tant | | 
Ty] By 
The relaxation processes are additive, giving 


(7:4 g AP (4) 


y TIT] 


When Eqs. (2) through (4) are substituted in Eq. (1), 
one obtains 
= (2q 3m)(7r, (1437; 

To carry out this averaging and complete the solution 
of the problem rigorously, it is necessary to solve the 
Boltzmann equation to find the velocity distribution at 
all fields. A crude but mathematically much simpler 
treatment was used instead. This is described in the 
next section. 


APPROXIMATE TREATMENT OF STEADY STATE 
DISTRIBUTION 


This treatment makes use of the fact that in the 
steady state average power gain from the field must 


balance average power loss in ollisions, or symbolically, 
que’ t [dé dt |.= 0, (6) 


where [d&/dt |. represents power loss in collisions. Both 
uw and [d&/dt |, can be expressed as averages over the 
electron distribution of some function of velocity, this 
being Eq. (5) for the former. If the electrons are as 
sumed to have some simple velocity distribution, such as 
a 6-function, the averaging can be carried out and the 
resulting functions of v substituted in Eq. (6). The 
solution of this equation in the case of the 6-function dis- 
tribution, gives the electron speed as a function of ele 
tric field intensity. This combined with Eq. (5) gives the 

5 E. Conwell, Phys. Rev. 88, 1379 (1952) 

®W. Shockley, Electrons and Holes in Semiconductors (D. Van 


Nostrand Company, Inc., New York, 1950), Chap. 17. 
7 FE. Conwell and V. F. Weisskopf, Phys. Rev. 77, 388 (1950). 
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variation of w with electric field intensity. Such a 
procedure will give the correct dependence of w on £, 
except for a multiplying factor of the order of 1, when 
wand [dé d/], are both in the form of a constant times 
(o"), n of course being different for the two. This is the 
case in the regions of constant slope in the log-log plot. 

The calculation carried out for a 


6-function distribution. From "qs. (1) through (3) the 


indicated 


Was 


impurity mobility uw, and the lattice mobility uw, for such 
a distribution are 
ur = (29 /m)Br', (7a) 

is (2 3)(q m)(L/v), (7b) 
and in terms of these 

w=er(14+9ur/ur)/ (1+ 37/1)? (8) 
It will be useful for what follows to use the dimensionless 
quantities « and a detined by 
(Ya) 


(9b) 


A v7 


a= 310, M10, 
where the subscript 0 indicates the value of the 
quantity in a small electric field. In terms of these, 
Eq. (8) can be written, 

x)[ (1+3a/x*)/(1+a/x') 
It is easily seen that this gives the type of behavior 
shown in Fig. 2. At low fields, from the definition, 
v™1 and this gives the low field mobility. As the field 
For large a, or 


Le (uri (10) 


increases, x starts to increase from 1. 
dominant impurity scattering at low fields, this gives 
the 20° behavior as x increases. For small a, this gives 
the 77° behavior. 

We consider now the power loss terms. Losses to 


ionized impurities are certainly small, and will be 


neglected. The rate of energy loss to acoustical lattice 
modes has been evaluated by Shockley for the case in 
which equipartition is valid for the lattice oscillators 
the electron interacts with.’ For the 6-function distri 
bution his result is 

(dS /dt | (v/l)| (11) 
where c is the average velocity of sound in the lattice. 
The condition that there be thermal equilibrium be 
tween electrons and lattice in the absence of the field 


(me? (kT )mi? —4mce? | 


requires that this expression vanish when v=, or 
(4kT7° 


is used to eliminate / from Eq. (11), it can 


m)}. (12) 
If Eq. (7b 
be written in the form 


[dé dt 


The substitution of Eqs. (10) and (‘3) in the conser 


(8/3) (qc? /w10)x°(1— 1/2") (13) 


vation of energy equation leads to the desired relation 
ship between which is proportional to x, and £. 
Since this equation is of eighth degree in x and second 
giving 


degree in E, it was solved for FE in terms of x, 


(1 (14) 


(S 3)? 
Mrok 
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rhe drift velocity can then also be expressed in terms 
of x by using vg=wE, leading to 


(1+a/x*)? 


COMPARISON WITH EXPERIMENT 


The density of conduction electrons at 20°, taken 
from Hall 8.710" cm*, The 
average velocity of sound in germanium is taken, some- 
what arbitrarily, as the velocity measured in the [110] 
direction, 5.4 10° cm/sec. The 
determines the shape of the curve, cannot be computed 


measurements, Was 


value of a, which 
theoretically because the acceptor concentration in the 
sample is unknown. The closest approximation to the 
shape was obtained for a=9. To tit the low field data 
with this value of a, wpo must be taken as 2.56% 10° 
cm® volt sec. The value obtained for 20°K by taking the 
lattice mobility at room temperature as 3000) and 
assuming the theoretically predicted 7~! dependence" 
is 2.12 10° cm? volt sec. There is evidence, however, 
from other germanium data that the lattice mobility 
than 7°? and is 
perhaps even higher than 2.56 10° at 20°K.® These 
If the 
effective mass of the electron is taken as one-quarter 


decreases somewhat more steeply 
values of a and wyo 11x wy aS 8.5K 10! em ‘volt sec 


the free electron mass,’ this leads to a total ionized 
impurity concentration of about 4X 10"/em*, which is 
a reasonable value for this particular sample. 

With these numerical values, it that the 
departure from constant mobility and the transition to 


is found 


the 1/ yy & dependence of u all take place at fields about 
one-third as high as those found experimentally. If a 
factor of 2.8 is inserted on the right side of Eq. (14), 
the theoretical curve agrees quite well with the experi 
mental one, as is shown in Fig. 1. It can be shown that 
this disc repancy is not a result of the use of a 6-function 
distribution. An exact theory, based on spherical energy 
surfaces, has been obtaind by Shockley for the case in 


f Ty | 


ea | 


Fic. 2. Mobility vs electric field intensity for a sample of n-type 


germanium at 20°K and 77°K 


*P. P. Debye, Bell Laboratories (private communication 
’ Experimental evidence for such a value of m is presented by 


P. P. Debye and I Phys. Rev. 87, 1131 (1952 
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which the scattering is entirely due to lattice vibrations. 
In the analysis of a number of samples with lattice 
scattering only, he found it necessary to multiply by a 
factor of 3.2 to obtain agreement of this exact theory 
with experiment. Comparison of the lattice scattering 
part of the 20° data with this theory shows about the 
same discrepancy. 
Since the value of the mobility could not be incorrect 
by such a factor, this disagreement would seem to 
indicate that the rate of energy loss in collisions is 
higher than the previous considerations indicate by a 
factor of about nine. This could be the case, as Shockley 
points out, if the edge of the conduction band were 
degenerate. This would give rise to complex energy 
surfaces, which might give more effective energy dissi- 
pation for the electrons without affecting their mobility. 
The imperfect fit in the region of sharp ascent can 
be ascribed to two factors: (1) the crude theoretical 
treatment, and (2) nonuniformity of the field in the 
sample because of variations in impurity concentration 
and cross section. It is also observed that at the very 
highest fields obtained, the experimental points fall 
below the line of slope 3. This is expected if equi- 
partition ceases to be valid for the lattice oscillators 
which scatter the electron, as can be seen from the 
following considerations. The probability of scattering 
of an electron by a particular mode of lattice vibration 
is proportional to the dilatation or deformation pro- 
duced by the mode, which is in turn proportional to its 
energy. As the electron gets faster, it interacts with 
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shorter lattice waves. Under equipartition, fast elec- 
trons see no bigger deformation than slow ones, and 
the mean free path is independent of electron velocity. 
When the energy of the lattice oscillators is essentially 
the zero point energy, however, faster electrons see a 
more deformed lattice, and this leads to a mean free 
path which decreases with v or x, and a mobility which 
decreases more rapidly than 1/v or 1/x. At the field 
intensity for which the departure from the line of slope 
} becomes evident, the electron speed has been multi- 
plied by a factor of about 6. If the effective mass of 
the electron were the free electron mass, the departure 
from equipartition should occur at much lower fields. 
An electron of smaller effective mass, however, would 
have smaller momentum for the same energy, and 
therefore interact with phonons of smaller energy. To 
account for the validity of equipartition out to the high 
fields observed, the effective mass would have to be of 
the order of one-sixth the mass of a free electron, which 
is in fair agreement with the previously stated value. 

It can be concluded that a combination of scattering 
by ionized impurities and lattice vibrations accounts 
semiquantitatively for the variation of mobility with 
field that has been observed by Ryder. It is quite 
satisfactory, in the present state of the theory, that 
application of a theory assuming spherical energy 
surfaces to this case shows the same discrepancy as it 
does in the case where only lattice scattering is present. 

I am indebted to Dr. W. Shockley for a number of 
valuable discussions on this subject. 
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Surface Barrier Analysis for the Highly Refractory Metals by Means of 
Schottky Deviations* 
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The theory for the deviation from the Schottky effect is redeveloped for the thermionic case, using the 
Herring and Nichols coefficients ~ and A, which are typical of the two reflection regions of the metallic 
surface barrier. The assumptions of Guth and Mullin are used, but correction of their calculations leads to 
new results; a method of data analysis based on these results is described. In this method the Guth-Mullin 
assumptions regarding the form of the barrier are taken as a first approximation to the real case. The method 
is applied to available experimental data on tungsten, tantalum, and molybdenum. One may draw the fol 
lowing conclusions: The outer (A) reflection region behaves in accordance with the mirror-image law, while 
the innermost (,) is field-independent. The phase change suffered by an electron wave crossing the w-region 
is less than that computed for the theoretical box model. All three metals studied are mutually similar as 
regards the potential form in the w-region. Apparently, it is not yet possible to evaluate the zero-field 
reflection coefficient from deviation amplitudes; this is probably due to the parabolic approximation used 


for the \-region in the theory. 


I. INTRODUCTION 


HE phenomenon of periodic deviations from the 
Schottky effect'* has been accounted for by 


* This research was sponsored by the U. S. Navy Bureau of 
Ships. 

t Now at the U. 
California. 


S. Naval Ordnance Test Station, Inyokern, 


Guth and Mullin‘ in terms of the interference between 
electron waves reflected from the emitter surface and 
the region of the barrier maximum. Herring and 


'R. L. E. Seifert and T. E. Phipps, Phys. Rev. 56, 652 (1939) 
?:—D. Turnbull and T. E. Phipps, Phys. Rev. 56, 663 (1939). 

3 Munick, LaBerge, and Coomes, Phys. Rev. 80, 887 (1950). 
‘FE. Guth and C. J. Mullin, Phys. Rev. 59, 575 (1941). 
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Nichols® have suggested the utility of this effect in the 
study of emitter surfaces and have outlined a device 
for analyzing experimental data. This method is based 
on an assumption implicit in the theory of Guth and 
Mullin that the regions of the surface barrier respon- 
sible for electron reflections do not overlap appreciably. 
Therefore, one may define two complex reflection coef- 
ficients, w and A, applicable to the de Broglie waves 
impinging on the surface and on the barrier maximuin, 
respectively. Presentation of a theory for the Schottky 
deviation in terms of u and X is advantageous in that 
the physical significance of such measurable quantities 
as period, phase, and amplitude becomes apparent, and 
a Clear interpretation of experimental data can be made. 

The present work purposes to formulate deviation 
theory in a more useful form and then to separate from 
existing data on the highly refractory metals various 
properties of their surface barriers. The theory has been 
redeveloped on the basis of a double reflection effect, 
using the Herring and Nichols coefficients together with 
the general assumptions of Guth and Mullin regarding 
the form of the potential near the barrier maximum and 
the validity of the WKB approximation between the 
two reflection points. 


II. THEORY 
A. Box Model Transmission Coefficient 


In the following development, four major assumptions 
are used: 

(a) The barrier outside a clean metal surface is of 
the mirror-image type (Fig. 1). 

(b) The point x; at which the image potential joins 
the interior potential is close to the surface, such that 
the reflections in this region are independent of applied 
field. Those reflections at x; which contribute to 
Schottky deviations should be practically independent 
of electron energy as well. 

(c) In the region extending from x, to a short distance 
to the left of the barrier maximum x, the WKB ap- 
proximation is valid for electrons taking part in the 
deviation effect. That is, in this region the probability 
for electron reflection is small. 

(d) The surface barrier has a parabolic shape in the 
vicinity of x9; also, there exists to the left of xo a region 
where the parabolic approximation and the WKB 
approximation are simultaneously valid. 

Assumption (a) may be stated: 


V = — (2x)! — x(2x,?)—, (la) 


for x2 41, 


where V is the potential energy of an electron, relative 
to infinity, at a distance x from the surface. The quan- 
tities x and xp are in units of the first Bohr radius 
(ay= h?/me.=0.529A), and x» is the position of the 
barrier maximum, given by 


x= 3.587 X10KE'. 


5(. Herring and M. H. Nichols, Revs. Modern Phys. 21, 185 
(1949), Chap. 4. 


BARRIER 


ANAL 





PARABOLIC POTENTIAL 
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Fic. 1. The metallic surface barrier. The electronic potential 
energy V, measured relative to infinity, is plotted as a function 
of distance x from the surface of the emitter for the case of the 
box model. The form shown in region B is due to mirror-image 
plus applied field. At x, this joins the average interior potential 

W., shown in region A. The dashed line indicates the parabolic 
approximation near the barrier maximum x». The energy of the 
emitted electron is W =e+ V (x9). 


Here £ is the applied field in volt-cm™', and V is in 
units of the ionization potential of hydrogen (Wy 
= me*/2h?= 13.58 ev). 

For the box model, as shown in Fig. 1, the potential 
to the left of x; is constant: 


V=—W,, (1b) 


for x< x). 
Thus, from (la) and (1b), the position of x; is found 
to a good approximation to be x,;= (2W,)~'. Potentials 
(1a) and (1b) are shown in regions B and A, respec- 
tively, in Fig. 1. 

In region B, the wave number of an electron whose 
energy is W=e+V (x9) is 


kp= (W—V)t=[e+ (xo—x)?(2xxe?)" }*. (2a) 
For small e, and in region A, 
KA ™~(2x,)= W,!. (2b) 


Following Guth and Mullin,‘ one can express the wave 
functions to the left of x; and between x; and xo as a 
plane wave and a first-order WKB wave. That is, 

Wa =a) exp(ixax)+a2 exp(—ixyx), for x< x, (3a) 


and 


Vr=bike texo(if cuds ) 
ten Vexp( - if cwds ), for <a<aq. (3b) 
70 


By joining ~4 to wz at x, one can find a complex 
reflection coefficient yo characteristic of x;. Letting 
b.=0, 


Mo= (ay ‘d)bo =) 


=p(1+ )?)) exp[i(w/2+2«,4,4+tan"p) ], (4) 





JUENKER, 
where 


» Ki=Kp(X)) =k4=W,', 


(dkp dy ry} W’,! 


It will also prove useful to evaluate two complex trans 
mission coefficients for x, namely, 4;= (b;/a,)b2=0 and 
lo= (do/by)a,=0. The arguments of these coefficients are 


found to be given by 


argl; = arglo= Kk XxX, f kpdx+tan-'p. 


A coefficient similar to yo may be defined in the 


neighborhood of xo: 


Ao= b2/b,, 


where 6; and b» are so chosen that an electron wave at 
v= is purely outgoing. Such a choice has been made 
by Guth and Mullin,’ who deduce 6; and by by joining 
(3b) to the parabolic cylinder solution for the wave 
equation in the immediate vicinity of xo. The correct 
asymptotic expansion for the parabolic function, as 
taken from their work, has the form :° 


¥ 


v,«2 ‘[ (2r)!/P' (4 — Be) | 
x exp| mi3e/4—1(2* 


Sarr[se 


4+Pe Inz—7/8) | 


tz exp ++-i(s*/4+4-Be Inz—3m/8) |, (6) 


where 8 = (x,3/2)', € is the electron energy relative to 
the barrier top, and s= (x)—.x)/8}. The two terms in 
this function the outgoing and incoming 
waves, respectively, to the left of ao. The ratio of these 
terms should be equal to the corresponding ratio of the 
two parts of (3b) at some value of x where the potential 
is parabolic and the WKB approximation valid. Ap- 
4 Be at this point, the value of Xo 


corresponding to this joining condition is 


represent 


proximating 


b,~ (29) AV (4 = iBe) 


An=b 

Xexp[ — whe /2+4+-1(Be InBe— 2/2) }. 
Since |I'(4— ipe)| = (21) *e"*/? (1 4+ e?*8*)-4, one can make 
the “approximation that argl’(}—iBe)~CBe, where 
C= (yet+2 In2)= 1.96 and yx=0.56 (Euler’s constant). 
Therefore, 


os 


ho= (1+ 67") 4 exp! 7(C+]nBe)Be—in/2 |. (7) 


the particle transmission coefficient for the 


Now 
entire barrier may be written in the form suggested by 
Herring and Nichols,® namely, 
R=1 (A+ 


D=1 u)/(14+-u*A) ?, 


in which 
M=o (8a) 

6K. Guth and C. J. Mullin employ that form of the parabolic 
function which evolves into an incoming wave at x= «. While 
this gives qualitatively correct results, it introduces an error in 
the phase of the periodic deviation. An alternate form of the 
function, which they also quote, provides the correct outgoing 
and is used here. 
Mullin, Phys. Rev. 59, 867 (1941) 
Mullin, Phys. Rev. 60, 535 (1941) 
Mullin, Phys. Rev. 61, 339 (1942) 


wave for large x, 
’E. Guth and C. J 
*E. Guth and C, J 
*E. Guth and C. J 
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and 


A=Ay exp t(argé;+argl,) |. (8b) 


The exponential terms in (8b) embody the phase 
accumulation of an electron wave proceeding from the 
left of x; to a) and returning, excepting that phase 
change occurring in the reflection at x9. This latter is 
contained in the argument of A». Expanding D and 
neglecting terms in uw! of order higher than two, one 
gets 

D=Do+D,\4+ Dz, (9a) 
where 


Do=1 (9b) 


A!7)?—2iAI A \!7) cos2a l, (9c) 


\ *) cose, (9d) 


2| Ai (1 


o=argA—argut+n. (9e) 
B. Average Nonperiodic Transmission 
Coefficient 


While the transmission coefficient given in (9) is 
independent of the mechanism for emission, the present 
treatment will be limited to the thermionic case. Ac- 
cordingly, the average of D over a Maxwellian dis- 
tribution of energies will be computed. Designating 
this average as (D),,, 


(D Ay f Dee wrde | f e kT de, 


The dominant periodic term D, (9d) is of principal 
interest, but for the sake of completeness the calcula- 
tions for (Do), and (D,)a4, are included. Let us introduce 
the variable a= Be , and the quantity B= (2rBkT)", 
where @ is given in (6) and 7 is the absolute tempera- 
ture. Then, from (7), (8), and (9), Do may be stated 
in the form 

x 

z (—1)*e-"7¢, for «>0, 


n=! 


Ps tx 1)"+He nina for e<() 
| 


n=! 


The average is 


(Do)w= 1— 2B DY (—1)" 


n=! 


x | f exp n2r(1+B/n)a lda 
+ exp[ 
ball |) 


=142B°5 (—1)"'n[1 


n=l 


—nr(1—B/n)a \da | 


(B/nyt. (10a) 
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Similarly, since |u4! may be considered energy- 
independent, the nonperiodic part of D; and its average 
are 


1)"4!(n+ Ie“ ], 
D,(m)= 4 for e>C, 


ul? >> (—1)"*"(n l)enrere, for «<0, 
and 


(Dy (m)) a, —2B 


B/n? .1— B? (10b) 


[1 — B/n 1 — BY/nt 4}. 
lor positive or negative energies, the amplitude of the 
periodic part of D, is 


x 


|Di(p)| =2} ul? ds ( 


n=l 


1)"* ne n2 ma 


The average of this quantity exceeds the amplitude of 


Di (p)) a: 


(D,(p) Ss 


(| Di (p) | dae 


<4/ul?BS (—1)""'[1—B2/n? ye". (10e) 


n=l 


C. Average Periodic Transmission Coefficient 


Using (4), (5), (7), and (8), the statement of (9e) 


becomes 


10 
0 2f kpdxt+tan 'p+ (C+ InBe)pe. (11) 
. rT} 


The phase integral in the first term on the right may 


| k pdx= Kol x+ fle), 
Tr} e 


Tr} 


be written 


=(xo—x)/(2xxe?)!, and kg is given in (2a). 
fle) repre 


where ko 
Numerical integration shows that can be 


sented approximately by 


Re fle) Ref (kr—ko)\dx~™1.5| Be|~? "Be 


TI 


lor the case of tunneling (€<0), f(e) has also an 
imaginary part which is cancelled by the imaginary 
contribution of the logarithmic term in (11). Thus, 


(11) becomes 
o=apta;(a), (12a) 


where 


™ 
0o= of kodx+ tan“p~ (4v2/3) x9! 
7 
-2W, 
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Fic. 2. The energy-dependent phase o;(a@) of the unaveraged 
periodic transmission coetlicient D.. Here o; approaches zero with 
decreasing values of a= |Be| and is nearly directly proportional 
the range effective in contributing to the deviation 
etlect (a;<a<l The constant of this proportionality is also 


plotted as a function of @ 


to @ over 


and 


+Ina+ 30a"! 


a;(a)= (¢ ba, 
and where a@ is again used to denote | Be 


From (7) and (9), the amplitude of Dy is 


+. I’ (n+ 3) 
i2iul d ( 1)” e n+ 4)2 
n= rj) (n+ 1) 
x I'(n-+- 3) 
ul > ( 1)” ( n4 
n=) (3) (n+ 1) 


2 wa for 


In order to average the combination of this with cosa, 
one must compute the integral: 


£ 


Ie ges 


( 


cos! aptoai(a) ida, (13) 


where a,, is 2n[ (n+-43)4+-B | for €>0 and 2x[ (n+1)—B | 


for «<0. Anticipating the high temperature approxi 
mation to be discussed in the following section, one may 
neglect the term B in a,, leaving 


{ 2a(n-+ +), for € >(), 


l2e(n-4 1), for e<0. 


Also, consideration of the function o;(@), as given in 


(12) and graphed in Fig. 2, shows that for a<a,;=5 
X 107%, a; is so small that its cosine may be replaced 
by unity and its sine by a; itself. From (13), it is seen 
that for a>1, the integrand becomes negligible. In the 
intermediate region, where ay<a<1, a; may be con 
sidered the linear function of a, o,=ga. The factor g, 
which is also plotted in Fig. 2, has a value between 4.4 





776 JUENKER, 


and 5.3 in the region of interest. Therefore, the integral 
in (13) may be expressed as 


i. (Jo4 J ;) cosay (Jo+J3) Sing». (14) 


Using G,=g/dn, and defining an average o,(a) by the 
relation 


aj 
(aay) ay { o\la@e eda / f e anada, 
J 6 0 


the various terms in (14) may be written: 


a 


a1 
J ( e 
vie 


ana) 


and cy Un a | e 


v 


f Cc “ne cos(pa)da d, le ana 
a} 


«*[1—G,0,(a,) |[1+G6,2]}", 


ai 
t f eq (a)da ta,~“a;(a;))(1—e 7"), 


x 


= ef en" sin(ga)da 
a 


ta, eG, +o1(a1) [1+G,72}", 


where the + and correspond to the sign of ¢, the 
excess energy of an electron at x». 

Considering the smallness of Jo and J2, it appears 
that, in the average, not only large values of a= |Be|, 
but very small values as well, are ineffective in produc- 
ing the deviation effect. At least, this is the case when 
a parabolic approximation is used for the potential 
near xo, despite the fact that the contribution per 
electron is greatest for small a. 


Now G,, is never greater than about 3, and (0;(a1)) 
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Fic. 3. The Schottky deviation F2, as a function of 
y=357.1/Et. The experimental points are for clean tantalum 
(see reference 3) at 1500°K and may be taken as typical of the 
data for the highly refractory metals. The dashed line represents 
the original Guth-Mullin theory (see reference 4), and the solid 
line is a plot of the theory developed in the text. 
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<o:(a;)1, so that (14) may be rewritten 
T,(+)=a, [1 —e°"™G,?(1+G,?) ] cosao 


Fan fe 7G, (1+G,7)] sing. (15) 


Replacing this in D2, the average of the latter may be 
written 

~ I'(n + 3) 
(Do)m= 4 |u| BS ( 1)" 
n=l) r(3)l (n+1) 


X(In(+)+In(—)], (16) 


where B= (2xBkT)~', as before, and where 7,(-+) and 
T,(—) represent (15) evaluated for «>0 and ¢<0O, 
respectively. It has been indicated previously that the 
value of g to be used in evaluating G, = g/a, lies between 
4.4 and 5.3. If the summation in (16) is performed 
numerically for each of these limiting values, the 
phases of the resultant expressions are found to differ 
by a small amount, about 0.1 radian; the amplitudes 
differ by 25 percent. Probably the most suitable value 
of g is close to that for lowest energy, namely 5.3. In 
this case, 


(D2) n= 0.96! u| B cos(ao+0.6). (17a) 


D. High Temperature Approximation 


The modulus |! of the surface reflection coefficient 
given in (4) has a value of about 0.2 for a typical metal 
whose W, value is 10 ev. The quantity B= (2xBkT)“' 
is about 0.1 for a field of 510° volt-cm™ and a tem- 
perature of 1000°K. It appears to be justified, therefore, 
to discard all terms in (10) smaller than |w B or B?. 
The remainders are 


(Do) m= 1+ (9B)?/12 (17b) 


and 
(Di)w= — |u|? (17c) 
Equation (17a) gives the value of the periodic term 
(D.) after the high temperature approximation has been 
applied. 
The total average transmission coefficient may be 
written, using Eq. (17): 


(D(B)) 4 =(D(0)) + (B)?/12 


+0.96| «| B cos(ao+0.6), (18) 


where (D(0)),,=1— |u|? is the zero-field (B=0) trans- 
mission coefficient and go is given by (12b). 

(D(B))m is more useful] when written in terms of the 
current, as a part of the Schottky relation 


log (1/To) = mE}+ log(D(B)),—log(D(0)) a, 


where m is the Schottky slope and £ the applied field. 
The last two terms on the right constitute the deviation 
from the Schottky effect and are made up of a mona- 
tonic and a periodic function of field, which have been 





SURFACE BARRIER ANALYSIS 


Tasie I. Analysis of the experimental Schottky deviation phase for tungsten, tantalum, and molybdenum. The position of the 
extremum in radians is ym as given by Eq. (21a). Maxima are italicized. The mean separation of successive extrema is (Ay)ay given 
theoretically by (Ay)-=x=3.1. The mean experimental phase (8:)4, [Eq. (21b)] is quoted for each set of data, the box model value 


being indicated by 6., which is computed from Eq. (20b) for the Wa values shown. Asterisks designate mechanically polished sarmples. 
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called F, and /2, respectively.’ ‘Thus, 


F\+F2=log(D(B)) 4 —log(D(0)) x, 


=log!—log/)>—mE*. (19a) 


Using logarithms to the base ten and translating oo 
and B into units consistent with field in volt-cm~ and 
temperature in deg K, 


F\=2.0X10"Ty 6, (19b) 


F,=9.2X 108! u| Ty cos(y+ 2.1— 4), (19¢) 


where y= 357.1/E', and |u| and 6 have, for the box 


model, the values 


u!-=0.06791V,3, (20a) 


6.= arguo— argl;—argle+y 


=9/2+7.37/W,'—0.0679W,', (20b) 


as given in Sec. IIA. The terms |u! and 6 have been 
set apart from the others, since they arise in the reflec- 
tion and transmission coefficients given in (4) and (5) 
for the position x,. They therefore typify the potential 
form at the surface of the emitter. The form of /, in 
(19c), does not depend on the box model for the 
surface potential, but only on the initial assumptions 
made in Sec. ITA. 

The small monatonic deviation 7, has never been 
conclusively observed. F; can be separated from ex- 
perimental Schottky data’ and can be plotted as a 
function of y, as in (19c), for purposes of analysis. A 
comparison of (19c) with the original theory of Guth 
and Mullin and with experiment is shown in Fig. 3. 

It is to be noted that, if the period in y is found 
experimentally to be constant and equal to 2m and if 
the amplitude varies as y~*, the assumptions regarding 
the mirror-image barrier and the field- and energy 
independence of u are probably well founded. This being 


Houde@ 


Molybdenum 
W, =10.2 ev) 
Brock, 
Houde 


oomes® 


Tantalum 
We =9.3 ev 
Munick, Finn, 
LaBerge, LaBerge 
Coomes* Coomes! 


Seifert, 


Phipps* Haas® 


* * 


© Reference 3 ! Refer * Reterence 1? Reterence 14 
the case, values for |u| and the phase factor 6 may be 


calculated from available data. 


Ill. EXPERIMENT 
A. Data on the Highly Refractory Metals 


The data to be considered in the following section 
have been drawn from the work of Seifert, Turnbull, 
and Phipps' on tungsten and tantalum, of Nottingham" 
on tungsten, of Munick, LaBerge, Finn, and Coomes*! 
on tantalum, and of Brock, Houde, and Coomes” on 
molybdenum. Some unpublished results on tungsten" 
and molybdenum™ have also been included. Round 
filaments were used for all the work represented, and 
at least one set of results for each of the three metals 
was obtained from a mechanically polished filament. 

Although the deviations found in some of the work 
were separated from their Schottky lines in regions not 
totally free of patch effect, it appears that such devia- 
tions are patch-sensitive in amplitude but not. in 
period.” This is borne out by the agreement between 
deviations taken from different samples of the same 
metal. The patch sensitivity of the amplitudes makes 
verification of their field- and temperature-dependence 
difficult and limits the type of data from which |» 
can be calculated [see Eq. (19c) ]. Deviations taken 
from relatively patch-free data, such as that of Seifert 
and Phipps on 1-mil tungsten and of Munick, LaBerge, 
and Coomes on 1-mil tantalum, indicate the correct 
dependence for the amplitude. All results are in agree 
ment on the temperature-independence of the phase and 
period. 


0 W. B. Nottingham, Phys. Rev. 57, 935 (1940) 

" Finn, LaBerge, and Coomes, Phys. Rev. 81, 889 (1951) 

2 Brock, Houde, and Coomes, Phys. Rev. 89, 851 (1953) 

A. L. Houde, Ph.D. dissertation, University of Notre Dame, 
1952 (unpublished). 

4G. A. Haas, University of Notre Dame (unpublished) 
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B. Data Analysis 


Phe treld position £,, of each deviation extremum can 
be converted to its corresponding value in the parameter 
y by 

(21a) 


En', 


Vm = 357.1 


where £# is the applied tield in volt-cm~!. The experi 


mental value of 6 can then be found from 


(21b) 


y ma-+-2.1, 


where ma is the integral multiple of m closest to y,,, 
m being even for maxima, odd for minima. Then 6, can 
be compared with the value 6, computed for the box 
model from (20b), using H,= 10.3 ev for tungsten, 9.3 
ev for tantalum, and 10.2 ev for molybdenum. The 
results of these computations performed on the data for 
the highly refractory metals are shown in Table I. 
Limits for the experimental value of |u) have been 
calculated from the data cited in Table IL, using 


(21c) 


wl2=1.09XK10°ATy,3, 


as derived from (19c). Here, A is the deviation ampli 
tude at the of the mth extremum, and 7 is 
the Phe extrema used in the 


table are those most free of patch difficulties. The box 


position V, 
absolute temperature 
model values for 4 were computed from (20a), using 


the HW, 


figures quoted in ‘Table T. 
IV. SUMMARY AND CONCLUSIONS 


The results of the data analysis shown in Tables I 
and II may be summarized as follows: 

(1) The half-period of the deviations in the parameter 
y is equal to w within the limits of experimental error. 

(2) The magnitude of the deviation phase is less than 
that predicted on the basis of the box model by an 
amount of the order of a quarter period. 

(3) No conclusive difference exists between the phase 
characteristics of tungsten, tantalum, and molybdenum 


(4) The values for 4 computed from experimental 


LADA YT , 


AND COOMES 

deviation amplitudes are, in general, about three times 
larger than those calculated for the box model. 

the 
mirror-image form is the correct one for the surface 


The period of the deviations indicates that 


barrier, and that 6, which is a function of the conditions 
near the emitter surface, is not a function of applied 
field. This condition limits the region characterized by 
the reflection coefficient 4 to a short, field-independent, 
distance from the surface 

The discrepancy between the experimental 6, and 
the box model 6, shows that the phase changes suffered 
by electron waves impinging on the metal surface are 
not as extreme as those required by a sharp join of 
image and interior potentials. Some of the difference 
may lie in the use of the WKB approximation just to 
the right of a, (Fig. 1). Since 6, is essentially the same 
for all three metals studied, the actual 
surface potential should be similar for tungsten, tan 
talum, and molybdenum. 

Deviation amplitudes depend strongly on the form 


form of the 


of the potential at the barrier maximum, a difficulty 
which does not appear to be shared by the phase. As a 
result, the computation of 4 from the experimental 
amplitudes, using a theoretical expression founded on a 
parabolic little except in 
providing an order of magnitude check on the box 


potential at a has merit 
model values and an indication that the parabolic form 
is not completely satisfactory.'” Further retinements 
could be made in the calculation of the energy-dependent 
coef 


phase of the unaveraged periodic transmission 


ficient [see Eq. (12) ], and in the averaging of this 
coethcient, but it is doubtful whether such improve- 
ment in method would yield any essential change in the 
amplitude. 

Theoretically, it should be of interest to discover 
what type of potential at the surface is necessary to 
reduce the phase change at this point by a quarter 
period. Also, it should be advantageous to adjust present 
approximations to the extent that) a, which is im 
portantein emission phenomena other than thermionic, 
may be computed with some degree of accuracy from 
experimental deviation amplitudes. Experimentally, it 
is important that the analysis embodied in Tables I 
and IT be repeated for data taken on single crystals and 
contaminated metallic surfaces, in order to ascertain 
the sensitivity of the periodic deviation effect as a 
device for investigating surface conditions. 

The authors acknowledge the assistance of Drs. C 
Herring and C. J. Mullin, whose suggestions were 


valuable in completing this work. 


16 Work now being carried on by C. J. Mullin and G. S, Col 
laday indicates that this deficiency may be rectified by the use 
of a cubic approximation to the mirror image potential near the 
barrier top 
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Neutron diffraction studies of MnF2, Fel2, Coks, and Niky are reported 
compound showed the superlattice structure characteristic of antiferromagnetism 


\t low temperatures each 
The data are accounted 


for with a magnetic cell of the same dimension as the chemical unit cell; the moments of the magnetic ions 


at the lattice corners being antiparallel to the moments of the body centered ions 
magnetic moments is along the tetragonal axis in all cases except Nil 


Che alignment of the 
where the alignment direction makes 


an angle of about 10° relative to the ¢ axis. The intensity of the magnetic scattering as a function of sample 
temperature follows a Brillouin curve of the form suggested by Van Vieck. Extrapolating the saturation 
data to zero peak intensity gives the Néel temperatures for threshold antiferromagnetism. These are MnP» 


75°K; FeF,—90°K; CoF;—50°K,; NiF,—83°K 


I. INTRODUCTION 


HE work of Shull, Strauser, and Wollan' on a 

number of iron group oxides has demonstrated 
the fruitful application of neutron diffraction techniques 
to studies of magnetism in paramagnetic and anti 
ferromagnetic compounds. In this work the diffraction 
of neutrons is used to determine the magnetic behavior 
of MnF., FeFs, Cok, and Nik. over a wide range of 
temperatures. These compounds are of particular 
interest in that (a) they all have the tetragonal crystal 
structure of SnO», (b) magnetic susceptibility measure- 
ments show that MnF>. and FeF» are antiferromagnetic, 
and (c) considerations of crystal structure make it 
likely that at least MnF, has a magnetic structure much 
like the two-sublattice model of antiferromagnetism 
discussed by Néel® and Van Vleck.’ 

The powder magnetic susceptibilities of these com 
pounds have been reported by Bizette and Tsai,’ ° 
Bizette,® and de Haas, Schultz, and Koolhaas.’ Accord 
ing to these results MnF, and Fel, are antiferro 
magnetic below 72° and 79°K, respectively, whereas 
CoF, and Nik, appear to be paramagnetic to at least 
20°K. Griffel and Stout® have measured the suscepti 
bilities of a single crystal of MnF», and tind the anti- 
ferromagnetic moments aligned along the tetrogonal 


axis. 


* Presented in partial fulfillment of the requirements for the 
degree of Doctor of Philosophy at the Agricultural and Mechanical 
College of Texas. Presented in part at the Washington Meeting of 
the American Physical Society, April 26, 1951. [(Phys. Rev. 83, 
208 (1951) J. 

t This work was performed while the author was a Graduate 
Fellow of the Oak Ridge Institute of Nuclear Studies. 

t Now at the University of Tennessee, Knoxville, Tennessee 

1 Shull, Strauser, and Wollan, Phys. Rev. $3, 333 (1951) 

2L. Néel, Ann. phys. 5, 256 (1936) 

3 J. H. Van Vleck, J. Chem. Phys. 9, 85 (1941) 

‘H. Bizette and B. Tsai, Compt. rend. 209, 205 (1939) 

5H. Bizette and B. Tsai, Compt. rend. 212, 119 (1941). 

6H. Bizette, Ann. phys. 1, 295 (1946 

7 de Haas, Schultz, and Koolhaas, Physica 7, 5 

8M. Griffel and J. W. Stout, J. Chem. Phys 


7 (1940). 
18, 1455 (1950 
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Il, APPARATUS 


The diffraction of neutrons by crystalline powders 
has been treated by Wollan and Shull," their 
diffraction apparatus, as well as the results of their 


and 
many investigations, have been used throughout this 
experiment. The neutron wavelength in this work was 
1.212A. 

Since both Mn Fk. and FeF 
it was necessary to have an 


were known to have Néel 
temperatures near 80°K, 
apparatus ¢ apable of maintaining sample temperatures 
well below that of liquid nitrogen. This was accom 
plished with an all metal cryostat employing a nitrogen 
cooled jacket and several floating radiation shields to 
reduce the heat influx to the sample and its coolant 
reservoir. The cryostat was evacuated to about 10° ® mm 
Hg by continuous pumping with a small oil diffusion 
pump. The capacity of the inner reservoir was about 
one liter and at the lowest temperatures the heat leak 
Was approximately 75 calories per hour. Thus a filling of 
hydrogen at 20°K lasted nearly ninety hours, and about 
ten hours of operation was obtained from a tilling with 
liquid helium. The nitrogen reservoir had a capacity of 
two liters and a filling lasted for about twenty-four 


hours. The sample temperature was taken to be the 


mean value read from copper-constantan thermo 
couples located at the top and bottom of the thin wall 
cylindrical The 
calibrated at several temperatures and referred to 
Willihnganz’s” 


The samples were prepared by Mr. D. E. 


sample tube. thermocouples were 
calibration for accurate interpolation. 
LaValle of 
this laboratory, following the method of Domonge." 
Because of the initially small apparent densities, all 
of the compounds except FeF, were compressed at 
10 000 psi and then ground into a fine powder before 
Although the 


samples were prepared completely dry, in every case a 


being loaded into the sample tube 


Shull 73, 830 (1948 

3, § (1948) 

$1, 527 (1951) 
(1934), 
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G Shull, Nuc leonic . 
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Fic. 1. Neutron diffraction patterns for MnF, in the para 
magnetic state (295°K) and in the antiferromagnetic state (23°K). 
The unit cells for antiferromagnetic and nuclear scattering are 


of the same size 


small water content was subsequently inferred from 
neutron transmission measurements. The presence of 
water does not complicate an analysis of the coherent 
scattering, but the angular dependence of the diffuse 
scattering from hydrogen makes the analysis of mag 
netic diffuse scattering uncertain. 


Ill. EXPERIMENTAL RESULTS 
MnF, 


The powder diffraction patterns from MnF, at room 
temperature and 23°K are shown in Fig. 1. The pattern 
at 295°K shows the expected nuclear peaks as well as 
some angularly dependent magnetic diffuse scattering. 
At 23°K the diffuse scattering is considerably reduced, 
and several large magnetic reflections are in evidence. 

An analysis of the diffuse magnetic scattering in these 
patterns, as shown in Fig. 2, indicates that even at 
room temperature the magnetic scattering is not entirely 
paramagnetic. Similar liquid-like patterns were ob- 
served by Shull, Strauser, and Wollan' (S-S-W) and 
attributed to a short-range ordering of the ionic mag- 
netic moments. An estimate of the forward scattering 
from a true paramagnetic lattice is made according to 
the dashed line in Fig. 2. The intercept agrees favorably 
with the value 1.69 barns steradian calculated from 
the Halpern and Johnson'* (H-J) expression for the 
Mn*? ion (S=5/2) 

As the temperature is reduced and the antiferro- 
magnetic order is perfected, the coherent magnetic 
scattering should increase with a consequent reduction 
in the diffuse magnetic scattering. According to H-J, 
however, some diffuse magnetic scattering may persist 
even at the lowest temperatures if inelastic collisions 
which alter the ionic spin orientation are permitted. 
This result is contirmed by Tamor'® who finds that, in 


Rev. 55, 898 (1939), 


4Q, Halpern and M. H. Johnson, Phys 
'®©S. Tamor, private communication. 


the limiting case where the neutron energy is large 
compared with the magnetic energy of an ion in its 
local field, the residual diffuse magnetic scattering in 
the forward direction should be 1, (S+1) of the para- 
magnetic forward scattering. The diffuse magnetic 
scattering at 23°K thus seems to be a real effect, and 
though its angular dependence is rather unlike the para- 
magnetic scattering, the forward intercept agrees nicely 
with the value predicted by Tamor. 

The magnetic form factor of Mn**, as obtained from 
the extrapolated scattering cross section at 295°K, is 
shown in (a), Fig. 3. Also shown (c) is the form factor 
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Fic. 2. Diffuse magnetic scattering from MnF, and CoF, at 
room temperature and at 23°K. The bump in the high temperature 
curves is attributed to a short-range ordering of the magnetic 
moments. 


obtained by S-S-W. Form factor values consistent with 
the observed magnetic peaks in MnO (S-S-W) and 
MnF, are shown and curve (b) is drawn as the best 
fit to all the magnetic peak data. Because of the un- 
certainties in correcting the MnF», for a small amount 
of water, it is felt that (a) is too large and that the true 
form factor is better described by (b) or (c). 

In the low temperature diffraction pattern 
MnF, it is observed that the superlattice magnetic 
peaks can be indexed as (100), (111), (210), and (201). 
It follows that the magnetic unit cell has the same 
dimensions as the chemical unit cell. Furthermore, since 
the chemical unit cell contains two Mn** ions, it is 


from 





NEUTRON 


necessary that the moments of the Mn** ions at the 
(0, 0, 0) cell positions be antiparallel to the moments at 


(4,4, 3). This conclusion is confirmed in detail by the 
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kic. 3. Magnetic form factors for Mn**+ and Cott. The solid 
curves are obtained from paramagnetic scattering data and the 
points are from the low temperature coherent magnetic scattering 
Curve (c) for Mn** was reported by Shull, Strauser, and Wollan. 


crystal structure factors and peak intensities. These, 
together with the complete absence of any intensity 
in the (001) reflection, lead uniquely to a spin align- 
ment direction that is parallel to the tetragonal axis. 


DIFFRACTION STUDIES 


The magnetic structure is thus determined completely 
and is as shown in Fig. 4. According to this model the 
local environment of each Mn** ion is as follows: (1) 
two parallel neighbors at 3.31A (along the Co axis); 
(2) eight antiparallel at 3.81A; (3) four parallel at 
4.87A; (4) eight antiparallel at 6.03A. Although this 
lattice can be uniquely divided into two sublattices with 
opposing spins, it does not fulfill Van Vleck’s* assump- 
tion that nearest neighbors be oriented antiparallel. 
If, however, the exchange potential is assumed to vary 
exponentially with the distance between ions, then the 
actual configuration is approximately equivalent to 
having four antiparallel neighbors at 3.81A. Within the 
limits of this modification it should be permissible to 
apply Van Vleck’s results to this material. 

The direct exchange interaction between two ele 
trons is spherically symmetric and as such cannot 
account for the anisotropy or preferred orientation of 
the magnetic moments in the lattice. On the other hand, 
the magnetic dipole interaction is strongly anisotropic. 
Thus, for an aligned dipole interaction between a Mn*+ 
ion and its ten nearest neighbors, the proposed magnetic 
structure is about 3 cm”! (per ion) more stable than the 
structure in which the moments are normal to the 
tetragonal axis. Kittel'® has suggested that even such 
relatively small forces, when accompanied by a large 
isotropic exchange force, are capable of producing a 
large anisotropy field. It seems likely that the field 
dependence of the magnetic susceptibility below the 
Néel temperature, as shown in the results of Bizette 
and Tsai,‘ is closely related to the modification in the 
directional local field as a result of the superposition of 
the dipole and applied magnetic fields. 

Diffraction patterns of the first magnetic peak (100) 
have been obtained at several temperatures below the 
Néel temperature, as shown in Fig. 5. From these the 
crystal structure factors of Fig. 6 are calculated. It 
is seen that the peak intensity saturates over a relatively 
greater temperature interval than was observed in 
MnO by S-S-W. 

















Fic. 4. Magnetic structure of MnF, showing the order and 
orientation of the Mn** magnetic moments. The small circles 
correspond to fluorine sites. 


'6C. Kittel, Phys. Rev. 82, 564 (1951) 





hic Diffraction patterns for the (100) magnetic reflection in Mnk* 


If the antiferromagnetism in MnFk, follows that of 
Van Vieck’s model, then the thermal dependence of 
the magnetic structure factor will be as the square of the 
Brillouin function. That is, 

0.289 10-4 
XLeSt foe “yann PBs? (y) em’, 1) 


Fag? (mag) 


Bs(y) is where the Brillouin function for the ionic spin 
S, v=3Bs(w)STy/(S+1)7T, f the magnetic form 
factor, g the magnitude of the sine of the angle between 
the neutron scattering vector and the ionic magnetic 
moment, HW) the Debye-Waller temperature factor, and 
g an anomalous factor such that the effective magnetic 
for neutron scattering) is gS Bohr 
2 is a measure 


moment of the ion 
Thus, the departure from g 
the unquenched orbital 


magnetons 
of the from 
momentum to the total magnetic moment. In writing 
Iq. (1) it is assumed that the results of both H-J and 
Van Vleck are yet valid when a small part of the ionic 


moment is due to orbital angular momentum, that is 
) 


contribution 


when g is nearly 

A comparison of Eq. (1) with the curve fitted to the 
data in Fig. 6, Myo? =5.35B, 75°K and 
g=1.99. Both of these values are in good agreement 


v), gives Ty 


with susceptibility measurements. 


FeF, 


patterns at room 


Here the 


Neutron diffraction from FeF 


temperature and at 23°K are shown in Fig. 


9 
(. 
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FGREF 


at several temperatures. 


nuclear peaks have quite different relative intensities 
as compared with the MnF» pattern. This results from 
the iron coherent nuclear scattering amplitude being 
large and positive whereas the manganese amplitude is 
small and negative. 

The analysis of the magnetic diffuse scattering from 
Kel’, is made unreliable by uncertainties in the water 
contamination; the Mn*+ (b) form factor is therefore 
used in analyzing the Fek, data. 

Phe magnetic peaks in FeF, are seen to arise from the 
same lattice planes as in MnF», and again the (001) 
reflection seems to have zero intensity. It is concluded 
that the these two 
fluorides is identical. 

The crystal structure factors shown in Fig. 6 are 
obtained from observations of the (100) peak intensity 
at several temperatures below 7y. Since the spin of the 
these data are compared with a B.?(y) 
and a reasonable fit results with Fj9o?=4.55B2?(y) and 
TP'y=90°K. Comparison with (1) gives g= 2.32. 

Phe indicated Néel temperature is about 11° higher 
than the temperature of maximum susceptibility. A 
departure from the Brillouin behavior would not be 
* jon seems to 


therefore magnetic structure in 


Fet* ion is 2, 


unexpected in this case since the Fet 
retain a fair amount of unquenched orbital momentum. 
CoF, 


The room temperature and 23°K diffraction patterns 
from CoF» are given in Fig. 8, and the analysis of the 
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Fic. 6. Temperature dependence of the (100) peak intensity, in terms of the crystal structure factor, for MnF, 
and FeF;. The points are fitted with an appropriate Brillouin saturation curve 


diffuse magnetic scattering is shown in Figs. 2 and 3. 
The uncertainty of correcting for a small water con- 
data 
reliable, but the general features of the diffuse scattering 


tamination again makes these somewhat un 
are the same as those noted in MnFk.. The forward 
scattering intercept corresponds to 
2.03. 


The low temperature magnetir 


a paramagnetic 
moment with g 
reflections in Fig 
8 have the same relative positions and intensities as in 
Mnk, and Feky. Cok, is therefore assigned the same 
antiferromagnetic structure as the previous fluorides. 

Since susceptibility measurements give no evidence 
of antiferromagnetism in this compound, the saturation 
of the (100) peak intensity is of special interest in 
providing a measure of the Néel temperature. These 
results are given in Fig. 9, showing a best tit for a 
Brillouin (S=3/2) saturation with 7’y=50°K. Meas 
urements made at 47°K suggest the Néel point is 
probably closer to 45°K than 50°K, but coherent peak 
data near the magnetic threshold are very difficult to 
analyze. 

The 7=0 intercept of 1.90 10 * cm? corresponds to 
g=2.00, which is rather small compared with the value 


from paramagnetic susceptibility measurements, but 


consistent with the paramagnetic diffuse scattering 


result. 


NiF, 


From the diffraction patterns shown in Fig. 10 it is 
seen that Nik» is antiferromagnetic at 25° K, but not so 
at room temperature. The (100), (111), (210), and (201) 
magnetic reflections are seen as in Mnk» although they 
are very much smaller here, and there is additionally a 
small peak at the (001 


position It appears therefore 


ett teeseteeet 


Fic. 7. Diffraction patterns for FeF, at room temperature and 
23°K. The antiferromagnetic peaks occur at the 
positions as in MnP», 


same relative 
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INTER ONGLE (DEGREE 


;. §. Diffraction patterns showing the antiferro- 
magnetism in Cok, at low temperatures 


that the magnetic cell in NiFy is again identical with 
the chemical cell, but the moments are not directed 
along the tetragonal axis as in the other fluorides. 
Because the magnetic scattering from the Nit? ion 
(S=1) is so small as compared to the coherent nuclear 
scattering, it is dificult to obtain good measurements 
of the peak intensities in this compound. The situation 
is further complicated because the orientation as well as 
the magnitude of the magnetic moments must be de 


termined in this case 


CoF, (100) 


2 ; 2 06 8 
woo ~ 190 Bayly) * 10 CM 


T. = 50°K 














The saturation of the (100) structure factor, as shown 
in Fig. 9, seems to follow the curve F \99?=0.70B/7(y) 
with Ty=83°K. Now if the moment orientation were 
as in MnF», then from Eq. (1) g=1.78. This value is 
certainly too small, confirming the conclusion that the 
orientation is different from that in the other fluorides. 

The best accounting for these saturation data and 
the measured intensities of the other peaks is obtained 
with the Nit+ moments aligned at an angle of 10° 
relative to the tetragonal axis. Although the powder 
diffraction data cannot be interpreted to give more 
information than the inclination of the moment 
orientation with respect to the ¢ axis, it is to be noted 
that this angle corresponds closely to the angle between 
the c axis and either of the equivalent F-Ni-F directions. 
It therefore seems logical to assume the moments to be 
aligned along one of these lines. For this model then, 
the (100) structure factor at 7 

An analysis of the paramagnetic diffuse scattering 
yields the value g=1.98, and no residual diffuse mag- 
netic scattering is detected at low temperatures. Since 
the latter effect should amount to only 0.2 barn 
steradian in the forward direction, its absence is not 


0 gives g= 2.04. 


too surprising 
IV. CONCLUSION 


The magnetic structure of the fluorides of Mn, Fe, 
Co, and Ni are found to be very similar to that in Van 


NiF IC 
NiF (100) 


0.70 By (y) x 10 24 com‘ 


T.. = 83°K 
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TEMPERATURE, °K 


Fic. 9. Temperature dependence of the (100) crystal structure factors in CoF, and NiF:. The saturation curves 
indicate Néel temperatures of 50°K for CoF’: and 83°K for NiF». 
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Vieck’s simple model in which antiferromagnetism 
results from direct exchange forces; and the thermal 
dependence of the intensity of magnetic scattering 
seems to be accounted for with the Brillouin saturation 
curve obtained by Van Vleck. 

The observed antiferromagnetism in Cok, and Nik, 
seemingly constitutes a real contradiction between 
neutron diffraction and magnetic susceptibility measure- 
ments on powdered samples. Since the diffraction work 
is done in the absence of a magnetic field, and the effect 
of a field on antiferromagnetism is not well understood, 
it would be desirable to repeat the susceptibility 
measurements in very weak magnetic fields to see if 
this discrepancy is removed. In this connection it is 
interesting to note that the recent measurements by 
Stout and Matarrese"’ of the magnetic anisotropy in a 
single crystal of CoF, do indicate an antiferromagnetic 
behavior in this compound at low temperatures. 

Preliminary studies on MnO,,'* which is isomorphous 
with the fluorides reported here, show that in this 
compound the magnetic structure is more complex 
than that of the fluorides. A more detailed report of 
this work will be given later. 
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Fic. 10. Diffraction patterns for NiF; taken at room tempera 
ture and at 25°K. The presence of an (001) reflection at 25°K 
indicates that the Ni** moments are not aligned along the 
tetragonal axis. 
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Deviations from Brillouin’s Free-Spin Theory in Manganese Fluosilicate 
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A method is proposed which allows one to calculate the magnetic moment of a paramagnetic ion in a 


crystalline electric field. The case of manganese fluosilicate is examined since one has complete information 
on the paramagnetic resonance spectrum of this salt. The result is that there are measurable deviations from 


the Brillouin free 


in Abragam-Pryce Hamiltonian 


EKCENT measurements on the magnetic moments 
of several paramagnetic ions' reveal measurable 
deviations from the Brillouin free-spin 
theory.” These deviations are susceptible to theoretical 
analysis, if one has sufficient information on the para- 
exhibit. the 


well-known 


magnetic resonance spectrum. ‘To best 
general method, a specific example will be studied. The 
case of manganese fluosilicate is investigated in which 
the concentration of Mnt*(®S;,2; nuclear spin J=5/2) 
ions has been made sufficiently dilute (by substitution 
of diamagnetic Zn atoms, say, Zn*+: Mn*+= 10:1) to 
ignore exchange and spin-spin coupling between neigh- 
boring Mn** ions. Detailed information on the para- 
magnetic resonance spectrum for this salt can be found 
in the work of Abragam and Pryce,’ and Bleaney and 
Ingram.‘ This fluosilicate has one Mnt* ion per unit 
cell, and it has trigonal symmetry; the axis of sym- 
metry has the crystallographic designation (111) with 
respect to the axes (1, 2, 3) of the cubic field (see Fig. 1). 
One chooses the trigonal axis as the s axis in what 
follows. These authors furnish us with the following 


Hamiltonian: 


5C = gBoH-S+ DL S2—48(S+1) ] 
+1 0($ 44+ S4+-S5,)+AL.-§ 
v8, H-1+O0[72—437(7+1)], (1) 


0.013 em ': A 0.0091 em | a: 910-4 
cm all at 20°K, Byo~10™* cm™  gun=g=2, 
B,»~1077 cm! gauss ?, and finally O~10-— 10-4 em7! 


One does not expect the constants D, A, a to change 


where D 
gauss 


appreciably below 20°K.4 No measurements have been 
made to determine these constants in the neighborhood 
of 1 


be em] loved 


K. In what follows, the above values at 20°K will 
at lower temperatures near 1°K. The 
general detinition of the magnetic moment per ion of a 


system with Hamiltonian 3¢ in thermal equilibrium is 


'W. Henry, Phys. Rev. 85, 487 (1952); Phvs. Rev. 87, 229(A) 
(19582). 

2R. Fowler and E. A. Guggenheim, Statistical Thermodynamics 
(Cambridge Press, London, 1949), p. 620 

8A. Abragam and M. H. L. Pryce, Proc 
A205, 135 (1951) 

4B. Bleaney and D. J. | 


A205, 336 (1951) 


Roy. Soc. (London) 


Ingram, Proc. Roy. Soc. (London 


spin theory due almost entirely to the trigonal part of the crystalline electric field (D term 
in the neighborhood of 1°K. 


as follows (B=1/A7): 
Ov 10 
logZ 


OH x71) BoOH 


1 od 
log Sp exp(—B3H), (2) 


BOH 


where // is the applied magnetic field whose orientation 
relative to the trigonal < axis is yet to be specified ; W is 
the Planck function of statistical thermodynamics,® 
which in turn equals k logZ, where Z is the partition 
function ;® finally, since the partition function is the 
spur of exp(—835C) in the energy diagonal representa- 
tion, one can use the invariance of any spur to a uni 
tary change of representation and employ any repre- 
sentation which is convenient for the problem at hand. 
Since the Hamiltonian 3¢ in (1) is for a system with 
complete quenching, and only low temperatures are of 
interest here, the only states available to the spin 
system are the lowest (2S+1)(27+-1) degenerate spin 
states. Furthermore, one can evaluate all spurs in the 
so-called strong field representation in which sums over 
electronic and nuclear states can be done separately. 
For example, 


Spvel2S2=Spyl2 SprS2 


1(27-+4+-1)-1(14+1)-3(2S4+1)S(S+), 


4 3 
etc. The problem which confronts one is, therefore, the 


calculation of 
Sp exp! DSL), (3) 


where from (1) 3C contains several noncommuting 
operators. If one ignores everything in (1) 
g3oH-S, one, of course, can then choose the magnetic 
field direction as the s axis and BolT .S., 
which leads to Brillouin’s result (see below). However, 
if one wants to calculate the deviations from the 
Brillouin result brought about by the remaining terms 
in (1), one is given the trigonal axis as the s axis with 
respect to which S, is diagonal, and one must then 
choose the magnetic field to be along this axis or per- 


except 


write 3 


5 E. Schrédinger, Statistical Thermodynamics (Cambridge Uni 

versity Press, Cambridge, 1948), p. 13. 
® J. H. Van Vleck, Electric and Magnetic 
5 


ford University Press, London, 1932), p. 2 


Susceptibilities (Ox- 


786 





oF tN 


pendicular to it. The reason for this restriction is that 
the spur formula to be introduced below is only con 
without undue labor) when XK 
operator and any number of 


venient to use (i.e., 
contains one “large’’ 
“smaller” operators. In the case of nuclear specitic 


heats in zero magnetic field, 
“a 
kp" log Sp exp( 
ap’ 


Pac); (4) 


where all terms in JC are small, one can use Van Vleck’s 
diagonal sum method in which the exponential operator 
is developed in a power series and the various spurs 
carried out. It may be noted that in this diagonal sum 
method one can subtract from the Hamiltonian (1) the 
spur of the cubic field term ta(.S\'+.S.'+-S;') times the 
unit operator, without affecting any of the thermo- 
dynamical properties of the system. This has already 
been done for the D and Q terms in (1); one then has 
Spi =0, and one can proceed in the usual manner with 
Spice? ete., to obtain the nuclear specitic heat? and the 
magnetic susceptibility at low tields (/7<<10* gauss). 
One can now proceed to use the following neat for 
mula developed by Schwinger*® to calculate the basic 
Sp exp(—B3C): 


Sp exp(— BH Sp exp(— BICo) 


{B5C, exp 
where 
1 1 


nd f. AS f 5,” lds, { So" "ds 


0 ( 


x fas.) os 


Bs'Hy) BIC CX 


-U (sys 


and 


U(s')= exp/( Bs’H). 


For the problem at hand, one can first choose the mag- 
natic field to be along the s axis of the crystalline elec- 
tric field so that H-S- =//.S., and then one detines: 

JCo gboll S, + dD A , 
50, = ha(S 4+ S+S;4)+ Al-§ 


t - 


1S(S+1) ] 


J 


y3,H-l 
+Of72—41(1+1) ] (6) 


Up to n=1 Eq. (5) yields the following result: 


Sp exp(—B3Cy— BHC)) 


Sp exp(—B3o) — 8B Sp{exp(— BICy) 31} 


8° ¢' 

t— ds, Sp exp(— (1— $1) BI) 3, 
) 
~ 0 


CX! 
7 See reference 4 p 354 
* J. Schwinger, Phys. Rev 
‘EE. N. Adams and M. L 


(1952 


$2, 664 (1951 


Goldberger J. Chem. Phys 


20, 240 


X 


Fic. 1. This shows the trigonal Z axis and the 
Xe. Re x The axes Z, Ny, and V are assum 


planar 


cubic axes 
| to he co 


Now since Ko is Independent of nuclear spin operators, 
one sees that in the second term of (6) only the a term 
survives, and this contribution proves to be quite small 
compared to the first term in (7) since a 6221074 em! 
The deviations from the Brillouin free-spin theory in 
the neighborhood of 1°K will come mostly from the 
D term. The hyperfine coupling term 1 will not affect 
the result until second order, i.e., (8.1)2 The magnetic 
moment can be calculated in two parts as follows: 


where 
log Sp exp(—BHX), 
p all 


oe 
log(1+ A), 
p oll 


a 
pb Sp{exp( 
Sp exp( “IC ) 6 


PIC) 


l 


J 4: sptexp B(1— 51)%o) 
) 


“HC, eXp(— BSHCy) x) (8) 


The first part « will now be calculated ; one introduces 


for convenience: 


0= gBBoH.; X=BD; Ho=O0S8.4+-AS 


where the constant D, 3)S(S+1 


dropped, since it commutes with each term in 3C, and it 


operator 





he . 


iG. 2. This shows how for each temperature the magnetic mo 
ment per ion deviates from the Brillouin free spin theory 


does not survive the operation (0/0H,) log in Eq. (2) 


Spye exp(— 6S,—AS.”) 


(27+1) 3) exp{—m0—dAm’*}. (10) 
m Ss 

Carrying out the sum for our Mnt+ ion (.S=5/2) and 

substituting into Eqs. (8) leads to the following result: 


pw” rR. 


(3) sinh($0) + (3)e" sinh($@)+ de" sinh(4@) 
cosh(3@) +. @t? cosh(36) {. @6d cosh(4@) 
(11) 


Now it is conventional to normalize to the saturation 
1.€., dle 


0 (0 


value pu, 
5/2g8, so that finally: 


approached by ph as @>« ; 


uw” — 15 sinh(50/2) + 3e" sinh(36) +e sinh($0) 


(12) 
ts 5 cosh(50/2) +e cosh($0)+e" cosh(3@) 


kor A 
Brillouin’s function: 


AC 
m 0 
It is instructive to relate Eq. (12) to Brillouin’s func- 


tion for small A. One way of doing this without using 
Schwinger’s formula is to expand exp(—Xm?’) in Eq. 


(13) 


6 1 6 
) Bs,»(0) coth3é—-— coth-. 
- S 5 ) 


Me ) ~] 


(1.11) ina power series as follows: Define 


iS 


(0, Xr) 2: exp{ —m0—Xm*} 


0 (i.e., no Stark splitting) one obtains of course 


"ROURKE 


One then uses the known result, 


+s sinh[{(.S+-4)6] 


» e mo _ 


m Ss 


sinh(3@) 
so that 
» (—)*X* 
fO@,NHN=>d Z°")(8), 


nm) 0! 


(15) 


where Z°")(@) is the 2nth derivative of Z(0@) with re- 
spect to 6. The first term n= 0 gives Brillouin’s function, 
namely: 
pu” 1 Z" 28+1 
= coth(S+4 5)0 
to” S$ Z 25 
6 
coth 
2S 2 


B,(0). (16) 


The result up to and including n=1 yields [this also 
follows from Eq. (7) }: 


y' 170) —)\Z®) 


(17) 
un” S Z—-rZe 


which by the use of the previous result (16) leads, to 


order \, to the following relation: 
B,(@) 
| . (18) 
B,(@) 


1 
, 


HO) a 281! (@)4 


One can immediately since D 0.01 
S=5/2, and the slope of Bs/2(@) can be of order unity, 
that of 1°9K (kT =3 cm), A 0.02, and one can expect 
deviations of about 5 percent. Actually, the second 
derivative term 5,” 
For numerical purposes, 


see, cm 


(@) cuts this down to a few percent. 
it is easier to plot the closed 
result (12). Figure 2 and Table | three such 
typical curves based on Eq. (12) for the value T= 1, 3, 
4°K, D 0.013 em™, and how they compare with the 
corresponding Brillouin function. One notes the inter- 
esting fact that there is a different curve for each tem- 
perature, since D is assumed to be constant in this 
range (this could be checked experimentally). 

Now that one has the largest part of wu, namely, up’, 
which at 7=0.25°K shows a maximum deviation of 
about 8 percent, one can proceed to calculate uw’. One 
can certainly neglect the last two nuclear terms in (1). 
Then in the expression for A one can drop the D term 
in Ho, and 3, (in A) can be taken as AI-S, sinc eevery- 
thing else will yield results smaller by at least one order 
of magnitude. Such considerations are based on the 
assumption that the Pryce constants, D, A and a sift 
out the various orders of terms independent of the 
values of the spurs which they multiply (i.e., the latter 
spurs which lead to closed functions of @ are assumed 
to have a maximum value which does not alter the 
order of magnitude of the result). The calculation of A 


show 





BRILLOUIN’S FREE-SPIN 


would then require the following: 


1 
i | — §Ba Sp{exp(—- 6S.) 
Sp exp(— 4S.) 
1 


-(S5;4 T Soi S3')} + 3(BA f ds; 


X Spfexp(— 6(1—s,)8,)-(1-S) 


-exp(—s,0S,)-(1-S)} | (19) 


The first term is laborious to compute because of the 
two systems of axes involved. One can express the co- 
ordinates (1, 2, 3) or (x1, x2, x3) in terms of (x, y, z), by 
two successive rotations through angles of cos '(1/ v3) 
and 2/4 about the x axis and the new @ axis, respec- 
tively, if one originally chooses the y axis to lie in the 
plane of (2, x3). (See Fig. 1.) One has 


—Syt—s,. 
V6 v3 


One can then express (.S)'+S.4+.S;') in terms of Sz, 
S,, 5, and carry out the many spurs. This will not be 
carried out here since this contribution to wu is unim- 
portant until one reaches 7~0.01°K, which is probably 
outside the range of temperatures at which experiments 
of the type being considered here are possible. The 
second-order hyperfine coupling contribution is simi- 
larly small but far more tractable. The details of this 
calculation are similar to one carried out by Simon- 
Rose-Jauch" in another connection, so only a sketch of 
the result will be given here. Using the same notation 
as the above authors, namely, 


1 
(5-50): 


SoSo=S,’, 
and similarly for (/,, 79), one has to calculate 
SpLexp{— (1—5,)0S.}/7"S,, exp{ —s,0S,}1"S,.], 


where I-S=/"S,, (summed over m=+,0,—) and 


I™=I]_,. This is most easily done by commuting the 
middle two operators by means of the commutation 
rules: 
S4So= (SoF1)Sz, 
Sz exp{ — 51089} =exp{ —si0(SoF1)}Sz. (22) 


10 Simon, Rose , and Jauc h, Phys. Rev. $4, 1155 (1951). 


THEORY IN MnSiF.s«-6H20 


One readily obtains the following result : 


ST(I+1) sinhé 
= (BA ‘fs(: - yu. 
6 6 


1—coshé 


M,+(1+5) (23) 


a) 


where the moments M are the usual 


Sp{exp(— 6S.)-S,} 
M,= Bs(0); 
S Sp exp(— 6S.) 


Sp{exp( —6S,)°S,"} 


S? Sp{exp(—4S.)} 


One then substitutes Eq. (23) into (8) to obtain the 
hyperfine coupling correction to yu, 1.e., 


a, I(1+1) sinhé 
ay[s(1 ) 
06 6(1+A) 6 


coshé— 1 


BO 


x | 2680 Bo } 


i] 


sinh@ coshé 
{ ( )se+si S-—1) 
6 


1 sinh@ coshé 
| ( + _ )a| (24) 
& 0 e 


where BO) = (d/d0)B,(@), etc. This correction is smaller 
than 1 percent of the D-term contribution in the im- 
mediate vicinity of 1°K, since the bracket term in (24) 


is of order unity for all 6. The actual values of w/w, 
for A= (—)0.009, T=1, 4, }°K are given in Table II. 

If one now agrees that only the D term in the Hamil 
tonian contributes to the deviations from the Brillouin 


0) 


TABLE I. p'/pu 


a 0 = 0.02 A=004 0.08 


0 0 0 0 
0.2284 0.2371 0.2465 0.2655 
0.4268 0.4414 0.4567 0.4867 
0.5806 0.5980 0.6148 0.6472 
0.6940 0.7096 0.7251 0.7549 
0.7732 0.7869 0.8002 0.8247 
0.8695 0.8788 0.8874 0.9030 
0.9208 0.8267 0.9323 0.9422 
0.9502 0.9540 0.9573 0.9637 
0.9680 0.9702 0.9727 0.9766 
0.9790 0.9807 0.9821 0.9848 
0.9888 0.9896 0.9904 0.9919 
0.9940 0.9944 0.9948 0.9953 
0.9966 0.9986 0.9984 0.9987 
0.9982 0.9992 0.9992 0.9993 
0.9990 0.9995 0.9997 0.9996 
0.9996 0.9998 0.9997 0.9999 
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TABLE IT. wp? /p. 


(—— 0.009 
:) (Fy) 


0.000394 
0.000709 
0.000929 
0.00109 
0.00122 
0.00136 
0.00153 
0.00173 
0.00197 
0.00225 
0.00260 
0.00301 
0.00350 
0.00407 
0.00476 
0.00556 
0.006051 
0.00763 
0.00894 
0.0105 
0.0123 
0.0144 
0.0169 
0.0199 
0.0233 
0.0273 
0.0319 
0.0372 
0.0433 
0.0503 


(<=) 
ié 


0.00153 
0.00276 
0.00361 
0.00421 
0.00473 
0.00526 
0.00589 
0.00664 
0.00754 
0.00862 
0.00991 
0.0114 
0.0132 
0.0153 
0.0178 
0.0206 
0.0242 
0.0278 
0.0323 
0.0374 
0.0432 
0.0499 
0.0574 
0.06589 
0.0754 
0.0858 
0.0973 
0.110 
0.123 
0.137 


0.000099 | 
0.000179 
0.000234 
0.000274 
0.000508 
0.000344 
0.00038 5 
0.000436 
0.000497 
0.000570 
0.000658 
0.000763 
0.000887 
0.00103 
0.00121 
0.00142 
0.00166 
Q.00195 
0.00230 
0.00271 
0.00319 
0.00376 
0.00444 
0.00524 
0.00619 
0.00731 
0.00864 
0.0102 
OO? 1 
0.0142 


t 
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free-spin theory near 1K, one can carry out the calcula- 
tion of w when the magnetic field is perpendicular to the 
trigonal z axis; H-S=//,5,, say. 

One has to calculate the following: 


Sp exp 0S,—XS,*) (25) 


which can be done by first rotating the coordinates 
through $7, i.e., (vs; s->—4; S,-S,; $?7-SZ) and 
then using Schwinger’s formula (7). This will be done 


here to first order in A (there is no difficulty in carrying 


out higher orders). One obtains then: 


Sp exp(—0S,—AS,*) = Sp exp(— 0S,—AS,*) 


Sp exp(— 6S,)—A Sp{exp(— 4S S273 


r* I 
J do: Sptex 1 5,)0S.)-S,2 


. exp(—s,0S,)-S2}. (26) 


Now one has, 


Spfexp' 


AS,) wet >. ( 


Then, to first order in A, one finds: 


Sp{exp(—0S,—AS/)} 


Z(0)—3dLS(S+1)Z(0)—Z (0) J. (28) 


The magnetic moment yu is easily obtained from Eq. 
(2) and is given by 
1d | \ 
logZ 41 


(29) 
te SO | 27 


(S(S+1)Z—Z™) } |, 
or, with some reduction similar to those earlier, one 
finds finally : 

7 A B, (0) 


B.(6)| 14 2SB,(0)4 
Mex Z B,(0) 


(30) 


This differs from the “parallel”? case (18) by the sub- 
stitution A>—A_/2. In this case, then the curves should 
fall below the Brillouin curve by half as much as the 
curves in Fig. 2 lie above it. All the above results are 
for a single crystal. 

The author would like to 
R. D. Myers for several helpful discussions. 


express his thanks to 





PHYSICAL REVIEW VOLUME 


90, Nt 


MBER 5 


Quantum Theory of Spectral Line Broadening*'{ 


STANLEY BLoom{ AND Henry MARGENAU 
Yale University, New Haven, Connecticut 


(Received February 19, 1953 


Simple radiation theory is used to derive a formula proposed earlier by P. W. Anderson, for calculating 
the intensity within a collision-broadened spectral line. The problem is considered, first from the point of 
view of molecular transitions, and then b:; computing the work done by the light wave. The generai result 
for absorption is stated in Eq. (18), wherein the first double integral represents true absorption, the second 


induced emission. 


HE variety of treatments of the line-broadening 
problem is so great as to be bewildering, and it is 
often difficult to see whether different approaches de- 
scribe, or do not describe, the same effects. A single 
starting point, not too far back in the equations of 
radiation theory but general enough for extensive use, 
would aid greatly in synthesizing this field of optics. 
Such a starting point was suggested by Anderson! who, 
following mainly the work of Lindholm? and Foley,’ 
called attention to what he appropriately termed the 
quantum-mechanical generalization of the classical 
Fourier formula or, briefly, the Fourier-integral for- 
mula for computing line contours. 
Anderson reasons as follows. The intensity spectrum 
of a classical charge of varying dipole moment u(é) is 


Vo! x 2 
I(w)= f dty(tye***| , (1) 
3 


3rc | 20 


given by 


Using the quantum rule for the expectation value of a 
classical observable Q, namely Q=Tr(pQ), he rewrites 
Eq. (1) in the form 


. . | 


2w' 
Tr} f dtu (Le ot f dtu(tye'**}, (2) 
3rc 


xn ~ 


and takes p to be the statistical matrix for the atomic 
states at the beginning of the radiation process; u(é) 
is the time-dependent (‘‘Heisenberg’’) form of the di- 
pole matrix and Tr designates the diagonal sum. This 
very plausible method needs of course some justification 
beyond an appeal to the correspondence principle in 
view of the highly derivative nature of the operator 
that is being transcribed, and Anderson provides it in 
his thesis,* employing the elaborate technique of quan- 
tum radiation theory. Nor is the passage from Eq. (1) 
to (2) unique, for the matrix y(t) does not commute 
with itself at different times and this leaves the order 

* This work has been supported by the U. S. Office of Naval 
Research. 

tS. Bloom, Ph.D. dissertation, Yale University. 

t Now at RCA Laboratories Division, Princeton, New Jersey. 

1P. W. Anderson, Phys. Rev. 76, 647 (1949). 

2 E. Lindholm, Arkiv. Mat. Astron. Fysik 32, 17 (1945). 

3H. M. Foley, Phys. Rev. 69, 616 (1946). 

*P. W. Anderson dissertation, Harvard University (1949), un 
published. 


in which the two integrals occur quite arbitrary. Fur- 
thermore, and this is one point of the present paper, a 
formula like (2), if correct, should be derivable by the 
simple methods of semiclassical radiation theory that 
have been widely used earlier in this field, provided the 
formula is applied to absorption. The quantum char- 
acter of the photon field can hardly matter in a prob- 
lem which ignores the natural line width. In the follow- 
ing we give two simple derivations of a formula similar 
to (2) for absorption and discuss its relevance. Crucial 
in this analysis is the use of certain ‘‘collision-smeared” 
atomic states, which previous investigators seem to have 
overlooked with the result of finding only approxima- 
tions to the quantum Fourier formula. 


I. METHOD OF MOLECULAR TRANSITIONS 


Let the stationary eigenstates of a molecule, so long 
as it is unperturbed by other molecules and by light, be 
denoted by ¢,. The functions satisfy 

TT o¢ = Ey ¢@y. 
When exposed to other molecules which exert energy 
perturbations C(¢) during collisions, and also to a light 
wave adding the energy /'(t), the states of an absorbing 
molecule, ¥(t), must obey 


thaw /dt= (Ho +C+F)W. (3) 
Instead of expanding directly in terms of the ¢ we 
consider first the Schrédinger equation in the absence 
of the light wave: 

thdb/dt=[ Ho+C (t) , 
but instead of dealing with a single ® we introduce the 
set 

{P,(t)}, 
formed by the expansion 
P; = > Uren. 

We impose the condition that at time fo 


P, (to) = Qi, 1.€., U (to) . if: 


The time-development matrix U obeys the Schrédinger 
equation, 


ihU = (Ho+C)U, 
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and is unitary, V'U=1. Hence it may be seen that the 
®; form a complete orthonormal set at every instant. 
It is therefore proper to expand the solutions of Eq. (3) 


in terms of them; 
W=> ya, (t)®, (2). 


—_ 


The coefficients are then subject to the equation 


Da eada, 


F yy fected. 


But the F’s may be transformed back to the stationary 
base {¢,}. Any operator P whose matrix in the &-base 
is P;; can be expressed in the stationary base as follows: 


Pi; ferred 2 


Au 


tha, 
with 


l Uns f ex Pend 2 (UIP'U),;. 


The matrix on the left is in a Heisenberg representation 
which includes the time dependence resulting from 
molecular collisions in its basis, though not the light 
wave. On the right we have P* in the stationary or 
Schrédinger representation. Henceforth we shall write 
P" for UtP*U and understand that all matrices appear- 
ing in subsequent equations are in the ¢-base. 
Equation (5) reads, in vector form, 


tha=F¥#a, (6) 


and will be solved by successive approximation. First, 
however, we take note of an alternative procedure 
which, though erroneous, is not without interest. 

It is possible to expand the solution of Eq. (3) di- 
rectly in terms of the stationary states in the manner: 


V()=Lrbr(Oga, 


and then to compute the amplitudes 6. The usual 
methods of treating time-dependent perturbations 
would have us do precisely this and ask us to regard 
the quantity |b,|* as the probability of a jump from 
the initial state to the state &. This is indeed what it 
signifies, but the jump in question results from both 
perturbing agencies, collisions and radiation field. This 
is easily seen from the fact that the 6’s do not vanish 
in the absence of /. What interests us is the probability 
of a jump caused by F alone, and this is |a,|? 
Theories® based on a calculation of the 6’s yield 
answers which are adiabalic approximations to the cor- 
rect one. This is because, when the molecular collisions 
are supposed to produce no transitions between atomic 
states (adiabatic hypothesis), the light wave remains 
the only agency to do so. In our complete picture, the 
collisions “smear out” the energy levels via Eq. (4), 
and we ask what is the probability that a light wave 
will induce a jump between these collision-smeared 


5 See reference 3, and M. Mizushima, Phys. Rev. 83, 94 (1951) 
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states {,(/)} in time /—fo. This probability is given by 
a,|*. The smearing is the result not only of static 
perturbations but also of diabatic effects. 

Returning now to Eq. (6) we find that its solution 
can be expressed in the iterated form, 


a(t)= f1+50 7% 


(t) Ja(to), 


where 


t 
IT“) (t)= (th) f at, [ 
t ti 


0 


t tg-1 


dt, f 
t 
tz 
xf dt,F 4 (t,)---F#(t). 
ty 


= ee | 


moe 


Since 1+3°/“” is unitary, 
2a t+ ] s})— 


and this yields the useful relations 


stp (nr. 
’ 


JOt+7%V=0, 
J@t472947Mtpa 0). 


The transition probabilities are 


x 
|a,(t)|? = la, | 24 7 > (ayay* Ty . +- yay Tp) 


h e=l 
+> a,a,* >- Ty bea. (9) 
ra 


Au 


The a’s on the right denote initial values. The sta- 
tistical matrix for the absorbing molecule is defined by 
pi (Q=b,(b,*(t), but since ,(fo)=¢;, we may also 
write a,a,*=p,;(to). Because of the random distribution 
of the phases among the amplitudes a, the statistical 
matrix is effectively diagonal, and we have 


pij (to) pio, 


In view of this, and with the use of Eq. (8), the ex- 
pression for the probabilities becomes 


Ly T gy * 
> xp. > ch is™ yy ™. 


Now /‘* is of the order s in /, and hence of order s in 
the electric field strength of the light wave; we shall 
retain in (a,(t)/* only terms of second order, as is 
customary. This limits us to the integrals J,,@Ji,%*, 


px(t)= prt Dror 


and 


px(t)= Pk + >> (prx— px) Ty (t) 2 (10) 


The explicit form of the field perturbation in the dipole 
approximation is 


F(tj)4"=— &-p" cos(wl+ a), 
and 


t 
T“(t)= (ihy f FH (7)dr. 


th 





QUANTUM THEORY OF 
When we set &-p’= Su" cosé, average over @ and 
over the random phase angle a, we obtain 


° > 


& x |2 
pir= b it in) f dtupn" (tet*| 
12h? » = 


+f dtp," (te * ; (11) 


This expression represents the increment in popula- 
tion of the &th level resulting from the light wave; not 
all of it is due to absorption. The meaning of the vari- 
ous terms becomes clear if we decompose the sum on the 
right and regard each term in A as representing an in- 
dividual spectral line. This decomposition is of course 
not meaningful physically when collisions cause the 
individual lines to overlap. 

When decomposition is permissible, the dipole mo- 


ment uv”, which satisfies 
thp” = (Ho+C)"#p" 


wt (Hot+C)4, (12) 


is approximately given by 
pert = ene! ar! 


(where wx,= (2,—Fy)/h represents the unperturbed 
molecular frequencies), since that is the solution of Eq. 
(12) when C is absent. Hence the first integrand in Eq. 
(11) has approximately the exponential factor e'(¢t #sa’', 
the second the factor e'““a~*’" If Ey >E, the second 
of these produces resonance and the first can be neg 
lected; otherwise their role is reversed. In that case, 


Lg 9 


pp f dtpyy™ (the *#"| 


20 


(13) 


represents absorption, and 


| £ 


nl f dtuy," (te iwt 


2 


represents induced emission. When (13) is summed 
over all k and X we find the formula to which Eq. (2) 
reduces when p is taken to be diagonal. 

The symmetry of Eq. (11) is noteworthy. Both sets 
of terms, those in e'*f and those in e~'“*, are necessary 
in absorption since, as we have seen, one set is im- 
portant when F,>£) and the other when £,> F,. 


II. WORK DONE BY THE LIGHT WAVE 


There is another way of obtaining Eq. (11). Because 
it is physically interesting and involves the same 
mathematical tools as the preceding section we present 
it briefly here. While thus far we have studied the 
effect of the light wave on the molecule, we shall now 
compute the work done by the light wave. 

The electric vector is again given by € cos(wl+ a). 


The work done by the wave on an absorbing molecule 


SPECTRAL 1 


INE BROADENING 


in the time interval /—¢o is 


t d 
W 8: f dt costat’4 a) (u(t’) é 
to dt’ 


(14) 


provided (uw) is the quantum mechanical expectation 


value of the dipole moment, 
(u(t))= Trl p(Oe l= Trla(dat(Op" (0 |, 


if we use our earlier representation. The a’s are known 
from Eq. (7). In this analysis only terms of the first 
order in F need be retained, since W already has a 
factor & aside from those in (uv). Hence 


t , 
|| 1+ (th) f aur 
to 
t 
xa — (ih) f dth# lu"| = Trl pu” (t) | 
to 
wn f arene) 
to 


frnovro|t, (15) 
t 


0 


ull) 


+ (ih)! Tf 


where a=a(to) and p= p(to). The first term on the right 
of Eq. (15) is independent of F and represents the 
mean dipole moment of the absorbing molecule in the 
presence of the perturbers only. Thus, when H’ is aver- 
aged over a random distribution of phases a of the 
light wave, this term contributes nothing. We therefore 
neglect it at once. 

Referring to Eq. (14) and integrating by parts, we 


write 
\¢ 


W= &-(w(t)) cos(wt+a) | 


| to 
t 


t ot: f dt’ sin (wt’+ a) wp" (t’). 
to 
Since fio'difh” vanishes at to, we see that the inte- 
grated term vanishes at the lower limit. Furthermore, 
although the damping factor which would describe the 
natural breadth in absorption has been omitted as 
being small compared to the collision broadening ef- 
fects, this damping term makes the integrated term in 
W vanish at the upper limit when />*. Thus the 
mean value with respect to @ is 


1 é 
(W)a=— (we: f a sin (wt’+ a) 
h to 
t 
wr f 
a 
fener]. 
ty a 


xTrp dt!" F# (t’’) 
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On inserting F” we find (omitting henceforth the 
uperscript / on pz) 


i 
(Wha=-(& costa Te of 


t 
; | f dt’ sin (wt'+ a)u(t’) 
1 


to 


t’ ~ 


t 
xf dt” cos(wt’’+ a)u(t’’) | dt’ sin(wt'+ a) 
“to to 


* | dt” cos(wt’’+ coaie’yu(e) |) . 


The second double integral can be transformed to 


t t 


fw cos(wt’4 aut) f dt’ sin (wt’+ a)u(t’) 
to to 


t 
J 


When this expression is substituted and the average 
over a@ is taken, two of the three double integrals 
cancel, the result being 


" 
dt’ cos(wt'4 cute) f dt” sin(wt”’+a)u(t’’). 


to 


t 


J dt’ coswt' u(t’) 
t 


0 


tw | 


(W).=— ae ae 


2h 


& 


t t 
x f dt’ sinwt'u(t’) — f dt’ sinwt'y(t’) 
to “to 


t 


J, 
to 
w 
(& cos@)? Ty | fatu(de'e ftv (t)e te! 
4h “ 
famive « famioe'|| (16) 


From the signs of the two integrals in brackets we 
see that the first represents true absorption, the second 
the energy returned to the light wave, i.e., induced 
emission, in accord with the conclusions of the pre- 
ceding section. The coefficient too agrees with that of 
Eq. (11); for if px(%)—px is multiplied by hw, its co- 
efficient becomes identical with that of (16), provided 
(cos*@) is replaced by 4. 

The present method is perhaps superior to that of 
Sec. I because it yields the trace expression directly 
and requires for its interpretation no decomposition 


dt’ conan (|| 


into separate spectral lines. 


III. DETAILED BALANCING BETWEEN 
ABSORPTION AND EMISSION 


Such decomposition is necessary, however, for a dis- 
cussion of detailed balancing between absorption and 
spontaneous emission. Furthermore, absorption must 


H. MARGENAU 


be assumed to take place from a radiation bath of many 
frequencies with energy density P(w). The relation be- 
tween P and our former 6& is this: 

& = 8rP (w)dw. (17) 
The mean work done by the light wave per unit fre- 
quency interval, i.e., the intensity of net absorption, is 
given by (W). ¢/dw as to and ¢ tend to — and+, 
respectively ; in view of Eqs. (16) and (17) it is 

a x 


2nwP , 
T4 (w) = elo] f atu(ae' f dtu (t)e~i+* 
3h es { 


we 


Dn a 


-f dtp (te ot f arwine'|| (18) 


~ —o 


When p is diagonal this expression will be seen to take 
the form 
2nwP 
T4 (w) ane Zz. (Pm — Pk) J kms 


3h km 


whereas Anderson’s emission formula [Eq. (2)] be- 


comes 
) 


2u4 
Iz(w)= >. Pid km; 


313 km 


| 0 - 
J ten = if dtm (te **"| ° 


These formulas describe the entire spectrum; the p’s 
are the initial occupation numbers of the molecular 
states. We now associate every term of these summa- 
tions with a single atomic transition, the one involving 
Him With a transition of frequency wim. The number of 
absorptive transitions within dw is then /4/hw, the re- 
verse number Jz/hw. The principle of detailed balanc- 
ing requires these to be equal. Hence, if 


A = (20° /3mthc*) J km 


where 


and 
B= (29/3h")J tm, 


it is necessary that (pmn—pi)P(w)B=p,xA. We are thus 
led to the universal relation, 


A/B= hed /re, 


between the Einstein coefficients A and B, In this sense 
detailed balancing has been proved. 

In a more specific sense, however, the problem is not 
solved. For if we take P(w) to be a Planck distribution, 
the occupation numbers p; do not conform to the Boltz- 
mann law, pce~*"*", with unperturbed atomic en- 
ergies £;. This can hardly be a fault of the decomposi- 
tion of the trace; it is probably indicative of a residual 
lack of refinement in our work. Perhaps it should be 
added that the.use of quantum radiation theory does 
not remove this feature, for it leads to precisely the 
same results. 
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The Dirac calculations for the exchange potential acting on an electron in 


11, 1953 


a uniform Thomas-Fermi 


cloud of other electrons has been extended from the low temperature to the high temperature limit Expres 


sions are given for this exchange potential over the whole temperature range 


shows that the exchange potential acting 


TRAC 

on an electron of momentum p and coordinate q 
immersed in a sea of electrons (such as is considered in 
the Thomas-Fermi atom) ts 


: p(y, p) 
f dp’, 
2r*h p—p’ 


where p(q, p) is the density of electrons in phase space. 
If the temperature is zero, i.e 


p(q, p)=2, po, p(q, p)=9, 
(where P? is the energy of the top of the Fermi band), 
then Dirac finds that this potential is 


1(g, p)= (4Pe* 


L(y, p) 


Sr. (2) 


th)F(n), 


where 


Slater’ suggests that we may use this result to produce 
a good approximation to the exchange term in the 
Hartree-Fock equation by averaging over the momenta 
p of the various electrons. This gives a central field 
potential 


V x(q) = - 6[ 3n(q) Sa |}, (35) 


where 2(q) is the local density of electrons of both spins. 

This result is, as noted, for zero temperature. The 
physical meaning is that at the coordinate g of the 
electron, electrons of the same spin can be present only 
if their momenta p are very much different from that 
of the first electron. This, however, is difficult because 
of the characteristics of the Fermi-Dirac statistics at 


The Monica, 


* Present address: Rand Corporation, Santa 
California. 
'P, A.M. Dirac, Proc. Cambridge Phil. Soc 


2 J. C. Slater, Phys. Rev. 81, 385 (1951 


26, 376 (1930). 


zero temperature, which limit the p distribution in 
accordance with (2). Thus each electron is surrounded 
by a depression in the distribution of electrons of the 
same spin, and (5) is the potential due to this “exchange 
hole.” 

At high temperatures the p distribution is not so 
severely constrained, but the momenta must still be 
within the distribution the Fermi-Dirac 
statistics. It turns out that this constraint produces an 


curve. of 


appreciable exchange potential at fairly high tem 
peratures. We may compute this potential by letting 


) 


exp(— p? kT —n)4 1 


in accordance with the Fermi-Dirae statistics. We may 


determine A(qg, ~) by numerical integration over p’, 


Pape I. Coetficient 8 of the exchange potential for 
various temperature 


R*) 


0.088 
O.135 
0.210 
0.538 
0.840 
1.000 


ind determine the average potential by averaging over 
p. The result is of the form of (5), except that the right- 
hand side is now multiplied by a function B(k7T/ P?*) 
which is given in Table I. Slater's exchange potential 
is therefore 


Want, ee fP*) 6S[ 3(q)/Rm |}. (7) 


The results of Table I enable us to use this potential 
in applications of the Hartree-Fock and Thomas-Fermi 
methods at intermediate and high temperatures 
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Monoenergetic electrons, magnetically separated from the continuous spectrum of a radioactive B-ray 


source, are directed through a series of 3 thin-window G-M counters 


A measurement of the efficiency of 


the first counter by the coincidence method yields information from which the specific primary ionization 


calculated 


of H», He, Ne, and 


of its contained gas is 
Measurements 


A over the range of incident electron energies 0.2 to 1.6 Mev have 


been made and the data compared with the Bethe theory of primary ionization. By adjustment of two 
constants contained in the theoretical formula, it is possible to fit the data for each of the four gases within 
the experimental uncertainties. The adjusted formulas yield extrapolated values of the specific primary 
ionization which are fairly consistent with the work of others at lower and higher energies. 


INTRODUCTION 


KASUREMENTS of the specific primary ion 

ization of gases by charged particles have been 
conducted by a number of investigators’? over a 
considerable range of incident-particle energies. There 
have been large discrepancies between the results 
obtained with different methods of measurement, 
particularly for electrons in the neighborhood of mini 
mum ionization, and the experimental errors have thus 
far precluded a critical quantitative comparison between 
the measurements and the theory. 

In view of the many applications of knowledge 
concerning the ionization of gases in various fields of 
experimental physics, it was considered worth while to 
conduct a new set of precise measurements on several 
gases in the neighborhood of minimum ionization using 
8-particles from a radioactive source as the primary 


ionizing radiation. The measurements reported here 


extend over a suflicient range of energies to make 
possible a determination of the parameters which enter 
into the Bethe theory of primary ionization and indicate 
the degree to which the theory may be relied upon as a 
tool for extrapolating experimental data. 


EXPERIMENTAL PROCEDURE 


The experimental procedure consists of measuring 
the probability that a G-M counter filled with the gas 
under investigation will be discharged by a 6-ray having 
a known energy and a well-defined path length in the 
counter, Given the discharge probability (or efficiency) 
of the counter together with the path length and the 
gas pressure, one may calculate the specific primary 


ionization of the contained gas. A discussion of the 

* Assisted by the joint program of the U. S. Office of Naval 
Research and the U. S. Atomic Energy Commission. 

1. J. Williams and F. R. Terroux, Proc. Roy. Soc. (London) 
126, 289 (1929), 

2P. T. Smith, Phys. Rev. 36, 1293 (1930). 

3]. T. Tate and P. T. Smith, Phys. Rev. 39, 272 (1932). 

4*W. EE. Danforth and W. EE. Ramsey, Phys. Rev. 49, 854 (1936) 

6 Nf. G. FE. Cosyns, Nature 138, 284 (1936) 

®M. G. E. Cosyns, Nature 139, 802 (1937). 

7 F. L. Hereford, Phys. Rev. 74, 574 (1948). 


required calculations will be found near the end of this 
section of the paper. 

The experimental arrangement (as shown in Fig. 1) 
180° B-ray spectrograph 
(evacuated to 107? mm Hg) and a set of G-M counters 
Cy, (Ge, and-Ce A (Pr'# in 
equilibrium with Ce!) gives rise to a continuous 
spectrum of §-rays ranging in energy from zero to 3 


consists essentially of a 


radioactive source at S 


Mev. The series of baffles, B, selects from the con- 
tinuous spectrum a beam of 6-rays with a +5 percent 
energy spread which pass through the counter train 
via a series of 1-mil aluminum windows W,, W., and 
W’,. The magnetic field, which determines the momen- 
tum of the B-rays entering ,, is measured by means 
of a ballistic galvanometer connected to a flip coil F. 

The counter C,; was filled with a gas or mixture of 
gases whose primary ionization was to be measured. 
The gas pressure was chosen so that the 8-rays in the 
spectrograph energy range were counted with an effi- 
ciency of about 0.5, a condition which results in the 
least required operating time for determining the pri- 
mary ionization to a given statistical accuracy. Counters 
Cs and Cy filled with a self-quenching argon-butane 
mixture served to count the number of 8-ray trans- 
versals of counter C). 

The counters were connected to an external circuit 
which simultaneously recorded the threefold coinci- 
"gC3). As 
the walls of C; permit the penetration of 8-rays only 
through windows HW; and Ws, any ray which is to give 


dences (C\CoCs) and twofold coincidences (¢ 


rise to either type of coincidence must traverse C, 
within the solid angle subtended by the two windows. 
The efficiency of C; for counting rays of this selected 
group is given by 


(1) 


where the quantities with “0” subscripts represent the 
cosmic-ray background coincidence rates recorded with 
the magnetic field of the spectrograph reduced to zero. 


The background rates were less than 10 percent of the 
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8-ray counting rates during all of the measurements 
reported here. 

It was necessary to operate the counter C; as a 
resistance-quenched counter with all of the gases used 
in the investigation. As a series resistance of the order 
of 10° ohms was required for proper quenching, the 
dead time of C,; was of the order of 10~° sec. In order 
to obviate the necessity of correcting the measured 
efficiencies for the dead-time effect, a de coupled anti 
coincidence circuit was introduced between the wire of 
C, and the coincidence selection circuits so as to prevent 
the recording of any coincidence (C2C;) or (CyC2Cs) 
which occurred at a time when the wire potential of C; 
was more than 5 volts below its normal (quiescent) 
potential. This imposed the condition that counter C, 
be completely recovered from any preceding discharge 
before a coincidence could be recorded and thus 
rendered the experimentally determined efficiencies 
independent of the dead time of C). 

The background rates used in Eq. (1) to evaluate the 
efficiencies were corrected to compensate for the frac- 
tional inactive time of the recording circuits imposed 
by the anticoincidence circuit during the 8-ray data 
runs. This correction was accomplished by multiplying 
the measured background rates by the ratio between 
the coincidence rates (C,Cs) measured at each field 
setting with and without the anticoincidence circuit in 
operation. 

As mentioned above, only those 8-rays which traverse 
C within the solid angle of windows W, and We 
contribute to the measured counting rates. These 
windows are 0.250 in. in diameter and the plane surfaces 
on which they are mounted are separated by a distance, 
Lo=0.088". For 8-rays of the energy range considered 
here, the mean scattering angle in W, is sufficiently 
large that one may consider each point of the window 
as an isotropic source of rays emanating into the 
counter. Calculated on this basis, the mean path length 
L, of rays traveling between windows W, and W, tums 
out to be only 1.3 percent greater than the direct 
pathlength Lo. 

A second path-length perturbation arises from a 
slight, approximately spherical distortion of window 
WW,, which resulted from subjecting the window to a 
one atmosphere pressure differential before the counter 
assembly was attached to the spectrograph. This dis- 
tortion has the effect of reducing the average path 
length to a value approximately 0.5 percent less than 
that calculated on the basis of scattering alone. The 
combined effects of scattering and window curvature 
yield a mean path length differing from the value Lo 
by less than 0.8 percent. Since the error introduced 
into the final result by setting the effective mean path 
equal to Lo is of the same order of magnitude as the 
statistical errors, the path-length correction has been 
neglected in all of the calculation. 

Corrections for the energy loss suffered by the 8-rays 
in penetrating the first window were made on the basis 
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Fic. 1. Apparatus for determining the specific 
ization of gases. S—beta-ray source; B—spectrograph bafiles; 
F—tlip coil for measuring magnetic field; Ci, C2, Cy--GM coun 
ters, Wy, We, W,—0.001 in. Al windows separating counters; 
V—forepump connection for evacuating spectrograph; O—“O” 
ring seals 
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of the range vs energy curves for electrons in Al. For 
the lowest energy §-rays considered in the present 
investigation (0.2 Mev), 
approximately 9 percent, while for the highest energy 
rays (1.6 Mev), the correction is approximately one 
percent. 

The statistical distribution of the number of ions 
produced by monoenergetic rays traversing the well- 
defined path length between the collimating windows 
W, and W, is given by the Poisson law. Accordingly, 
if x denotes the average number of ionizing collisions 
per traversal, the probability that no ion pair will be 
produced in a traversal is equal to e~*. Provided that 
(1) the counter undergoes a complete discharge when 
ever at least one free electron is present within its 
volume, and (2) no secondaries are released from the 
wall material by the primary rays, the counting 
efficiency € is 


this correction amounts to 


=1-—¢". (2) 

The specific primary ionization S (at N.T.P.) is 

given in terms of x by the formula 

S=xT/273LP. (3) 

where ZL is the path length in cm, P the gas pressure in 

atmospheres, and 7 the temperature of the gas in 
degrees K. 
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PRESSURE ~— mm Hg 
Fic. 2. Variation of the quantity (1—e) as a function of the 
pressure of H» contained in counter C; (0.855 Mev B-rays) 


In order to insure the fulfillment of provision (1), 
the investigation was restricted to gases known to have 
electron attachment coefficient sufficiently small to be 
neglected. In addition, care was taken to ascertain that 
the counter C; was operated in a region of its character- 
istics where increases of from 50 to 100 volts in operating 
potential yielded no significant change in the measured 
efficiency. 

Spectroscopically pure gases supplied by the Linde 
Air Products Company throughout the 
investigation. The pressures of gases introduced into 
the counter C, were measured with a mercury ma- 
nometer constructed of glass tubing of sufficiently large 
diameter (0.5 in.) to eliminate errors arising from 


were used 


unequal meniscus shapes in the two columns of the 
manometer, An antiparallax method used in 
comparing the heights of the mercury columns with a 
fixed scale, graduated in mm. Errors in the measured 


Was 


specific primary ionization values, caused by inaccu- 
racies in pressure readings, were less than or equal to 
the statistical errors 

Counter C, exhibited very flat efficiency vs voltage 
curves (slopes less than 1 percent per 100 volts) with 
pure Hp fillings but yielded unsatisfactory performance 
when operated with the rare gases unmixed with a 
secondary gas component. (With pure rare-gas fillings, 
the counter broke down into continuous discharge under 
applied potentials only slightly above the starting 
threshold.) It was found, however, that the addition of 
a small percentage of H, to any of the rare-gas fillings 
permitted the counter to function as well as when filled 
with pure Ho. avoid the difficulties 
encountered with the pure rare gases, the specific 
primary ionization measurements on the latter were 
performed with small partial pressures of H» added to 


Therefore, to 
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C;. With the mixtures employed, the corrections 
required to compensate the measurements for the added 
quantities of H, amounted to approximately 10 percent, 
16 percent, and 5 percent for He, Ne, and A respectively. 
The precise percentages, of course, vary slightly with 
the B-ray energy. 

As a test of the over-all reliability of the experimental 
procedure, a curve of efficiency vs pressure was taken 
on the counter C, wita He as the filling gas. Figure 2 
is a semilogarithmic plot of the measured values of 
(1—e) asa function of the hydrogen pressure. It is seen 
that within the statistical errors the experimental points 
lie along a straight line which extrapolates to (1—«)=0 
at P=O as expected from Eqs. (2) and (3). If secondary 
electrons from the walls of C; contributed any signifi- 
cant amount to the counting rate of Cj, the efficiency 
vs pressure data would be expected to extrapolate to a 
value (1—e) less than unity at P=0. On the basis of 
these results, the experimental errors due to wall-effect 
are considered to be negligible. 


EXPERIMENTAL RESULTS 

The results of the specific primary ionization measure- 
ments on H», He, Ne, and A are presented in Table I. 
The experimental errors indicated in the table are the 
statistical standard deviations which in all cases are 
closely comparable with the independent uncertainties 
associated with the pressure and path-length determi- 
nations. The relative magnitude of the specific primary 
ionization values obtained for any individual gas are 
considered to be accurate within the statistical errors. 
Uncertainties in the absolute values, which depend 
upon the precision of the pressure and path-length 
determinations, are conservatively estimated at +3 
percent. Repeat runs on Hy, He, and A, after removing 
the original gas filling and introducing new fillings of 
the same pressures, indicated that the measurements 
were reproducible within the statistical uncertainty. 


COMPARISON OF THE EXPERIMENTAL RESULTS 
WITH THE THEORY 
The theory of primary ionization has been treated 
both classically and quantum mechanically in various 
degrees of approximation by a number of authors. The 
most recent and comprehensive treatment of the subject 
given by Bethe*—yields the following formula for 


Measured values of the specific primary ionization of 
H», He, Ne, and A for various 8-ray energies. 


TABLE I. 


Specific primary ionizé ons/em at N.T.P 


H He , A 

41.70.77 
30.5+0.34 
27.7+0.31 


energy 


8.45+0.095 7.56+0.16 
6.04+0.065 §.58+0.066 
5.44+0.054 5.08+0.043 
5.30+0.053 
5.32+0.659 


27.8+0.31 


5.02+0.060 12.4 +0.13 


A. Bethe, Handbuch der Physik (Julius Springer Verlag, 


Berlin, 1933), Vol. 24, No. 1, p. 515. 
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the variation of specific primary ionization with the 
velocity of the incident particle: 
2a. i 2mc*B? 


S=2zrro-meN2 In + b— 


Tp 8 T)(1—?) 


B ’ (4) 


where S=number of primary ions per cm of path, 
ro=e’/mc* (classical electron radius), m=electron rest 
mass, c= velocity of light, .V.=number of atoms per c¢ 
at N.T.P., s=incident particle charge, Z=atomic 
number of gas, 8= ratio of incident particle velocity to 
the velocity of light, /)>= ionization potential of the gas, 
and a, b=dimensionless constants dependent upon the 
electronic structure of the gas. 

For the particular case of atomic hydrogen (/o= 13.5 
ev, Z=1), Bethe values of the 
constants in this equation to be: a=0.285, 6=3.04. 
For gases other than atomic hydrogen, the calculation 
of the constants cannot be readily accomplished without 
introducing rather rough approximations regarding the 
form of the wave functions of the bound electrons. 

In the derivation of Eq. (4) the assumption is made 
that the incident particle is undeviated by individual 
collision with the atoms of the gas. This approximation 


has calculated the 
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TABLE ITI. 
Hy He Ne 


1.13+0.09 
9.6440.11 


0.356+0.03 
4.35 


0.422+0.038 


F0.02 3.98 0.02 


leads to rather large errors at low energies but should 
not seriously affect the validity of the formula at 
electron energies greater than a few kv. 

The form of Eq. (4) indicates that‘for a given gas, 
S depends only upon the velocity v and the charge z of 
the incident ionizing particle. By making the substi- 
tution, 

B= (p/Mc)L (p/McY +1}, (5) 
where p is the momentum and M the rest mass of the 
incident particle, and lumping the constant coefficients 
in Eq. (4), one obtains the expression: 


1G) GG 
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Fic. 3. Experimental 
results on hydrogen 
plotted vs p/Mc. The 
data of Williams and 
Terroux,! Tate and 
Smith,’ Danforth and 
Ramsey’ and Cosyns®.é 
are shown for compari 
son. The solid curve 
represents the _ least- 
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squares fit of the Bethe 
formula [Eq. (6)] to 
the present results. The 
dashed curves neighbor- 
ing the solid curve are 
the extremes of the 
family of theoretical 
curves which fit all 
points of the present 
data within one stand- 
ard deviation 
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The above form of the Bethe formula is preferred for 
ease in comparison with the experimental data. In 
terms of the constants of Eq. (4) the lumped constants 
A and C in Eq. (6) have the form: 

A =2rre?mceN2*Za/To, 


C=A[b+In(2me?/To) }. 


(7) 
(8) 


In order to compare the theory with the experimental 
results the constants A and C have been empirically 
determined for each of the gases investigated so that 
Eq. (6) yields the best agreement with the experimental 
results. The values of A and C determined by least 
squares fits are given in Table II, and plots of Eq. (6) 
evaluated with the tabulated constants are shown in 
Figs. 3-6 (solid curves). The dashed curves also shown 
in the figures indicate the extremes of a family of 
theoretical curves which fit all of the experimental 
values determined in the present investigation within 
one standard deviation. The amounts by which the 
constants corresponding to the two extreme curves 
deviate from the least squares values are indicated in 
Table II by the increments to the right of the + and 
= signs. The parameters for one of the extreme curves 
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BETHE THEORY (ADJUSTED) 


Fic. 4. Experimental 
results on helium plotted 
vs ~p/Mc. The data of 
Smith? and Cosyns® are 
also shown. The same 
remarks as in the cap- 
tion of Fig. 3 apply to 
the solid and dashed 
curves. 


are obtained by taking the upper signs and those for 
the other extreme curve by taking the lower signs. It 
should be noted that the two extreme curves in each of 
Figs. 3-6 cross over one another in the neighborhood of 
p/Mc=2. 

The parameters A and C calculated for atomic 
hydrogen from Eqs. (7) and (8) using the theoretical 
values of a and 6 are A=0.145, C=2.08. If the above 
values are multiplied by the factor 2 (to give the effect 
of doubling the number of atoms/cm!) the resulting 
constants A=0.290 and C=4.15 should represent a 
rather gross approximation to the constants for mo- 
lecular hydrogen. Comparison with the empirical con- 
stants for H» given in Table II indicates that the A’s 
agree within 25 percent and the C’s within 5 percent. 
The discrepancy between the A’s is not at all surprising 
in view of the difference in the electronic structures of 
atomic and molecular hydrogen. 


DISCUSSION 
(a) Hydrogen 


The least squares fit of the Bethe formula (solid 
curve Fig. 3) to the H»2 data obtained in the present 





SFECIEREC 


investigation merges smoothly with the experimental 
data of Tate and Smith* at p/Mc=0.054 (electron 
energy of 750 v) but diverges gradually at lower 
energies toward primary ionization values in excess of 
the Tate and Smith values. The experimental points of 
Cosyns® and of Danforth and Ramsey‘ for cosmic-ray 
mesons (average value of p/Mc~19) agree with the 
solid curve within the experimental errors. The cloud 
chamber data of Williams and Terroux! scatter some 
what broadly above and below the curve indicating 
the presence of relatively large experimental uncer 
tainties, however, the over-all consistency with the 
present results is quite satisfactory 

Hereford’ has conducted a low 
study of the primary ionization of H» by @-rays and 
cosmic-ray mesons. These results (not plotted in Fig. 3) 
are consistent with the other work as regards the 
ionization of cosmic rays but show considerable dis- 
crepancies with the present work in the 6-ray energy 
range. A value obtained by Hereford for a continuous 
spectrum of #-rays of near-minimum ionization (2.6 
<p/Mc<5.8) is about 15 than the 
present data in the same range. On the other hand, a 


pressure counter 


percent lower 
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point obtained by Cosyns® for 1-Mev electrons (p/Mc 
= 2.8) is about 50 percent higher than the present value. 
The most likely explanation for these discrepancies 
seems to be that in the earlier low pressure counter 
work dealing with 8-rays the path length was not well 
defined and that scattering was not adequately treated 
in calculations of the effective pathlength. 


(b) Helium 


In the case of helium, there is a rather large dis- 
crepancy between the solid curve and the low energy 
data of Smith.’ This seems rather surprising in view of 
the relatively high accuracy with which the formula 
joins the high energy data with the low energy data 
for the other gases. The cosmic-ray point obtained by 
Cosyns® for helium agrees with the solid curve within 
the experimental uncertainties. 

The gradual relativistic increase in primary ionization 
(at high energies) predicted by the Bethe formula is 
contirmed in both H, and He by the consistency of the 
cosmic-ray data of Cosyns® and of Danforth and 
Ramsey,’ with the theoretical extrapolation of the 
B-ray data. 
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Fic. 5. Experimental 
results on neon plotted 
vs p/Mc. A_ plot of 
Smith’s data? adjusted 
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is also shown. The same 
remarks as in the cap- 
tion of Fig. 3 apply to 
the solid and dashed 
curves. 
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Fic. 6. Experimental 








results for argon plotted 
vs p/Mc. The data of 
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Cosyns® are also shown 
The same remarks as in 
the caption of Fig. 3 
apply to the solid and 
dashed curves. 
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(c) Argon and Neon 


In order to compare Smith’s results? on argon and 
neon with the present measurements, it is necessary to 
observe that the quantity measured by Smith is not in 
general exactly equivalent to specific primary ionization. 
While the specific primary ionization, .S, measured in 
the present experiment is defined as the number of 
ionizing collisions per unit path length, the ‘ionization 
probability,’ ?, measured by Smith may be detined as 
the number of electrons released in ionizing collisions 
per unit of path length. If R denotes the average 
number of electrons removed from an atom (or mole- 
cule) per ionizing collision, we have the relationship 


S=P/R. (9) 

The mass-spectrographic measurements of Bleakney® 
show that the R values for H, and He are equal to 
unity within approximately one percent for incident 
electrons in the energy range zero to 500 ev. Conse 
quently, the Smith data for H, and He have been 


plotted directly in Figs. 3 and 4 without compensation 
Rev. 36, 1303 (1930); 35, 1180 (1930) 


*W. Bleakney, Phys 


for multiple ionization. An analysis of Bleakney’s Ne 
and A data indicate that R= 1.06 for 500-ev electrons 
in Ne and R= 1.10 for 500-ev electrons in 1. As the R 
values for both of the heavy gases vary quite slowly 
with increasing energy in the range 300 to 500 ev, we 
have adopted the procedure of extrapolating R as a 
constant above 500 volts (p/Mc=0.048) in transform- 
ing the Smith A and Ne data? into the curves attributed 
to Smith in Figs. 5 and 6. The uncertainty as to the 
accuracy of the transformed curves in the energy range 
500° to 4500 (0.048 < p/Mc<0.133) of little 
importance in view of a comparable uncertainty in the 
position of the extrapolated theoretical curve in the 
low energy region. The fact that the Bethe formula 
provides the indicated degree of fit over the energy 
range from approximately 1 kev to 1.6 Mev may be 
regarded as a substantial verification of the correctness 
of the form of the theory at energies exceeding 1 kev. 


ev is 


CONCLUSION 


The comparison made between the existing experi- 
mental results and the adjusted Bethe formula indicate 
a rather comprehensive agreement over an extremely 





SPECIFIC 


large energy range. Although it is unfortunate that the 
parameters in the Bethe formula have not been calcu- 
lated from theory for any of the gases investigated 
here, the formula appears to be a reliable tool for 
interpolating between and extrapolating beyond meas- 
ured values of specific primary ionization at energies in 
excess of a few kev. 

At very low energies, there is a systematic departure 
of the theory from the experimental results, which must 
be attributed to the weakness of the present theory. 
The only cases where the Bethe formula extrapolations 
of the present data are inconsistent are the experi- 
mental results of others in the neighborhoods of 
p/Mc=0.05 and p/Mc=19 occur in the case of He, 
where the low energy data of Smith? fall below the 
theoretical curve, and in the case of A where the cosmic- 
ray point of Cosyns? lies above the curve. The decision 


PHYSICAL REVIEW VOLUME 


PRIMARY 


IONIZATION 803 


as to whether these discrepancies are attributable to 
the theory or to the experimental technique is difficult 
to make at the present time. 

The data obtained in the present investigation, in 
addition to serving as a useful guide toward further 
development of the theory of ionization, should be of 
value both in the design of low efficiency G-M counters 
and in the analysis of cloud-chamber photographs 
containing the tracks of fast particles. 

Measurements of the specific primary ionization of 
several other simple gases and of some of the complex 
organic vapors utilized in G-M counters will be carried 
out in the near future. 

The writer wishes to express his appreciation to 
Dr. W. F. G. Swann, Director of the Bartol Research 
Foundation, for several helpful discussions during the 
course of this work, 
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Two-Electron Self-Consistent Field 


A. O. WILLiAMs, JR. 
Department of Physics, Brown University, Providence, Rhode Island 
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Stevenson’s extension of the Hartree self-consistent field (s.c.f.) method, to take some account of polari 
zation interaction between two outer electrons, is worked out numerically, up to a point, for H~. The two 
electron wave function is a product of two one-electron radial functions and a function X of the angle 
between the two radii. Several integrals must be calculated and a boundary value problem for Y must be 
solved prior to the stage of ordinary Hartree calculations. These fundamental computations are made here, 
but the routine solution of the radial Hartree equations has been omitted; instead the Stevenson corrections 
to the total energy are estimated by perturbation methods. These corrections seem just about large enough 


to yield an electron affinity for H 


(something not achieved by s.c.f. or variation methods without polariza 


zation). However, a good deal of labor is involved beyond that required for s.c.f. solutions, and it is not 
certain that this particular method of including polarization effects is to be preferred to a combination of 


variation and s.c.f. calculations. 


INTRODUCTION 


BOUT 15 years ago Stevenson published an 

extension of the Hartree self-consistent field 
(s.c.f.) equations, designed to handle cases of two 
electrons outside closed shells, including allowance for 
spatial symmetry properties and mutual polarization 
energy.' So far as the present author knows, no calcu- 
lations have been carried out by this method, save for 
some approximate ones reported by Stevenson himself 
in a later paper.’ 

In view of continuing interest in such atomic struc- 
tures (mainly in the form of loosely bound negative 
ions—specific references appear below), it seemed 
worth while to work out one trial example. The aim is 
to assess the difficulties and the gains of the Stevenson 
method, in comparison with both conventional s.c.f. 
and variation procedures. For such a trial the H™ ion 


A160, 588 (1937). 


*, Stevenson, Proc. Roy. Soc. (London 
*. Stevenson, Phys. Rev. 56, 586 (1939 


seems ideally suited. Its properties have importance in 
solar spectroscopy, its electron affinity and wave func- 
tions have been found with considerable precision by a 
lengthy variational method, and yet neither the s.c.f. 
nor the simplest variational calculation’ yield a positive 
electron affinity. 

Stevenson’s paper gives equations applicable to any 
configuration of the two electrons, but for H~ we shall 
consider only the simple case of two 1s orbits, without 
exchange. The pertinent equations are (pp. 596-598 of 
reference 1) 


x0 (ri) + Let 2V (7) +C/r?2—2U (r,) xr) =0, (1) 


(i=1, 2), 


d 


C1 X(x)=0, (2) 


dx 


x) X' (x) J+[ea—U 


3 That is, the one using spherically symmetrical hydrogen like 
wave functions 





s(x) — €3 |X? (x)dx, (3) 


i s 
U,(r;)= f ax f dro(1/ry2)xX 9" (ro) X7(x), (4) 
1 0 


[and similarly for U2(rz) |, 


{ f drdrox 1" (11) x2" (r2)/rie 
6 0 


f drl xP(r)+x2(r) |/r? 


[The numerator of Eq. (5) occurs often in atomic 
theory. | The notation is that of Stevenson, except that 
x (r) replaces his P(r). The wave function assumed for the 
two electrons is (1/r;)x1(11)(1/r2)x2(12)X (x). x(r) is 
the ‘‘Hartree radial wave function’; x is the cosine of 
the angle 6 between the radii r; and rp. “1” and 2” 
refer to the respective electrons, which are indistin- 
guishable (both being 1s) in our example. It is assumed 
that x1, x2, and X are individually normalized. 

In principle the calculations are straightforward. 
Starting with an assumed pair of Hartree wave func- 
tions x1, x2, one evaluates l/;(«) from Eq. (5), solves the 
eigenvalue Eq. (2) for Y, evaluates C, U;, and U2, and 
finally solves the two equations contained in Eq. (1) 
exactly as in s.c.f. problems. For H~, V(r) is merely 
the negative of the Coulomb potential of the nucleus.‘ 
Then the whole chain of calculations can be repeated 


Us(x) 


until full self-consistency is attained. 
Stevenson shows (p. 603 of reference 1) that the 
total energy FE in this special case of two equivalent 


electrons is given by 
s 


ie = €\+ € ft (n)xP(rdr. (0) 


The process of starting numerical integration in Eqs. 
(1) will be a little more troublesome than in the con- 
ventional Hartree calculation, because the term in C 
introduces a nonintegral power of r into the approxi- 
mating polynomial representation of x(r). However, the 
main difficulties lie earlier in the chain of calculations. 


EVALUATION OF U;(x) 
The obvious way to begin evaluating U3(x) in Eq. (5) 
is to expand 1/rj2 in the usual series, 
> ryt) Pi(x), (7) 


l=(@ 


1/rie 


where 7, is the lesser and r, the greater of the pair 1, 
r, and P;(x) is the Legendre polynomial. If the original 
4 For an atom or ion with inner shells, conventional s.c.f. calcu 


lations would be made for the inner electrons; V(r) would then 
include the spherically symmetrical shielding due to these inner 


shells. 
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values of x:, x2 are tabular (e.g., from conventional 
s.c.f. calculations in which no account is taken of x), 
all the ensuing double integrations are numerical and 
very tedious; even worse, a great many are required 
because the resulting series is oscillating and very 
slowly convergent. Indeed, at least 30 terms may be 
needed-—clearly an impractical venture. If instead the 
y’s are taken to be in the form r’e~2’, the coefficients of 
P(x) {after substitution of Eq. (7) into Eq. (5) ] can 
be computed in closed form. Since any wave function 
can be expanded?’ in a sum of terms r’ exp(—a,r), this 
procedure can be applied even to tabular wave func- 
tions. In the present paper only the first approximation 
is carried out, with the y’s taken to be normalized 
hydrogenic functions, 


x (r) = (a®/2)ve- 7/2, (8) 


The quantity a was chosen as 1.6, a value suggested by 
examination of the simple variational calculation and 
various much more precise results.® This evaluation of 
Ul’; is the heart of whatever practicality the whole 
method may have and so merits a brief description. 

After Eqs. (7) and (8) are substituted into Eq. (5), 
U/;(%) can be written as follows: 

x 


(4a) 'y (A+ B) Pix), 


| wel) 


U';(x) 


wherein 


s L 


0 


uv 


£ P yu 
b= f y HI {f xl e-*dx dy. 
0 v0 


For x near —1 (@ near 180°, or the two electrons on 
opposite sides of the nucleus) a binomial expansion of 
1/rj2 in powers of x leads to a series expression for 
U;(x), valid to about «= —0.4. Outside this range the 
first few A’s and B’s can be evaluated by direct integra- 
tion, but for values of 1 above 2 exponential integrals ap- 
pear. There is a method by which either A; or B, can be 
found in general ;’? moreover, this same method shows 
that A,= B, always. 

In the rigorous calculation of A;, Eq. (10) is altered 
by the insertion of a parameter 8, which eventually is 
to approach unity, and by generalizing the exponents, 


1.u()= f ye {f x ke brdy dy. (12) 
0 y 


Now /,,%(8) evidently satisfies a recursion formula 
a k (8B)/d8= me Dat 1(B). 


5 J. C. Slater, Phys. Rev. 42, 33 (1932) 

® For a list of references, see S. Chandrasekhar, Revs. Modern 
Phys. 16, 301 (1944). 

7 The author is indebted to his colleague Dr 
for pointing this out. 


“dx dy 


(11) 


(13) 
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Also, as 80 we have, for n>k, 


Tn,%(B) > (R—1)7(n+1—&)!. (14) 
B-0 


Moreover, as B=, 


T,,%(B) — 0. (14a) 
Be 

Equation (14) cannot be used for k= 1 or zero, because 

a divergent integral is involved; however, Fq. (14a) 

serves in its place. 

The general procedure hereafter is to name the 
desired / value, compute the associated m and k, get 
T,,0(8) by direct integration of Eq. (12) (over x and y), 
and then build up to /,,,(8) by repeated integration 
(over 8) of Eq. (13); the constant of integration at each 
step is found from Eq. (14) or Eq. (14a). 

The final result can be expressed in closed form: 

Ap=Bo=3; Ai1=B,=3; 


A.= B,= (I-1) (D (+1) (42) 


1 
| —ineb+(-) ; | 
aon 


xo 


(2P+3/+2)(1+2) 3 
8 


With this formula, Eq. (9), a table of Legendre poly- 
nomials® to order 32, and a desk calculator, a few values 
of U(x) were computed. From x=—1 to x= —0.4, 
U3(x) can be found easily by binomial expansion of 
1/ri2; the method of Eq. (15) works—with some dif- 
ficulties of oscillating convergence toward the end 
to x~+0.95. Thereafter U;(x), which is a smooth 
monotone rising function as x increases, was approxi- 
mated by the form 


U3(x)=K(1—«x)~, (16) 


where K and s (the latter approximating }) were fitted 
to the preceding part of the curve. It can be argued 
from the electrostatic analog-—-two charged wires 
making an acute angle—that U; should diverge in 
roughly this fashion as x—»+1. Moreover, later calcu- 
lations show that the precise form of U; is unim- 
portant in this small region, provided it does not 
diverge too fast. 

Tabular values of U;(x) were read from a graph 
of the computed values and were then smoothed 
numerically. 

CALCULATION OF X(x) 


The next step—and the only other one we shall 
describe in any detail—is the solution of the eigenvalue 
problem in Eq. (2). The boundary conditions set by 
Stevenson are that X be finite and without a node in the 
closed x interval —1 to +1. 


8H. Tallqvist, Acta Soc. Sci. Fennicae A2, 11 (1938). 
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Equation (2) can be rewritten in integro-differential 
form: 


dX /dx=X'=(1 af [Us(t)—es JX (dé. (17) 
1 


If XY is to be bounded over the whole interval, Y’ 
cannot diverge as fast as (1—2°)"' at x=+1, and 
therefore 


(18) 


I 
f [ U'3(&) ns €; |X (g)dé = (), 
1 


In a first approximation we take X as unity over the 
whole range and find e; from numerical integration of 
Eq. (18) (U; being known in tabular form). Then Eq. 
(17) yields X’ (except at x=—1) and numerical 
integration of X’ determines X (the partial integrals of 
Eq. (18) can be used in finding YX’, of course). Once 
more a value of e€; is found, with Y now varying; then a 
new table of YX’ and a new X are found. At each stage, 
once ¢ is known we start the integration of X’ by power 
series solution, since U/3(x) is known as far as x= —0.4 
in series form. X is nearly constant for x near —1; it 
decreases slowly and monotonically as x increases, and 
then hooks down abruptly—though not very far—as x 
goes to +1. Because of this behavior it is well to set 
X’=—d(1—X)/dx and integrate to find (1—X). 

The Milne method® was used for the numerical 
integrations, over the range x= —0.4 to x= -+-0.96, in 
steps Ax=0.08. In the final interval 0.96<x <1, two 
methods were tried: insertion into Eq. (17) of Us as 
given for Eq. (16), for analytic solution ; and numerical 
integration over much smaller x intervals (0.005), with 
Eq. (16) used only to tabulate U/;(x). The last step 
of the numerical integration had to be made with an 
“open” integration formula, since UV; and X’ diverge 
weakly. It was found that both methods gave closely 
similar results, provided a many-term_ integration 
formula was used. The numerical method is easier, on 
the whole. 

Detailed tabulation of U3(x), N(x), ¢, ete., 
worth while. Table I is included, merely to give an 
idea of the functional behavior of these quantities. 

The calculation converges very rapidly, e.g., the 
third and fourth trial values of €, differ by less than 1 
in 4000. 

The final X, found by interpolation between the last 
two trials, is then normalized. 


is not 


TABLE I. Illustrative numerical results for H 


-1 -0.4 0 0.48 0.88 0.96 0.98 +1 


0.4723 
0.8819 


0.5726 «o 


0.2184 2 
0.8774 0.8688 


0.9308 


0.3481 
0.8945 


0.1485 
0.9772 


0.1704 
0.9589 


‘a(x) 0.1250 
X(x) 1.0000 


*! 
J Xtdx =1.7964, « =0.1939, ( 0.00270 x O.OS943, Ox ©0.3344. 
« i 


9 See, e.g., Bennett, Milne, Bateman, 
Council (U. S.) No. 92, 76 (1933) 
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A. 


EVALUATION OF U(r) 


It is only a matter of numerical quadratures there- 
after to find C [ Eq. (3) ] and the averages 


1 


(Pi(x))= J X?(x) Pi(x)dx, (19) 
l 


which are needed for computation of U;(r) [Eq. (4) ]. 
To avoid getting C as the small difference of two large 
quantities, it is better to substitute from Eq. (2) for 
the integrand of Eq. (3) and then integrate by parts, 
before using numerical methods. 

U,(r;), or the identical U2(r2), is found by expanding 
1/r;2 in Eq. (4) according to Eq. (7) and carrying out 
the integrations over x and rz (or r,). The integrations 
for /=0 and 1 are easy; the exponential integral enters 
at /=2, but this is no longer a bother because any 
further steps—the integration of Eqs. (1) in particular 

must be done numerically, in general. 

The first of these terms in U(r), that for /=0, is the 
spherically averaged potential energy of interaction 
between the two electrons; such an average appears 
both in s.c.f. method and in the 
simplest variational calculation. 

The next term, with /=1, should be the first and the 
most important new correction. It includes (P,(x)), or 
(x), and is a consequence of electron polarization 
Because the electrons tend to repel each other to opposite 
sides of the nucleus, their energy of interaction is 
decreased. (The average of x or cos#@ would be zero, with 
6=90°, in a spherically symmetrical electron distribu- 
tion.) As Thaler has showed" in his calculation of the 
electron affinity of Na~, this asymmetry of the electron 
positions gives an energy correction which is close to 
that computed classically for point electrons located at 
the maxima of the radial wave functions. Accordingly, 
the size of («) gives an early indication of the importance 
of such corrections. In this calculation for H-, («)= 
—(),.0394, indicating an average @ of about 92°. 


the conventional 


ESTIMATE OF ENERGY CORRECTIONS 


Given complete tabular values of the quantities 
mentioned so far, integration of Eqs. (1) is merely a 
Hartree type of calculation, though slightly more 
troublesome because of its starting values. This inte- 
gration was not carried out, because it was obvious by 
this stage that a fully self-consistent evaluation of the 
H~ wave functions and energy would be hopelessly 
lengthy without the aid of a large computing machine. 
It is possible, however, with little additional work to 
make a fairly good estimate of the importance of 
Stevenson’s corrections for H~, as will now be seen. 

The two “new” terms in Eq. (1) are C/r? and parts 
of —2U,(r) (those parts including (Pi(x)), (P2(x)), 
etc.). First-order perturbation theory shows that the 
energy contributions of these new terms can be found 


© R. M. Thaler, Phys. Rev. 83, 131 (1951). 
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fairly accurately by averaging them over x?(r). Since x 
has a simple analytical form, this average or integral 
can be found quite easily for (P;(x)). Higher terms 
involve integrals like those in Eqs. (10) and (11) and 
can be computed similarly. 
When 1/r,2 in Eq. (4) is expanded in Legendre poly- 
nomials, the quantity —2U(r) becomes 
—2U (r) = —2LU (7) | (Po(x)) 
— 2, U (r)],(Pi(x))+---, (20) 
with 
on 2, U(r) Jo= (2 r)(1 en Fa mm eg OF) (21) 
and 
— 2 U(r) ),=3¢x EE — ae~2"— (2/r)e-2" 
+ (2/ar?)(1—e-2") ]. (22) 
When C/r’ and these two parts of U(r) are averaged 
over x’, the following results emerge: 


f tc. r)x?(r)dr= aC; 


0 


(23) 


(24) 


-2f CU (r) Jox?(r)dr= —5a/8; 
0 


(25) 


_ of CU (r) ix? (r)dr= —3a(x)/8. 
0 


The numerical values of these, after insertion of C, a, 
and (x) values, are, respectively, —0.00346, —1, 
+0.02366. (The energy unit is the ionization energy of 
hydrogen.) The first and third of these are the “new” 
contributions, as has been explained above. 

Next we try to estimate ¢ of Eq. (1). If the terms in 
C and U are deleted, the problem becomes that of the 
ordinary hydrogen atom, with a contribution to e€ of 
—1 unit. Next, from Eq. (24), the [U]o term con- 
tributes +1, the C term of Eq. (23) adds 0.00346, and 
the [U ]; term in Eq. (25) subtracts 0.02366. Therefore 
€, (or €,) should be given approximately by 


e~ —1+1+0.00346— 0.02366. (26) 


According to Eq. (6), the total energy is given (to the 
same approximation) by 


2= 2—5a/8+0.02366. (27) 


Therefore we have 
Ex= —24+2+0.0069—0.0473—1+0.0237, (28) 


Ex —1.0168. (29) 


Since the hydrogen atom alone has an energy E of —1 
unit, a positive electron affinity (binding effect) of 
about 0.017 atomic unit or 0.23 electron volt is implied 
(the best theoretical value® is about 0.75 electron volt). 

It is worth mentioning*that the main “new” con- 
tribution, —3a(x)/8, is nearly independent of a because 
— (x) is roughly inversely proportional to a. 
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Of course this calculation is not to be trusted in 
detail; it merely establishes orders of magnitude. In 
contrast, the simplest variational calculation for H~ 
which includes a term equivalent to ours in [LU ]p but 
not those in C and [U’],—leads to an energy value of 
—121/128 atomic unit, with a ‘negative electron 
affinity” (no binding --instability) of 0.055 atomic unit. 
The variation method should yield an approximation to 
the true energy, not to the Hartree parameter e. There- 
fore we expect the Stevenson correction to comprise 
the term in C [ Eq. (23) ] and that in a [ Eq. (25) ]. The 
net value of these terms is roughly 0.020 atomic unit, 
which is less than half the amount needed to produce 
a positive electron affinity. 

The corrections represented by —2{U ]2(P2(x)) can 
be mentioned briefly. [U’], can be evaluated by the 
method applied to Eq. (10). P2:(x) is }(3x?—1), and 
so (P2(x)) is known once (x?) is found. The whole term 
2 U }o(P2(x)) is of magnitude 0.00066 atomic unit or 
about 0.009 electron volt, a negligible quantity in these 
approximate calculations. The small size of this cor- 
rection is due jointly to U and P being small, which 
makes it seem reasonable to ignore all terms in higher /. 


CONCLUSIONS 


Two general conclusions can be drawn from this 
test of the Stevenson method. (1) The method involves 
considerable additional labor, with respect to conven- 
tional s.c.f. procedures. To be sure, much of this extra 
work can be carried out quite readily on a large com- 
puting machine; moreover (as will be detailed below), 
by no means all of it need be repeated at each stage of 
successive attempts to reach self-consistency. (2) It is 
doubtful whether this method yields a worth-while 
improvement in energy (and, by implication, in wave 
functions). To be sure, it is better than ordinary s.c.f. 
processes, but so may be a rather simple extension of 
the variation method."' Furthermore, Thaler'® has 

For example, a variation calculation for H~ which uses wave 


functions of the form e~ does not predict binding of the second 
electron; the use of (1+-ar12) exp[—6(r1+r2)] immediately yields 
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shown that the s.c.f. procedure for inner shells and 
variation procedures for the outermost one can be 
combined to predict a strong electron affinity for Na~ 
which the s.c.f. method did not show. 

Finally, a few remarks can be made for the guidance 
of a hypothetical future calculation. The x(r) to be 
used for calculation of Us [Eq. (5)] can always be 
written as a sum of terms r’ exp(—a,r), as noted earlier, 
and so at the worst U3 would be a sum of series each 
similar to that shown in Eq. (9)." Since @ (er a,) 
appears only as an external factor in Eq. (9), a good deal 
of calculation need not be repeated in later stages. The 
evaluations of A, from Eq. (15) and so of the separate 
series for Ul’; are presumably straightforward for an 
automatic machine. Equations (18) and (17) are easy 
to solve for « and X; the smooth slow variation of U’, 
and _X allows use of relatively long integration intervals, 
as mentioned earlier. When U(x) is multiplied by a 
factor (1+), with k a constant of magnitude less than 
unity, both e« and (1—X) change by factors approxi- 
mating (1+). It i. not hard to derive formulas giving 
Ae and A(1—X) quite simply, once complete solutions 
for two values of & are available. Indeed the numerical 
values quoted here were found by just such a method, 
from an earlier trial of H~ with a=2 and one of He 
with a=4. Incidentally, the results for He showed that 
—3a(x)/8 [Eq. (25)] is 0.02389, in good agreement 
with Stevenson’s estimate.” 

Later calculations—those of C, (x), (*), the nor- 
malization integral for X, and U(r)—offer no further 
difficulties. Finally, it is well known that an ordinary 
s.c.f. calculation, which is all that remains beyond this 
stage, is easy for an automatic machine. 

The assistance of Mr. James A. Seiler, who did many 
of the numerical calculations, is gratefully acknowl- 


edged. 


a very fair approximation to the known electron affinity (reference 
6). 

2 Tt may be worth noting that Thaler (reference 10) found that 
only the largest term in such an expansion of x(r) is of much 
importance. 
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A theoretical study of the low field mobility of Heg* in its parent gas is described. Forces between He,* 
and He are calculated by means of perturbation theory. Determination of the scattering phase shifts then 


yields the momentum transfer cross section as a function of collision energy 


Use of the Chapman-Enskog 


theory of diffusion permits the calculation of the mobility as a function of temperature 
The temperature variation of the mobility of He. observed by Tyndall and Pearce is analyzed by means 


of classical theories, yielding an effective potential for the Hes" 


He interaction. The discrepancy between 


theoretical and experimental mobility is ascribed to certain defects in the calculated potential. When account 
is taken of ionic clustering, the observed temperature dependence is explained on the basis of a simple 


potential model 


I. INTRODUCTION 


CCURATE measurements by Tyndall and Powell! 
yielded a value of 21.4 cm?*/volt sec for the 
mobility of helium ions in helium gas at normal pressure 
and room temperature. Massey and Mohr? made a 
quantum-theoretical calculation of the mobility of Het 
in helium and deduced a value of 12 cm?/volt sec. The 
apparent contradiction between theory and experiment 
remained unexplained for many years and was tenta- 
tively resolved by the suggestion of Meyerott® that the 
ions observed by Tyndall and Powell were molecular 
rather than atomic. Owing to the smaller probability 
for charge transfer between Hest and He than between 
Het and He, the molecular ion is expected to be the 
the more mobile ion. 

Mass-spectrographic studies by Arnot and M’Ewen‘ 
and Hornbeck and Molnar® have shown that He,t 
might be expected to be more abundant than He* under 
the conditions prevailing in the mobility experiment. 
Phelps and Brown® measured the mobilities of Het and 
He,*, while at the same time identifying the ions with 
a mass spectrograph. This is the only experiment in 
which an identification of ions is made simultaneously 
with the mobility determination. Their results confirm 
the interpretation suggested by Meyerott. Other time 
of-flight measurements of the mobility of these ions 
have been made by Hornbeck? and Chanin and Biondi’ 


* Based on a dissertation presented to the faculty of the Grad 
ate School of Yale University in partial fulfillment of the require 
ments for the degree of Doctor of Philosophy. 

t Now at the Westinghouse Research Laboratories, East Pitts 
burgh, Pennsylvania 
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with results in good agreement with previous experi- 
ment and theory. The present work was undertaken 
in an effort to demonstrate that the larger observed 
mobility is consistent with theoretical expectations 
for Hest. 

The mobility is related to the coefficient of diffusion 
by the expression 


K QD 2 ry ip (1) 


The Chapman-Enskog® formula for the coefficient of 
diffusion of ion 1 through gas composed of atom 2 is 


Sarl? 72nT \ */? 1+ € 
Dy» ’ 


16 m Vie 


where q is the ionic charge, m is the total molecular 
density, m is the reduced mass of ion and atom, and € 
is a small quantity which depends on the form of the 
ion-atom potential and their relative masses. € is zero 
for a potential which varies inversely as the fourth 
power of the separation and has a maximum value of 
the order of 0.1 for a hard sphere potential. P12 depends 
on the dynamics of a collision between the ion and atom ; 


D 


oun f Owm(v)v® exp( —mv?/2«T)d2, 


where v is the relative velocity at large separation and 
Oy is the momentum transfer cross section (also called 


(3) 


the diffusion cross section): 


sf 


On anf (1—cos@)bdb. 


Here @ stands for the angle of deflection occurring as a 
result of a collision, and 6 is the impact parameter. If the 
collision is treated on the basis of quantum theory, the 


(4) 


momentum transfer CTOSS Se¢ tion bee omes 


tor x we 
Ow=— (+1) sin?(m: — 041), (5) 
9S. Chapman and T. G. Cowling, Mathematical Theory of Non 
Uniform Gases (Cambridge University Press, London, 1939), 
Chap. 9. 
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MOBILITY OF He 
where k=mv/h and the m;’s are the scattering phase 
shifts. 


II. POTENTIAL BETWEEN MOLECULAR ION 
AND ATOM 


Because of the relatively low velocities with which 
thermal collisions take place, we may employ stationary 
state perturbation theory to calculate the interaction 
between a molecular ion and a normal atom, that is, 


|Von | 


(AF). +>.’ fees, (6) 
n Ky—E, 


AE(R): 


The first-order exchange energy (AZ), is predominant 
for small separations, while at large separations the 
second-order forces are of primary importance. This 
permits the use of an approximate form, valid at large 
separations, for the classical interaction in the calcu- 
lation of the second-order forces. 


First-Order Force 


Consider the interaction of two atomic systems, | and 
2, containing v; and ve electrons. The total Hamiltonian 
is 

H=N\4+H.+H, (7) 
where //’ is the interaction potential. We may construct 
antisymmetrized state functions from products of one 
electron orbitals, 


giz Y(ljal(l uy"! (2)B8(2)-- * ivy" (vy) B(r), 
as follows: 


WO) = 5° (—1)"Pyiga; 


AI 


ve =>°( -1)*P)2¢0, 
A2 


where Py; is the operator which permutes coordinates 
of two electrons within gy; (intra-atomic). 

Our total function must be antisymmetric 
respect to interchange of the coordinates of any two 


with 


electrons in the composite system. It is obtained by 
applying the interatomic antisymmetrizing operator, as 
follows: 


w= (-1)PWOwe 
- > 


r,A1,A2 


(—1)7 POP Py Pregige=d(—1)*Prgi¢se, 
A 


where P, is the operator which permutes coordinates 


yay 
A1,A2 


7 


Ai,A2 


The present analysis follows a procedure for computing exchange 
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of pairs of electrons between 1 and 2 (interatomic) and 
P, is the general type permutation operator (inter- or 


intra-atomic).'” From the detinition of H as 


= fvcne / for, (8) 


and the symmetry of the total Hamiltonian with respect 
to interchange of the coordinates of any two electrons, 
we obtain the following reduction in terms of orbitals: 


ps (- 1)™*92( Py Progi* go*) > ( . 1)* PH ei¢e 


A1,A2 


H= 
D (— 1) (Pui Prei* eo) L (— DP gi¢e 
AyAg I 
(9) 
These integrations are taken over the spin and space 
coordinates of the v;+ ve electrons. 

In general, the orbitals used are not exact solutions 
to the Schrédinger equations for the individual systems 
They are variational functions which minimize the 
internal energies and satisfy the equations: 


MWO=AWO+a,;; HWO=HwWv™ +o. (10) 
Here //,, H» are the minimized internal energies, and 
W,, Ww. are the unknown correction functions which are 
orthogonal to ¥"’", ¥, respectively. This orthogonality 


is required because of the definition of ff, and FI. as 


H- fu nv | fo epi, 
i, fvotns / fw yey (2 


Inserting (10) into (9), we have 


A=71,4+1.+-f'+1, 


where 


dD (—1)™4**(PyrProgi* g2*)d (—1)* Pll gig 
|; : ; 

dD (—1)*92(Pyi Proei* go") (— 1) Prgi¢e 

Al.Ag Pa 


and (11) 


dX (—1)* (Pra Progr* e2*) do (— 1) P (wget w2¢1) 
z 


*)¥°(-1)7Pr¢1¢2 


a 


» 


forces suggested by H. Margenau at the 1951 Office 
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Fic. 1. The two extreme 
relative ,orientations —be- 
tween He,t and He. 


+ 
He» 


The first-order perturbation energy is given by 
(AE), =f1(R)—f,(~)—ff.(~) =f +L. 


Since the w’s are not known, and they may be assumed 
to be small, L is neglected and (AE), is approximated 
by 1’. 

In view of Pauling’s" variational treatment of the 
helium molecular ion, the ground state of He,* is taken 
to be represented by the following unsymmetrized 


product of one-electron orbitals: 


1 =a(1)a(1){a(2) ~ b(2)}8(2)b(3)a(3), (12) 
where 


a(1)=Z39e~4rg,, b(1)=Z'x-he-2 74, 


Z = 1.833, and the electron-nuclear distances rai, 7»; are 
in units of Bohr radii. A simple variational function for 
the helium atom contains the effective nuclear charge 
of Z’= 1.6875, the unsymmetrized product of orbitals 
being 


(13) 


yvo2= ¢(4)a(4)c(5)B(5). 


Expressions (12) and (13) are used in connection 
with (11) to obtain /7’. Integration over spin coordinates 
reduces the number of terms in the numerator and 
denominator of (11) from 120 to 12. This reduction 
still leaves a complicated expression for H’ because of 
the many terms entering 1’: 


1 1 1 1 
H’ = z( + ) Zl + ) 
Vas Tad Tha Ths 
1 1 1 be th 
-Z2'( t- + )+20+( oo ) 
Ter Ver Ve3 Rac Roe 


1 1 1 
rT 


14 715 To4 125 


; 
+—+ -), (14) 


34 «=(736 


where Z,=2Z,=Z,.=2 and the various distances are 
labelled in the conventional notation. 

The quantity fH’ was calculated for two relative 
orientations of the molecular ion and atom (Fig. 1) 
(I) the atom lying on the perpendicular bisector of the 
molecular axis, and (II) the atom lying along the 
extension of the molecular axis. All but one of the two- 
center integrals which appear may be treated exactly. 
The three-center integrals require approximations for 


"LL. Pauling, J. Chem. Phys. 1, 56 (1933) 
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their evaluation. The approximations used are those 
applied by Margenau™ in the calculation of forces 
between two hydrogen molecules and between a hydro- 
gen molecule and a hydrogen atom. 

The results of the numerical evaluation of H’ for the 
two orientations may be very closely represented by the 
following exponential functions: 


H’ 1 = 32.0e—2-4U Rico FI" yy = 77 4e-2 Ree), 
the unit of energy being e/do. 


Second-Order Forces 


The classical interaction for large separations may 
be expressed in a form simpler than (14). A Taylor 
expansion” of the interaction between the two charge 
clouds corresponding to ion and atom yields 


ofl ! 
V -_ €46; R o Pay a ei” —4(&—z,)* 


“Hr 6s-a0+--- | (15) 


where ¢;; Xi, Yi, 2: and €;; &), nj, ¢; are the elements of 
charge and their coordinates relative to the centers of 
the atom and molecular ion, respectively, and R is the 
distance between centers. The Z axis is taken to be 
along the line of centers. 

An exact evaluation of >on’ |Von|?/(Zo—En)] is 
impossible because little is known about the excited 
states of the molecular ion. A simplified treatment is to 
restrict the quantum calculation to the helium atom 
and regard the molecular ion as an external perturba- 
tion. This is a simplifying picture inasmuch as the 
excited states of the system will now be those of the 
atom alone, rather than of the atom plus ion. The 
summation over the charge distribution of the molecular 
ion isc onverted to an integral, yielding for the second- 
order perturbation energy: 


(AE).= > ig fvdtes ) | Von | *W(He2*)/(Eo on Ba. 


where E, now refers to helium atomic states and 
WV(He,*+) is the ground-state wave function for the 
helium molecular ion. 

In the helium atom all the one-electron excited states 
lie between 20.5 and 24.5 volts above the ground state. 
It seems reasonable to replace the energy denominator 
by an average value lying somewhere in the neighbor- 
hood of the ionization energy. The functions which are 
the base of the matrix elements Uo, form a complete 
set, requiring the following matrix relation to hold: 


Da | Ube ‘= (U*)o0- (Uoo)?. 
2H. Margenau, Phys. Rev. 64, 131 (1943); 66, 303 (1944). 
13H. Margenau, Revs. Modern Phys. II, 1 (1939). 
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The term Uoo vanishes, leaving 


1 
(AE).= eae f vate: CU *) 00 ( He,*). (16) 


4 


Squaring U and retaining only those terms that do 
not vanish on integration, we have 


e e 
U=—[>, e2; P+— 1d a. (4? + 93? — 22,2) 
R' 4R° 


1 
t (> 5 eve(0;- 1 —36,2,) ?+---. (17) 
R 


When dealing with second-order forces between two 
neutral molecules, only the third term in the preceding 
expression exists. It is the well-known Van der Waals 
interaction. The first term in (17) leads to the polari- 
zation potential, which classically arises from the inter- 
action of the point charge of the ion with the induced 
dipole of the neutral atom. Margenau'* first called 
attention to the importance of the second term in the 
interaction between an ion and a neutral atom or 
molecule. It represents the interaction of the point 
charge of the ion with the induced quadruple of the 
neutral atom. 
Using the ground-state function, 


W (He) = (1/v2) | c(1)a(1) ¢(2)8(2)|, 


we obtain for the second-order interaction energy : 


e | 2 (r?)oo 


2 (r*)o0 2 (7?) 000 
(200) 


+ 
mS Ee S$ KF 6S CUR 


where 


(r*) oo = fre’ 2(1)dry, (r*)oo= frat *( | )dr} 


and 
O= [vite (> 5&;)? + (> jn;)°+4(d ¢,)? W (Hes* ) 


The index 7 labels the three electrons in the molecular 
ion. The contribution of the charge of the nuclei to © 
vanishes because the sum of the nuclear coordinates 
relative to the center of the molecular ion vanishes. 
The quantity © depends on the relative orientation 
(I or II in Fig. 1) as follows: 


©O;= @+58=5.90a0?, O1p=44+2R=8.5lao’, 


where, by symmetry, 
a= | WV 1*(Hest) (>; &))?1(Hes*) 


= rotates (>, €,)°11(Hes* 


4H. Margenau, Phil. Sci. 8, 603 (1941) 
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B= f wrt, €;)?¥1(He2*) 


| fvutttes \E, £;)°*W11(Hee*), 
and 
ayie| 


W(He.*)=[12(1 A’) |} 


xX a(t)a(l) {a(2) —4(2)}8(2) b(3)a(3)], 


A= feaoaar, 


Furthermore, from the quantum theory of the Stark 
effect the static polarizability of helium is 


S= | } ye r”)oo E, 


from which it follows that 


se” a” © 
Pi. —-+4 

2R' x 

It is worth noting that the Van der Waals term is con- 

siderably larger than the monopole-induced quadrupole 


The experimentally determined polarizability™ 
(18) to 


(Ak)o= (18) 


term 
of helium gas, 0.205 10~"4 
determine the numerical value of (AF)». 

We are interested in determining the probability that 
the molecular ion will undergo an internal change of 
state in the course of a thermal collision with a gas atom. 
The general condition’ for the collision to be adiabatic 


cm’, is used in 


with respect to a given transition, be it an electronic, 
vibrational, or rotational transition, is 


AG/hr.>I, 


where A& is the energy of transition and +, is the 
average collision time. From band spectra,'* Aé has been 
found to be approximately 0.20 and 0.0009 ev for vibra- 
tional and rotational transitions in He,t. For average 
thermal velocities, the adiabatic condition is satisfied for 
vibrational transitions, while nonadiabaticity prevails 
for rotational transitions. Hence, if the molecular ion is 
formed in its ground vibrational state, it will remain 
there during its transit through the gas. 

The Chapman-Enskog theory of diffusion as outlined 
in the Introduction is true only for rigid, spherically 
symmetrical molecules. Hence, it is obviously not im- 
mediately applicable to the present problem. Pidduck" 
has investigated the effect on the coefficient of diffusion 
when rigid molecules are replaced by molecules pos- 
sessing a rotational degree of freedom. He finds that 
there is a correction to the coefficient of diffusion, if both 
types of molecules, 1 and 2, are capable of rotation. In 
the case that one type of molecule can rotate and the 


16 HS. W. Massey, Repts. Progr. Phys. 12, 248 (1949) 

®W. Weizel and FE. Pestel, Z. Physik 56, 197 (1929) 

7F. B. Pidduck, Proc. Roy. Soc. (London) A101, 101 (1922); 
refere nce 9, p 214 





812 SYDNEY 
other cannot, there is mo correction to the formula for 
rigid molecules. In the present case of the diffusion of 
He,t through He, the helium atoms possess no rota- 
tional degrees of freedom and, consequently, the original 
formula is valid. 

There still remains the requirement of spherical sym- 
metry for the applicability of the diffusion formula. To 
meet this we choose an average potential which lies 
between the potentials corresponding to the extreme 
relative orientations, I and II. The orientation of the 
molecular ion relative to the atom affects the interaction 
potential in both the first- and second-order terms. The 
entire first-order term H’ and the part involving © 
in the second-order expression are orientation de- 
pendent. The mean time between collisions is much 
larger than the collision time, while the time for one 
rotation is about equal to the collision time. Hence, 
there is very little correlation between the molecular 
orientations in two successive collisions with gas atoms. 
Two limiting cases may be considered; namely, the 
rotational period very small or very large compared to 
the collision time. When the rotation is very rapid, the 
incident atom will see only the longest range potential, 
that is, the one corresponding to II (Fig. 2). For slow 
rotation, the effective potential lies somewhere between 
Land II (Fig. 2). If the molecular rotation is considered 
classically, the approximate ratio of rotation time to 
collision time is 5. In the following sections, we confine 
our attention to the limiting case of slow rotation. 

Let us introduce a system of spherical coordinates 
with the origin at the center of the molecular ion and the 
polar axis along the line joining the centers of molecular 
ion and atom. The polar angle x lies between the mo- 
lecular and polar axes. Our case I (Fig. 1) corresponds 
to x=7/2 or 3/2, while II corresponds to x=0 or 7m. 
If 9 isa general interaction potential which has the two 
extreme values, 3;(R) and $11:(R), we may interpolate 
for intermediate orientations by assuming that it has 
elliptical dependence, that is, 


° 
cos*x 


t 
317(R) 


r sin’x 


I*(x, R) 
9,7(R) 





Fic, 2. Calculated potential between He:* and He for each 
extreme orientation, I and II (Fig. 1). The intermediate curve is 
the average potential in the limit of slow rotation. 
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It should be pointed out that this choice of interpolation 
formula is quite arbitrary and is based largely upon the 
reasonable assumption that 9;(R) and 911(R) are 
extremals of 9(x, R). The effective spherically sym- 
metrical potential is now obtained by averaging over 
all orientations, 


(R)w= f I(x, R) sinxdx 


0 


Sy 
sin7! 


(1- I; I11°)} 


The azimuthal angle does not enter because of sym- 
metry. 
Using this method of averaging, we obtain 


(H’\ y= 49.0e7?-87 (8/20) in €?/ag; (O)y=6.59a¢°. 


On combining the first- and second-order contributions, 
we obtain as a total averaged interaction energy : 


2.36K10-" 5.41 10-" 


V (R) = 21.3X 10-Me-5.06% — - 
Ri R® 


in ergs, where R is in Angstrom units. This is plotted 
in Fig. 2. 


III. METHODS APPLIED TO MOBILITY 
DETERMINATION 


The collision between ion and atom will be essentially 
classical in the temperature range 20-500°K, since the 
de Broglie wavelength is very small compared to the 
effective scattering radius. Hence, the momentum 
transfer cross section may be obtained with the use 
of (4) or (5). We choose to carry out the cross-section 
calculation by means of the quantum formulation, so 
as to make clear the modifications needed in the very 
low temperature region where classical collisions do 
not take place. 

The phase shifts required in (5) may be obtained 
from the WKB solution of the radial wave equation 


PG, /dR?+( Rk? — U(R)—11+1)/R?G.=0, (19) 


where k=mv/h and U(R)=(2m/h*7)V(R). In this 
approximation the phase shift is 


n= f [e'—k \dR—RR,4+-4e{1(14+1)}!, (20) 
RI 


where g,=k?—U(R)—I(/+1)/ R® and R; is the largest 
positive zero of g;. Because of the complicated form of 
gi, it is necessary to perform the integration 


ff Coe— eur 
RI 


numerically. Different approximation methods are 
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applicable in calculating the phase shifts, depending on 
whether / is large or small. 


(a) Small Values of / 


Equation (20) may be rewritten in the form: 


- i(l+1)\! 
n= { {a(1- ) b|dR 
RI wk? 


1 


kRi+—a[1(1+1) J}, (21) 
) 


where w=k?—U'(R). For low values of 1, 1(/+1)/wR? 
is much smaller than unity over the whole range of R 
from R,; to «. At Rj, l(/+1)/wR? is equal to 1, but it 
rapidly decreases in value as R exceeds R;. Expanding 
(1—/(/+-1) wk’)! yields 


£ 


n= (w!—k)dR 
Ry 


‘ 1/(/+1) 1/(/+-1)? 
+f o - ~— fie 
RI 2 wk? 8 wR! 


—kR,+4n[1(/+1) J! (22) 
The quick convergence of this expansion fails when 
l(l1+-1)/wR® is comparable to unity over a large range 
of R. Equation (22) is much more useful for the nu- 
merical work than (20) because the factor containing / 
may be removed from the integral, requiring only about 
three or four numerical integrations for a given energy. 
In (20), g:) has to be numerically integrated for each 
value of /. 

It is convenient to divide the range of integration 
in (22) at some value R” large enough (taken to be 6) 
so that V(r) for R>R” is essentially the polarization 
potential only. The integrals over the range from R” 
to © are evaluated by analytic means. 


(b) Large Values of / 


lhe basic form for the phase shift in the WKB ap- 
proximation is 


‘ L(l+1)}} 
mf [ven la 
RI es 
‘ i(l+1)} 
ff [nee 
R'I R? 


where the lower limits are the largest positive zeros of 
the respective intergands. When / is very large, U(R)) 
is small compared with /(/+1)/R/?, so that we may 
consider the lower limits in the integrals to be equal. 
Expanding the square roots, we obtain for the phase 
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shift: 


" U(R) 
ni if dk, 
cspre CE (4 9)2/R*) 
after letting /(/+1)=(/+4)*. Cnly the polarization 
potential, —c R‘, is significant at these large values of 
R/, giving 


mmck?[ 4h? (1+ 3)* }. (23) 


ni WKB) 


This result was obtained by Massey and Mohr,’ who 
showed, by comparison with more exact methods, that 
(23) is very accurate if the phase shifts are less than 
0.5 radian. 

The Born approximation is valid when the centrifugal 
barrier is large compared to the potential at distances 
of about [/(/+-1) ]}/k. This condition is the same as was 
used in deriving (23) from the WKB approximation. 
Under these circumstances, the incident particle is 
blocked by the centrifugal barrier and does not get into 
the region where the potential is large; the phase shift 
is then small and may be evaluated by the Born formula 


™m ss 
- f V (R)EJ144 (RR) PRAR. 


a 0 


ni(Born) = 


Again, taking for V(R) the polarization energy only 
and making use of the formula,'® 


»TJ,(x) P I'(v) I (u 
f dx 
x 


: Criet4)P Put $vt4) 


Sv+4) 


[provided Re(2u+1)>Rev>0], we obtain 


rmck* 


ni (Born) = ; 
4h?(I+-§) (14-4) (I-}) 


(24) 


Equations (23) and (24) are seen to be almost equal, 
differing by the fractional amount 1//(/+-}). Since we 
are dealing with large values of /, this discrepancy is 
much less than one percent. 


(c) Intermediate Values of / 


For all collision energies in the thermal range, there 
is a value of / at which the classical turning point R, 
changes discontinuously. This arises from the fact that 
the scattering potential is not monatonic. The classical 
turning point is determined by the short-range repulsive 
potential for small / and by the centrifugal barrier for 
large /. Figure 3 illustrates the corresponding discon 
tinuity in phase shift, which occurs at /=23 for the 
energy given by k=6X10*8 cm™. The angular mo 
mentum quantum number at which the discontinuity 
occurs, /4, increases with increasing energy. 

Although the WKB phase shifts are not too accurate 

‘8 W. Magnus and F. Oberhetinger, Special Functions of Mathe 


matical Physics (Chelsea Publishing Company, New York, 1949), 
p. 35. 
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Fic. 3. Calculated phase shifts for k=6X 108 cm™ 


for values of / in the vicinity of Ja, the error introduced 
into the differences of successive phase shifts on either 
side of /4 is of second order. However, the discontinuity 
in my is, in general, of the order of #/2 or greater, so 
that there is a maximum uncertainty of unity in the 
value of sin?(qia—nu+). This corresponds to a small 
range of impact parameters (in the classical scattering 
problem) where the orbit is almost closed and cosé 
oscillates very rapidly. Our inability to obtain an ac- 
curate value for sin®?(yja—nia+1) is a definite limitation 
of the present method. 

For some energies the quantity g, has three zeros for 
the first few values of / which are greater than /,. This 
case must be treated'® by joining the WKB solutions 
across all three zeros. The result obtained from this 
procedure does not differ appreciably from the case of 
g, having one zero; hence we neglect the modification. 

The scattering energies at which Qa is computed 
correspond to the following values of the parameter k: 
2, 4, 6, 8, 10, 12.5108 cm. It is convenient to break 
the summation (5) into three parts, 


dr la-\ 


Ou" D% (+1) sin?(m—niy1), 


Ou” (lat 1) sin? (mia— ma+1), 


K 


4dr « 


“ 


>> (+1) sin?(m—niy41). 
ag lat+l 


Oy = 


The first part, which makes by far the greatest con- 
tribution, is evaluated by direct numerical summation, 
The third part, which is the smallest, may be reduced 
to a convenient form. For />/a, sin(qi— ny dn ny 
dn ,/d,, and using (23) we have 


ie « dm\? M, 11 1 
Ou® od >. (/+ »( ) = +f =e s ’ 
2 lait dl (la+3)*L6 14(1g+3) 


where M,=4ac(3amk/4h?)?. 
The direct evaluation of )y is not feasible owing to 


19 R.A. Buckingham and A. Dalgarno, Proc. Roy. Soc. (London) 
A213, 506 (1952). 
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previously mentioned uncertainties. The correct value 
of On lies between Oy" +O yy and OuP?+Oy 
+ (4a/k?) (1g+1) since OF sin? (nig— mya +1)< 1. An inter- 
polation for KO 4 was made between the limiting values, 
requiring that it assumed the proper classical value for 
k=0. The zero energy value was taken from calculations 
of Langevin” and Hassé,” which are discussed in the 
next section. The validity of this interpolation was 
confirmed by assigning to sin?(nia—nia+1) its average 
value of 4 and then noting that ky as a function of k 
falls very close to its interpolated value. 

Qy can be represented by a functional form most 
conveniently when it is plotted versus 1/k, the form 
being 

Oui m?) = 148 10°8/k—2.90 107'8, 


With the relation k= mv/h, Vy is expressed in terms of 
v, permitting the evaluation of P12. When use is made 
of (1) and (2), and the small quantity € is taken to be 
zero (since predominant force is polarization), the 
resultant expression for the mobility at constant density 
(2.52 10'°/cm?) is 


K,(cm?/volt sec) = 207/(102— 7"). 


This is plotted in Fig. 4 together with the experimental 
results of Tyndall and Pearce.” We estimate an uncer- 
tainty of +5 percent in calculating the mobility from a 
given potential by the above procedure. 


IV. ANALYSIS OF EXPERIMENTAL RESULTS 


In Langevin’s” theory of mobilities the ion-atom 
potential was taken to be a hard sphere repulsion of 
radius o plus a polarization attraction —c/R* from 
R=o to ©. With this model for the potential, the clas- 
sical scattering angles can be exactly evaluated in terms 
of complete and incomplete elliptic integrals of the 
first kind. The resulting formula for the mobility is 


A(Q) mMo\ 3 
my 


K) 


lic. 4. Mobility of He2* in He as a function of temperature at 
constant density (2.52 10'%/cm*). Solid curve is calculated in 
present work. Points are from experiments of (0) Tyndall and 
Pearce, (@) Hornbeck, and (<) Chanin and Biondi. 

*” P, Langevin, Am. Chem. Phys., Series 8, 5, 245 (1905). 

21H. R. Hassé, Phil. Mag. 1, 139 (1926). 

2 A, M. Tyndall_and A. F. Pearce, Proc. Roy. Soc. (London) 
A149, 426 (1935). 
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where m, and mz are the masses of ion and atom, p is 
the gas density, 6 is the dielectric constant of the gas, 
and A is a numerical function of the variable 


8rpot'}} /xTot\? 

The function A is tabulated by Hassé! for values of 
from 0 to 4 in intervals of 0.1. It has a maximum value 
at AS0.6. This means that, for a given interaction 
potential (specified o and c), the mobility will be a maxi- 
mum for a given temperature. Reducing @ or increasing 
c has the effect of increasing the temperature at 
maximum mobility. 

Langevin’s expression for the mobility in a gas at 
constant density is of the form 


K,=AY, 


where the constant 


¥ =[e2/8mnpe |§(1+ ms/m,). 


The parameter A is defined by 7=)*S, with S=c/xo*. 


Given the values of c and o, we could calculate the 
temperature variation of A, and compare it with experi- 
ment. Essentially, this is what was done in preceding 
sections in a more general way. Now it is desired to 
make use of the experimental values of A, as a function 
of T to obtain the form of the actual potential. 

This can be done very conveniently by means of a 
method originally employed by Keesom and applied by 
Pearce® and Hoselitz™ to their experiments on the 
mobility of alkali ions in the rare gases. Taking the 
logarithm of the preceding expressions, we have 


logA,=log4+logY, log7’=log(A*)+logsS. 


We now plot the experimental values of logA, versus 
logT. Then logA as a function of log(A*) is plotted to 
the same scale (Fig. 5). Shifting the theoretical curve 
over the experimental curve, while keeping their cor- 
responding axes parallel, one may find the position of 
best fit. The amount that each axis is shifted is equal 
to logY and logS. Knowing VY and 5S, the best values 
for the parameters ¢ and @ are calculated. In making 
the fit to experiment, we assume that the constancy of 
the observed mobility at 21.4 cm*/volt sec over a tem- 
perature range of 200° corresponds to its maximum 
value. This is reasonable on the basis of the temperature 
variation of the mobility of other ions in helium and 
provides for a unique fit between theory and experiment. 

Hassé and Cook” have derived a formula for mobility 
using the Chapman-Enskog theory and a_ potential 
between ion and gas atom of the form 

B R°’—C R*. 

This amounts to a softer repulsion than the hard 

2% A. F. Pearce, Proc. Roy. Soc. (London) A155, 490 (1936). 


*K. Hoselitz, Proc. Roy. Soc. (London) A177, 200 (1940). 
*5 H. R. Hassé and W. R. Cook, Phil. Mag. 12, 554 (1931). 
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sphere, the attractive part still consisting of a pure 
polarization force. It is found that the hard sphere 
model permits a much closer fit with experiment 
than is obtained with the Hassé-Cook potential; hence, 
the latter will not be considered further. 

It is of interest to note that Tyndall and Pearce did 
not attempt to analyze their data in this manner. Be- 
lieveing their data to be the mobility of helium atomic 
ions which are subject to charge transfer, they felt, and 
justifiably so, that the classical Langevin theory would 
not apply. The current belief that their data corre- 
sponds to the mobility of the helium molecular ion 
removes the possibility of charge transfer and makes 
the classical theory applicable. 

The superposed experimental and theoretical curves 
are shown in Fig. 5. The experimental curve begins to 
fall below the Langevin theoretical curve at a tempera- 
ature of about 170°K, while there is a good fit in the 
temperature range from 170° to 480°K. The values for 
the potential parameters are found to be a= 1.95A and 
c=2.73X10™ erg cm‘. The corresponding effective 
potential for Hes*—He is plotted in Fig. 6 together 
with the previously calculated potentials. It is to be 
noted that the “experimental” potential has a longer 
range repulsion than the calculated one, while the 
attractive parts of the two curves lie very close together. 

A possible explanation for the discrepancy between 
theory and experiment in Fig. 5 for temperatures below 
170°K can be found by taking into account the effect 
of ionic clustering. The size of the ion cluster is found 
statistically as a function of temperature by the 
methods of Bloom and Margenau.”® For a potential 
having the values of o and ¢ determined above, the 
clustering sets in at about 200°K and increases to give 
a cluser size of about 70 He atoms at 20°K. The effect 
of clustering is to reduce the mobility of an ion, owing 
to the increase in its effective mass. 

In the temperature range where clustering occurs, the 
mobility is influenced primarily by the polarization 
force, and it is relatively insensitive to changes in the 


*K) 


Fic. 5. Log-log plot mobility versus temperature corresponding 
to the best fit of Langevin theory (upper solid curve) to the experi 
mental points (©). The dashed line is the theoretical correction 
for clustering. The lower solid curve is obtained from the Hassé 
Cook theory for arbitrary potential parameters. 


26S. Bloom and H. Margenau, Phys. Rev. 85, 670 (1952) 
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hard sphere radius. Consequently, the effect of the 
change in o caused by clustering will not be very sig- 
nificant compared to the effect of the mass change. The 
theoretical curve corrected for clustering is also plotted 
in Fig. 5. The experimental points are seen to lie close 
to the corrected theoretical curve. 


V. CONCLUSIONS 


The divergence of the experimental mobilities from 
the Langevin.theory at temperatures below 170°K is 
interpreted to be largely the result of cluster formation. 
The close agreement in the range of temperatures from 
170° to 480°K, where the ion is unclustered, lends 
strong support to the correctness of the 
deduced hard sphere-plus-polarization potential. 
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lic. 6. Potential between He,* and He. (a) Hard sphere-plus- 
polarization potential obtained from best fit of Langevin theory 
to experimental data. Curves (b), I, and IT are the calculated 
potentials of Fig. 2. 


In comparing the originally calculated mobility with 
experiment (Fig. 4), the main discrepancy is seen to 
occur between the slopes of the two curves, rather than 
between their actual values at particular temperatures. 
At room temperature, the calculated mobility is 24.2 
cm*/volt sec, as compared to the experimental values 
of 21.4, 20.3, and 22.4 cm?/volt sec given by Tyndall 
and Pearce, Hornbeck, and Chanin and Biondi. The 
slope of the experimental curve is essentially zero from 
200° to 480°K, while the calculated slope is appreciable. 
The estimated error in evaluating the mobility once a 
potential is assigned is smaller than the discrepancy 
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appearing in Fig. 4. We therefore attribute this dis- 
crepancy primarily to the difference between our 
theoretically derived potential and that which has been 
deduced from experiment (Fig. 6). The latter is assumed 
to be a good representation of the true average potential 
between He,* and He. Whereas the observed mobility 
has its maximum at room temperature, the theoretical 
mobility is still in the region where the effect of the 
attractive force predominates, causing the mobility 
curve to have a positive slope. 

The theoretical potential may be at fault for two 
possible reasons——use of inexact wave functions in the 
perturbation calculation and an improper method of 
averaging over orientation. The use of variational wave 
functions tends to make the repulsive range of the cal- 
culated potential somewhat too short. It is well known 
that the charge distribution of an atom given by the 
square of its variational wave function is more “pulled 
in” than the self-consistent charge distribution. The 
fact that the potential which best fits the data lies 
between the potentials originally calculated for the 
two extreme orientations indicates that our quantum- 
mechanical calculation of the interaction was reasonably 
good. Apparently our method of averaging over orien- 
tations on the basis of slow rotation is not entirely 
valid, since the molecular ion can make almost a quarter 
of a rotation during the collision. The “experimental” 
potential does lie between the theoretical potentials 
corresponding to the limiting cases of fast and slow 
rotation (Fig. 6). We may thus conclude with some con- 
fidence that the ions observed in the experiments of 
Tyndall and Powell’ and Tyndall and Pearce” were 
indeed He,*. 

It is felt that the neglect of charge transfer between 
He,* and He is justified. If charge transfer occurred, 
the resultant Hes ground state molecule would disso- 
ciate, requiring the energy release of about 2.5 ev. This 
large excess energy makes the process virtually impos- 
sible for thermal collisions. 

The author wishes to express his thanks to Dr. R. E. 
Meyerott for suggesting this problem, and to Dr. T. 
Holstein, Dr. A. V. Phelps, and Dr. E. Gerjuoy for many 
valuable discussions. He is greatly indebted to Professor 
Henry Margenau for his advice and encouragement 
throughout the course of this work. 
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When an electron hits an atom or ion, it may knock off an electron. This process is fundamental in almost 
all types of gas discharge. The reaction is endothermic; hence there is a threshold value in the electron 
energy below which it does not occur. In this paper, the dependence of the yield on the energy just above 
this threshold is derived. The derivation is not rigorous because it circumvents some of the difficulties of 
the three-body problem by applying ergodicity, albeit in a weakened form. The result is that, for atoms, 
the yield rises as the 1.127th power of the energy excess. For ions the exponent lies between this number 


and unity. 


I. INTRODUCTION 


N almost all forms of electric discharge through a 

gas the ionization of neutral molecules by electrons 
is a fundamental process. General ideas about the 
efficiency of this process can be gained from the dis- 
charge process; on the other hand, an accurate determi- 
nation of ion yield as a function of the energy of the 
bombarding electron is still an object of research. 
Results obtained to date are not in disagreement with 
the hypothesis that near an energy threshold the yield 
varies linearly with the energy excess.'” It is hard 
however to settle such a question from experiment 
alone; therefore it seems desirable to take it up from 
the theoretical side. 

Accounting theoretically for detailed observations on 
reactions or transmutations is difficult; the reactants 
usually pass through an intermediate state in which all 
constituents are tightly coupled. It has been pointed 
out by Wigner,’ however, that it is a relatively easier 
problem to derive the “threshold law,” that is, the 
dependence of the yield on the energy in the neighbor- 
hood of the energy threshold. In such a derivation the 
final escape of the reaction products may be separated 
from the reaction proper which is confined to a small 
“reaction zone.”’ It is then shown that the threshold 
arises (generally) from a feature of the escape process, 
namely, lack of kinetic energy for complete escape. 
This feature is amenable to calculation even when the 
reaction proper is not. 

Wigner has applied his idea to all relevant cases in 
which the reaction product consists of two particles 
escaping from each other. In the ionization process 
which is under study here the final number of particles 
is three: two electrons and a positive ion. This produces 
obstacles, both technical and conceptual, if an extension 
of Wigner’s theory is attempted. The removal of the 
technical obstacles occupies Sec. II, and of the con- 
III; Sec. 


ceptual ones Sec. IV contains the derivation 


of the law itself. 
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II. MECHANICS OF THREE-BODY MOTION 


The technical obstacle which we face in the problem 
of ionization by electrons is the fact that we deal with 
a three-body problem. It is true that if Wigner’s basic 
idea is to be used, no description of the ionization 
process in the reaction zone is required. However even 
in the outside space we are still faced with three parti 
cles linked to each other by inverse square law forces; 
a correct treatment of this feature is essential if we are 
to end up with the right answer for the threshold law. 

The problem of three particles linked by inverse 
square central forces is known mainly from celestial 
mechanics as the “problem of three bodies.’’ The 
present problem is a specialization of the general case 
because two of the bodies are identical. However even 
with this restriction a full quantum-mechanical de- 
scription of all possible final states is hardly possible. 
Fortunately this is not needed. We can get along with 
incomplete information about states satisfying special 
conditions, and still get the final answer. This infor- 
mation will be collected in the following paragraphs. 

Let the charge of an electron be —e and the mass m. 
Let the charge of the ion after ionization be Ze. The 
ion is sufficiently heavy so that it may be considered at 
rest during the reaction. The connection of symmetry 
and spin will be passed over at this time and will be 
taken up later in an appropriate connection. On the 
other hand, the orbital angular momentum needs full 
discussion. Among the angular momenta contained in 
the plane wave representing the incoming electron, the 
s part couples most strongly with an atomic system. 
In the same way an S state for the two outgoing 
electrons is favored over other angular momenta if it is 
consistent with the angular momentum change taking 
place within the ion. We conclude from this that, in 
general, the probability of reaction into an S state has 
a threshold at least as favorable as the probability of 
reacting into higher angular momentum states. This 
reasoning is confirmed by the explicit results of the 
Tables I, II, and III of reference 3. The threshold law 
for reaction into an S state for the electron pair will 
therefore be worked out in the belief that it will gener 
ally yield the true threshold law. 

The assumption of zero angular momentum simplifies 
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the Hamiltonian greatly. In general, our problem would 
require for description six coordinates: the two distances 
r, and re of the electrons from the ion, and four angles. 
With zero angular momentum, the motion becomes 
confined to a fixed plane, and the angles are reduced 
from four to two. The condition of zero angular mo- 
mentum in the plane permits elimination of one more 
angle. The one remaining angle is preferably taken as 
the angle y between the two vectors r, and ry. In terms 
of the three coordinates r;, r2., y and the conjugate 
momenta p~;, Po, ~P,, the Hamiltonian of the system 
outside the reaction zone takes the form 


1 1 
HK (pi°+ p2)+ ( + 
2m 2m\r? r? 


a | 1 
| > kh 
vr; » (r,’+ ro - 2rire cosy)? 


p,’ 


A more convenient coordinate system is obtained by 
setting 


ri =r COS3X, (2a) 


(2b) 


(2c) 


ro=rsindx, 
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Fic. 1, Qualitative picture of the zones of behavior of r; 
r= (r,2+-r2"). 


This puts (1) in the form 


1/Z 
(3) 
r Leoshsy sin}y (1—siny cosy)! 
In Eq. (3) the symmetry in the two electrons has 
become a symmetry in the variable x about the value 
x=n/2. 
One advantage of the form (3) is to make the variable 
r appear. We shall take as the boundary between the 
reaction zone and the outside space the hypersphere 


r=b, (4) 


where 6 may be assumed of the order of magnitude of 
the Bohr radius a. 

A second subdivision in the radial coordinate plays 
a role in the following work. It is implicit in our problem 
that the total energy ¢ of our system must be taken as 
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positive and small. We may make this more precise by 
demanding that «b/Ze*® be small compared to unity. 
In this case a second boundary radius, r=c, makes its 
appearance, separating the region in which the kinetic 
energy is essentially equal to « from an inner one in 
which it essentially cancels the (negative) potential 
energy. For reasons of convenience we define c precisely 
as 


c=e&’(4Z—1)/v2e. (5) 


We shall call the region between the two boundaries the 
Coulomb zone, and the region beyond c the free zone. 
A qualitative picture of these zones is shown in Fig. 1. 
The great width of the Coulomb zone will be seen to 
have the consequence that the motion falls into a first 
asymptotic pattern in the outer part of this zone. This 
behavior gets disturbed near the zone boundary c; a 
second, different asymptotic pattern then arises after 
the free zone is well penetrated. A passage to the limit 
in € implies a sweep of the zone boundary c to infinity ; 
the first asymptotic behavior is thus the true one for 
orbits of zero energy. It should be observed, as a 
restriction to this reasoning, that the zone boundary « 
loses its meaning when x lies very close to 0 or z, that 
is, when one electron stays far behind the other one. 

In either one of the outer zones the motion of the 
electrons is essentially classical. This is seen as follows. 
If we neglect the interaction between the two electrons, 
then ionization requires that the kinetic energy of either 
be larger than the negative of its potential energy: 


3m? = Ze*/r. (6) 


Equation (6) entails a constraint on the de Broglie 
wavelength \ which reads 


2nr/r << (a/Zr)!. (7) 


Outside the reaction zone the right-hand side is small; 
hence wave packets can be constructed for each electron 
and classical mechanics employed. The introduction of 
an electron-electron interaction disturbs this argument 
in two ways. In the first place it permits transfer of 
energy so that (6) breaks down for one of the electrons, 
but not the other, It will be seen in the course of the 
argument that for the important orbits the difference 
between the speeds is always small compared to the 
speed itself, hence the inequalities (6) and (7) cannot 
be violated seriously for this reason. The second effect 
of the interaction is the addition of a negative term to 
the right-hand side of (6). Configurations in which this 
term is important must be reached against the repulsion 
of the two electrons; the tendency of the two electrons 
to avoid each other will therefore limit the term and 
effectively preserve the inequality (7). It will be seen, 
in fact, that for the orbits of importance for ionization 
the angle y approaches asymptotically the value 7. 
Furthermore, if there is any serious difficulty about 
making the right-hand side of (7) small, then we are 
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still free to use a radius r=6 which is larger than the 
Bohr radius a. 

These preliminary considerations reduce the general 
quantum problem of three bodies to a classical analysis 
of the Hamiltonian (3), with particular emphasis upon 
asymptotic properties of orbits of small positive energy 
e which arise from a small reaction zone at the origin. 

The equations of motion for the Hamiltonian (3) read 


mi =i mrx?+ mr sin*yy?— (Ze*/ 9) B(x, 7), (8) 


: Zé B(x.) 
—(imr’x) = I mr? sinx cosx7?-+— . 
as r Ox 


ZE AB(x, ¥) 
—(imr? cin*?xy) =——_ ———_, 
dt r oy 


where B(x, y) is an abbreviation for 


1 1 1/Z 
+ » Oe 


B(x, y)= . 
sinsx (1—sinx cosy)! 


cos}x 


The equations possess an energy integral which will be 
assumed zero or positive and small, 


= hmr+imrxy?+ ime sin*x7?— (Ze /r) B(x, vy). (12) 


A number of properties of the equation system (8)- 
(10) will now be enumerated and some limiting cases 
worked out. The results obtained will find their appli- 
cation in Sec. IV. 

We observe first that the equations obey a similarity 
principle, that is, they are invariant under the substi- 


tutions, 
(13a) 


(13b) 
(13c) 
tall, (13d) 
eae. (13e) 


The principle gains its full effectiveness if it is put to a 
double use: In the first place, the entire pattern of 
orbits expands but remains similar to itself as e€ is 
reduced; in addition, at a fixed but small energy the 
orbits in the reaction and Coulomb zones consist of 
families of similar orbits. 

The special position of the coordinate r is brought 
out by the theorem that in any orbit r has one single 
minimum and no maximum. We prove this by com- 
bining (8) and (12) in the form 


r—ar, 
XX 


7; 


mri = —4mir+imrxy?+hmry sin?x+e. (14) 


At a stationary radius r, the velocity * vanishes; 7 is 
then a sum of positive terms and is itself positive; 
hence 7 is increasing, and r has a minimum. In the 
special case of zero energy the possibility arises that 
all velocities vanish simultaneously; at such a point 7 
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is also zero, and higher derivatives must be brought in. 
We observe first from (12) that B is also zero, and then 
from (11) that @B/dy and @B/dy cannot vanish 
simultaneously with B (unless Z=} which is physically 
impossible); hence, from (9) and (10), the second 
derivatives of x and y cannot both be zero. The first 
nontrivial equation results then from (14) by differ- 
entiating twice. We find 


r=0, #=0, F=0, 71>. 

7 is thus again increasing as in the general case pre- 
ceding. The theorem makes the concept of “outgoing 
orbits” a rigorous one, permits measuring flux along a 
surface r=const, and suggests the use of r as inde- 
pendent variable in the place of ¢ if we wish to discuss 
the nature of the orbits. 

The two properties just proved yield, when combined, 
the fact that all orbits initially symmetric in the two 
electrons lead to the escape of both particles (double 
escape). This is a consequence of the fact that the 
equations, 


(15a) 
(15b) 
(15¢) 


x=/2, 

x=0, 

r>0, 
are preserved in time. 

In the work to follow we are only interested in the 
outgoing orbits. To discuss their shape we follow up 
the idea expressed above. We use as independent 
variable the quantity 


r= be?, (16) 


and eliminate the time by a standard procedure of 
mechanics. We find 


20 InB(x, ¥)/Ox+4x’ 


x'= ' 
1+ [ebe?/Ze?B(x, y) | 


x” —vy” sinx cosx 
17) 


t 
1+}x?+Jy” sin’x 


y+ 2x'7' cotx 


1+}y+ ly” sin?x 


, 


a. 


2 csc*xd InB(x, ¥)/dv+ dy’ 
7 . ta 
1+ [ebe2/Ze*B(x, 7) ] 


Here the primes denote differentiation with respect to q. 

Before discussing orbits in general it is useful to 
treat first the case of zero energy. The first theorem to 
be proved for this case is that almost all orbits end up 
asymptotically at x=0 or x= and that all these orbits 
lead to single escape only. A quick feeling for this 
statement can be gained by “switching off” temporarily 
the interaction of the two electrons. In the orbits 
leading to double escape the electrons then describe 
congruent parabolas in the same plane so as to cancel 
each other’s angular momentum, and the energy of 
each electron is zero separately. However, it is infinitely 
more probable that the electrons have equal energies of 
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opposite sign. One electron then describes a hyperbola, 
the other an ellipse; because of (2), x then approaches 
either 0 or w; double escape is not accomplished. 

In the presence of interaction between the two ele¢ 
trons the establishment of the theorem becomes very 
much more difficult, although it is intuitively just as 
reasonable. We start out from (17) and (18), with the 
denominator on the right-hand side equal to unity. 
The independent variable does not then occur explicitly 
in the equations, in accordance with the similarity 
principle. This means first that the orbits arising from 
the réaction zone differ from the generality of orbits 
only in a scale factor and thus share proportionately 
(17) 


me- 


in all types of asymptotic behavior. Second, Eqs. 
and (18) become the equations of a simulated 
and 


This 


chanical system in which g is the simulated time 


which possesses a simulated energy relation. 


relation is seen to be 


(d/dq){ n+iy?+ hy’ InB(x, y) | 


* sin*y ) 


h(y”"-+-” sin’x). (19) 


The equation is one of a dissipative mechanical system, 
The geometry corresponds to the surface of a sphere on 
which x is the pole distance and y the azimuth. The 

InB(y, y), it 
projec tion; the 


potential energy on this surface equals 
in Fig. 2 
hemisphere not shown is identical with the one shown. 
The figure is drawn for the case of atoms that is Z=1; 
however the picture remains qualitatively the same as 
long as Z>}. We see at the bottom an inaccessible 
domain, surrounded by an infinite potential wall; this 
is the region where the true potential, —e’B/r, 
positive. Within the accessible area no stable minimum 
exists. The lowest regions are two infinitely deep troughs 
at x=0 and x These features together with the 
dissipative structure of (19) prove that x must almost 


is shown in stereographic 


is 


T. 


ereographic projection of the simulated 
lhe second hemisphere is a mirror image 


Fic. 2. Plot in st 
potential —InB(x, y) 
of the one shown. 
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always end up in one of them; this is the first half of 
the theorem. The second half is proved by analyzing 
the asymptotic behavior of x near one of the troughs, 
say x=0. In this limit, the potential term in Eq. (17) 
becomes positive and very large. Neither a term in y” 
nor one in x’ can balance it in the mean, although they 
may make contributions of this order during certain 
periods. The reason is that x becomes small by assump- 
tion and hence x’ and y” are either small themselves 
or, if they are large, they necessarily oscillate in sign to 
keep x converging to zero. The balance must therefore 
be provided in the mean by the second term on the 
left; this equivalence xy”? / (1+ ix? +ivy”) 

2/x. Multiplying up with x and adding a term on 
each side we it in the form (x?+ y7y”)/(1+4x? 
+ xy?) = 2+x/(1+ix?+ix'y), or (x?+x*y")/(1 
+ 4x?+ Ix°y”) 2 2. This yields finally x”?+ *y"2 4. We 
now apply this result to Eq. (19). The kinetic energy 
term is then seen to be completely negligible; the 
remainder becomes x~'dx/dgS —1, and finally xS Ae~¢, 
or, with (16), x-r Ab. This is the desired result which 
proves the theorem. 

In looking for orbits leading to double escape at zero 
energy we look for a manifold whose dimension 1s lower 
than the total. This manifold is represented by unstable 
ridges or points in the simulated potential diagram of 
lig. 2. There is one unstable equilibrium point at 
x= 1/2, y=. For this point the equations for the orbit 
vanish identically; physically this means that the 
symmetric escape of two electrons in opposite directions 
retains this character in future times. Connected with 
this point in Fig. 2 there is an unstable ridge x=7/2. 
This is the set of symmetric orbits. We have already 
shown that all of them lead to double escape; Fig. 2 
permits us now to describe their behavior in y. The 
potential in y has a stable minimum at y=7 flanked by 
inaccessible towers near y=0 and y=22. The motion 
is therefore oscillatory about y= with gradually 
decreasing amplitude because of the dissipation feature 
of Eq. (18). 

The symmetric orbits are lower by two dimensions 
than the total set of orbits. This may be seen from (15). 
However, at zero energy the total set of orbits leading to 
double escape has only one less dimension than all orbits; 
all these orbits approach asymptotically the point x=7/2, 
y=n. It is again useful to check this theorem in a 
preliminary way for the case with ‘switched off” 
electron-electron interaction. The case discussed here is 
the one where the electrons run in congruent parabolas 
in the same plane, but with a difference in their timing. 
The asymptotic behavior in these parabolas is 1; 
~A(t—)!, re~ A (t—te)!. With the definition (2) of r 
and x this yields easily 


reads 


get 


y—m/2~ (ty—-te) (A/r)!. (20) 

‘The ambiguous language used here arises from the fact that 
we must average over several cycles of the quasi-elliptic motion 
of the electron staying behind; I was unable to find a rigorous 
averaging process accomplishing this. 
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Equation (20) not only proves the theorem for the case 
Z= (except for the y-part of it which is not true in 
this limit) but also exhibits the manner in which the 
limit is reached. We now are to explore this behavior 
for Z general. In Fig. 2 this means that we must analyze 
the orbits which start out away from the ridge x= 7/2 
but for which x and x’ are just balanced so that x’ 
vanishes asymptotically as x—>/2. The existence of 
such orbits is made abundantly clear by Fig. 3. The 
figure shows this exceptional curve x(g) which results 
from numerical integration of (17) in the particular 
case y= (which is a stable valley). Usually we have a 
doubly asymptotic behavior around x=7/2 and y= 
which is handled conveniently by linearizing (17) and 
(18) around this point. For this purpose the function 
B(x, y) defined by (11) is to be replaced by the expan 
sion 


? 


1 1 13 
B(x, y) = 2vV2—-v2—-+ ( 
2 & #2 


(y—7)?. 


Equations (17) and (18) then read, 
1 12Z—1 T 

9 femal (x- ) =0), 
2 8Z—2 2 


(y—7)=0. 


The asymptotic motion in x separates from the one in 
y. The general solution is 


Y-1 /I=e 49(C ye beat Coetiva) (24) 


y—m=Cye~*4 cos(Zpqg+Cs). 
Here we have set for brevity 


u=3[ (100Z—9)/(4Z—1) }}, 


p= 4{(9—4Z)/(4Z—1) }}. 


The solutions form a four-dimensional manifold among 
which the symmetric subset is selected by the two 
constraints: C;=0, C2=0. Because of the inequality, 


p=5/2, (28) 


the solution will diverge from the ridge x=2/2 unless 

‘’,=0. Thus the total set leading to double escape is 
obtained by this one constraint. Thus the theorem is 
proved, and the exact asymptotic behavior, 


x—1/2~C,(b/r) 44, (29) 


is derived. The formula agrees with (20) in the appro- 
priate limiting case. It should be observed before leaving 
this subject that the solutions (24) and (25) satisfy the 
similarity principle in its stringent form. We accomplish 
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Fic. 3. Orbit leading to double escape along the “valley” 
y=. Abscissa origin is arbitrary. This is to exhibit that orbits 
leading to double escape generally start from asymmetric initial 
conditions. 


the similarity transformation (13) by the substitution 
Croat C), (30a) 


(30b) 


o- 7a 1+44uCy, 


Cyroa "45 (30c) 


CyroC y+ $p Ina. ‘ (30d) 


In view of the factor 6 included in the definition (16) 
this means that an orbit belongs to those emerging from 
reaction zone if |C;!, |C2!, and C3 are below certain 
numerical limiting values; these values are complicated 
functions of each other and of C4. 

We now pass to the discussion of the orbits of finite 
energy e. The physical idea followed in their treatment 
is extremely simple and requires no computation. An 
easy presentation can be given which does, however, 
leave unproved several important features. A logically 
complete discussion of these orbits can be given instead, 
in which we find the basic reasoning obscured by 
analytic details. The first type of reasoning will be 
given now, and the second will be found in the appendix. 

In this semi-inluitive approach to orbits of finile «we 
first observe by inspection of (17) and (18) that there 
is no difference between the orbits*of zero energy and 
of small energy in the reaction and Coulomb zones 
Hence an identification of the two orbits can be made 
It is then intuitively reasonable that all orbits which 
led to double escape at zero energy will continue to do 
so at finite «. This means, as previously, that the set 
selected in the first asymptotic range by setting C» in 
(24) equal to zero and leaving C,, C3, and C, arbitrary 
still leads to double escape. However, because the 
energy is finite, other orbits will also be possible now, 
and thus the possible range of C2 is presumably widened. 
The way in which this widening takes place is the 
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central piece of information to be transferred to Sec. IV. 
From the similarity law (13) and the definition (5) it 
follows that at fixed energy ¢ the surface separating 
double from single escape can depend on r and ¢ only 
through the combination r/c or er. Now the divergent 
solution in (24) has the form 


yx —m/2=C2(r/b) 4, (31a) 


To make r/c appear we substitute 


Co= D(b/c)*-!. (31b) 


The selection of possible values of D leading to double 
escape cannot be dependent on energy. It is reasonable, 
and is proved in the appendix, that small values of D 
indeed do lead to double escape. Hence there must be 
some maximum value Dax, where double escape 
ceases. Through (31b), this imposes in turn a limitation 
on Ce 

Dax (b/c)*~4, 


(C2) max = (32) 


or with (5) 


(C2) max & 4, (33) 


Equation (33) is the desired relation between the range 
of C2 and the energy. 


Ill. THE QUASI-ERGODIC ASSUMPTION 


We now come to the difficulty of principle mentioned 
before, which arises when one attempts to extend 
Wigner’s method’ without modification to reactions 
involving three particles. 

In the problems discussed in Wigner’s paper it is 
always true that if the particles come out of the reaction 
zone with sufficient energy to escape each other they 
will finally succeed, the only question being the rate at 
which this will occur. The reason for this is that the 
wave function for the two-body problem is completely 
specified by the magnitude of the conserved quantities: 
momentum, angular momentum, energy, and_ the 
specification of the sense in which the motion proceeds. 
In the three-body problem the same information still 
leaves us with an infinity of solutions. 

In the case under discussion, this indeterminacy 
shows up as follows: Suppose we know that two elec- 
trons recede from an ion with zero angular momentum 
and fixed energy. Their wave function must then be an 
outgoing wave in the coordinate r. But its dependence 
on x and y is fixed by continuity requirements with 
the reaction zone and cannot be known without a 
closer knowledge of the ionization process. If we are to 
determine a threshold law without knowledge of the 
reaction mechanism, then we must try to do it without 
such detailed information. 

I propose to derive in the following the rate of 
ionization by computing the volume in phase which 
escapes per second from the reaction zone and which is 
subtended by orbits leading to double escape; this 
volume will shrink as the energy excess above threshold 
is reduced, this shrinkage I presume to be the variation 
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of the cross section with the energy because all other 
features of a complete calculation do not vary critically 
with the energy. The easiest way to justify this pro- 
cedure is to make an ergodic assumption for all re- 
dundant degrees of freedom, that is, by assuming that 
in the neighborhood of the reaction zone the density 
of representative points of the system in phase space 
is constant in the mean. 

Proceeding with the derivation on the basis of this 
ergodic hypothesis would be logically clear and unam- 
biguous, but it would leave the result open to criticism 
which is generally not justified. It is therefore worth 
while at this point to investigate how serious a de- 
parture from ergodicity is needed to make the proposed 
calculation wrong. In the first place we may replace 
the uniform distribution by a variable one, which has 
no zeros or infinities. In other words we can allow 
nonergodic, but smooth nonvanishing distributions of 
energy between the two particles, or in the angle y. 
lor y we can go even farther; because of the decoupling 
of the motions in y and x exhibited in Eqs. (22) and 
(23) or (a) and (b) of the Appendix, we may allow any 
distribution in y whatever provided only that the 
probability for y=0 is of measure zero compared to all 
other angles. For x we cannot go quite so far, but we 
can allow zeros in the distribution if only the dimen- 
sionality in phase space of the zero is less than that of 
the double escaping pencil at zero energy. 

The case for x just discussed actually arises in 
connection with spin. The two electrons can come out 
in either a singlet or a triplet state. In the former case 
the coordinate wave function is symmetric, in the 
latter case antisymmetric. This means that the entire 
symmetric subset of orbits discussed in Sec. II is wiped 
out for the triplet state. This will affect the probability 
in its factor but not in the threshold law, because the 
symmetric orbits are in relation to all double-escape 
orbits at zero energy as a single point on a line, and 
hence not sufficiently numerous to produce a change of 
dimension in the limiting probability. In consequence 
we would predict that the triplet and singlet configur- 
ations have the same threshold law but that the ratio 
3:1 in the factors may very well be reduced by the 
exclusion principle. 

We conclude therefore that, while the correctness of 
the proposed procedure cannot be proved, it can be 
made plausible beyond reasonable doubt. An extremely 
strong selectivity would be required in the ionization 
process to make the result wrong. 


IV. DERIVATION OF THE THRESHOLD LAW 


The quantity to compute in the following is the 
number of representative points in  six-dimensional 
phase space which, at fixed density, leave the reaction 
zone per unit time along orbits leading to double escape. 
If the number for such orbits were divided by the same 
number for all orbits, then the probability of ionization 
would result. However, the latter quantity is certainly 
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not critical in the energy, so that the division is not 
necessary for the purpose at hand. 

The way the computation will be carried out is to 
define all but one of the integration variables in such a 
way that in the limit of zero energy these variables 
have a finite range within the manifold leading to 
double escape. The last variable (together with the 
Jacobian) will then be predetermined by what we mean 
by phase space, and the result of this last integration 
as a function of the energy excess will yield the threshold 
law. 

The volume 2 of a portion of phase space is given by 
the formula 


Q= SS SLL [ecrrarrarap, (34) 


We are working in the intersection of this volume with 
a hypersurface of constant energy; this demands that 
we introduce € as one of the variables of integration 
into (34). If we substitute ¢ for p, from (12), we get 


drdedyd p,dxdp, 
PriT, €, Vs Pry X» Pr) 
and for the intersection of 2 with a surface of constant 
energy € 


(35) 


drdyd p,dxdp, 

wns $0 cee, 

Prl, € Vs Pry Xs Px) 

Actually we want not a volume but a volume flux, that 

is, the volume swept out by a set of points in a very 

small time dt, divided by dt. If we choose as reference 

hypersurface a hypersphere, then the integration over 
dr is to be omitted, and we find 


dQ. (dr/dt)dyd p,dxdp, 
(°) off 
dt pall pr 


The two factors under the integral sign cancel each 
other, and we end up with 


dQ,/dt= fff ferararars 


The integration is to be taken over the four-dimensional 
hypersurface cut out of phase space by the conditions 
e= const and r= const. In principle, this second constant 
can be given any fixed value we please. In practice 
however we must place the integration into a region 
where the behavior of the orbits is well understood. 
This is the first asymptotic range. In this domain q is 
large compared to unity because of (16) and the con- 
stant Cz is small because of (j). Hence all terms in 
(24) and (25) are small, and the use of the linearized 
equations is ex post facto justified. It is therefore 
possible to transform the fourfold integral (36) into 


(36) 
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one over C, Co, C3, and Cy. The first steps are 


dydp,dxdp, = ridydydydx 

=m'ridydy'dxdx’ 

=V2me?(4Z —1)rdydy'dxdy’. 
Here the primes denote differentiation with respect to q. 
Use has been made of the fact that the orbits cluster 
around yx=7/2, y=7 and that factors can be evaluated 
as of this point. The factor showing above does not 
contain e. We now find easily from (24) and (25) 


O(y, v’, x, x/)/O(C1, Co, Ca, Ca) = } ppCze~*= SppC3b/r, 


and hence 


qd, 1 
= —me*(4Z—1 ro ff ff "ad C dC odC yd. (37) 
dt v2 


It is to be observed that (37) contains an incidental 
check on the calculation, namely, the disappearance of 
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lic. 4. Theoretical yield versus energy curve for single ion 
ization of atoms by electrons. To produce a straight line the 
0.8874th power of the yield should be plotted against energy. 


r from the integral: dQ,/dt comes out independent of 
the position of the hypersphere as it should. The part 
under the integral breaks up as desired. From the 
discussion in Sec. II and the Appendix it follows that 
C1, C3, and C, have finite ranges, while C2 is limited by 
(33) or (1) if we are to stay within the pencil leading to 
double escape. Hence the integral is limited in the same 
way, and we get 


dQ, /dt« @**. (38) 


This is the looked-for threshold law. By the arguments 
given the yield and the cross section are expected to 
vary in the same manner. For the important case of 
atoms when Z=1 we get from (26) 


(39) 


dQ, /dt ac ¢! 12689 


Figure 4 shows the variation of yield versus energy 
predicted from Eq. (39). The line appears almost 
straight, with a slight upward bend; its main distinction 
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is that the threshold is entered with zero slope. The 
curves resulting from (38) for the ionization of ions, 
that is Z>1, are qualitatively similar. The resemblance 
to a straight line is more marked because the exponent 
is much closer to unity than in the case (39). 


V. CONCLUDING REMARKS 


Bates, Fundaminsky, Massey, and Leech® have dis- 
cussed among other things ionization by electrons, 
making use of the Born approximation. In Table III 
of their paper they give the threshold laws obtained 
from their calculation and find for the process discussed 
here a variation with the first power of the energy 
excess. They indicate that this is the right answer, 
because the Born approximation is known to give cor- 
rect threshold laws, as pointed out by Wigner.’ It 
should be remembered however that this is true only if 
the correct wave function is used for the final state. 
Their heading indicates that they used a Coulomb wave 
function for one escaping electron and a plane wave 
for the other. This would indeed be a very poor choice. 
I have checked this point and find that their heading is 
probably accidentally labelled incorrectly. The result 
which they state arises if both electrons are given 
Coulomb wave functions; this is the most reasonable 
simple choice one can make. It is discussed in this 
paper as the case of ‘switched off” electron-electron 
interaction or Z—»*. For this case, I find exactly the 
same answer as they do, and this should strengthen the 
confidence in the calculation method used here. How- 
ever, their answer is not really correct; the Coulomb 
functions are the best ones we can think of, but they 
are not right. The correct functions are the quantum 
solutions of the three-body problem. These have been 
discussed by Gronwall® and Bartlett,’? but nobody has 
been able so far to make use of them in a wider context. 
The present quasi-statistical derivation is therefore the 
only one which takes into account the specific three- 
body feature of the problem. I believe that its non- 
rigorous features are justified and that the answer (39) 
is the right one. This implies the belief that Bates and 
his co-workers would have found this same answer if 
they had used the correct three-body wave function 
for the final state. 

In conclusion, I want to express my thanks to Dr. C. 
Herring and Professor E. Wigner who have helped me 
in clarifying the ideas which underlie this derivation. 


APPENDIX 


In the text a derivation of Eq. (33) was presented 
which made no use of any property of the orbits of 
finite € except the similarity law. It did however make 
certain assumptions about them which appeared in- 
tuitively reasonable. These assumptions will now be 


6 Bates, Fundaminsky, Massey, and Leech, Trans. Roy. Soc. 
(London) 243, 93 (1950). 

*T. H. Gronwall, Phys. Rev. 51, 655 (1937). 

7 J. H. Bartlett, Phys. Rev. 51, 661 (1937). 
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investigated, and it will be found that we arrive at the 
same conclusions. 

The essential requirement is the possibility of follow- 
ing the solutions (24) and (25) from the first into the 
second asymptotic range. This can indeed be accom- 
plished. We start over again from (17) and (18), 
keeping the denominator on the right this time. Linear- 
ization around x=2/2, y=a proceeds as before via 
Eq. (21); we find the following generalizations of (22) 
and (23): 


1 12Z—1 1 b 
"ty'-| x'+ (: )I/ (+ “), (a) 
2 2(47—1) Z Cc 


1 1 


b 
'+y'=| : on on |/ (ite), (b) 
Z 2(4Z—1) € 


These equations are explicitly soluble in terms of 
Legendre functions. Setting 


z=[1+ (b/c)e? }t= (14+1/c)!, (c) 


we find 
x —2/2= (22—1)-*(_D,0;"(2) + DPy*(s) |, (d) 


y—m= (2?—1)- (D3 + iD) Py'?(s) 
+(D;- Dy) Py *(z) |. (e) 


The solutions contain r only in the combination r/c as 
required by the similarity principle. Inspection of (c) 
shows that the first asymptotic range discussed previ- 
ously lies near s=1; the second asymptotic range is 
reached for large z. Consideration of the subset C2=0, 
which is known to produce double escape for zero 
energy, requires analysis of Eq. (d). Qj4(z) is a 
solution which vanishes at infinity as z~4; hence it is 
rigorously true that the solutions D.=0 lead to double 
escape in which x—»7/2. However, small values of D2 
will also lead to double escape because P;“(z) diverges 
as zt! and y—2/2 approaches thus a finite value of 
the order of D». For large D» the linearization procedure 
breaks down, but the quantities D can still be defined 
as the multipliers of the first term in a perturbation 
treatment of (17) and (18), starting from (a) and (b). 
The similarity principle then demands that there be 
some positive Diusx and some negative —Din which 
separates for each triple D,, D;, Dy the values of D, 
leading to double from those leading to single escape, 


=D). ie max, (f) 
0<Dryin=Dmin(D1, D;, D,), (g) 
0< Daz =Dmax(Dy, D;, D,). (h) 


The important point is that because of the similarity 
principle these relations cannot contain the energy e 
explicitly, even outside the linear range. To compare 
the C’s defined in the text and the D’s defined here, 
the expansions of the Legendre functions around z= 1 
are needed. If we complete the definition of Py“(z) by 
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demanding that it vanish at z=1 and compare the 
expression (d) with (24), we get 


FOR 


SINGLE IONIZATION $25 
limited by the size of the reaction zone. Now as D, 
passes through its finite range allowed by (f), C2 varies 


C= Aj(c/b)#D,, (i) independently of C,; within a small range; this range is 
given by 
( ~= Aol(b ‘C) i 1M Do+. { 3(b ‘c)*C. 


Here A,, 42, A; are numbers. These equations show 
that as D,, D;, Dy vary over their range and Dy is 
zero, (), (3, Cs do likewise, while C, takes a finite value 
linked to C;. However for small ¢, that is small }/c, 
this value is very much smaller than C; which itself is 


(j) ACo= A2(b/c)* 1(Dmint+Dmax), (k) 


and hence 
AC "9 & Pale (1) 


The relation (k) is equivalent to (32), and (1) to (33); 
thus the simple reasoning yielding (33) is justified. 
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The Stopping of Heavy Ions in Gases 


G. E. Evans, P. M. Stier, anp C. F. BARNETT 
Oak Ridge National Laboratory, Oak Ridge, Tennessee 
(Received October 6, 1952) 


Phe extrapolated ionization range for the ions Het, N*, Ne*, and At in the stopping gases He, No, air, and 
\ has been determined as a function of energy in the energy range from ca 20 kev to ca 250 kev, using mono 
energetic heavy ions produced in a Cockcroft-Walton accelerator. A collimated beam of heavy ions is ad 
mitted to the range chamber via a three-stage differential pumping system so as to avoid the use of foil 
windows. The range was determined using a parallel plate ionization chamber mounted so as to permit 
translation parallel to the axis of the beam. It has been found that the range as measured at a pressure P is 
not inversely proportional to P, and an interpretation of this pressure effect has been given in terms of large 
angle scattering of the ions into regions outside of the volume swept out by the ionization chamber. A 
method of correcting for this pressure effect has been developed and applied to the data to yield range 
energy curves which are independent of the ionization chamber size. The space distribution of ionization 
produced in a gas by a collimated beam of heavy ions has been determined for the same combinations of 
incident ion, stopping gas, and energy as above. The attenuation of the beam of ions is found to be ap 
proximately exponential in the axial direction and approximately Gaussian in the lateral direction. A 
method has been developed for computing the shape and size of a given ionization density contour at a given 


pressure if it is known at another pressure and the same energy 


I. INTRODUCTION 


HE problem of determining the rate and mecha- 

nism of energy loss of high energy charged par- 
ticles in matter has received a large amount of attention, 
both experimentally and theoretically, during the past 
few decades. The range, specific ionization, scattering, 
and straggling of protons, deuterons, and alpha-particles 
have been determined over wide energy intervals by 
various investigators and comprehensive summary re- 
ports have been published.' The theory of the mecha- 
nism of energy loss by these light particles is sufficiently 
well understood to allow a quantitative description of 
the processes of elastic and inelastic scattering in terms 
of simple classical or quantum-mechanical models, and 
the criteria for the validity of the models have been 
determined.? A much smaller amount of experimental 


'H. A. Bethe, Atomic Energy Commission Report AECU 347 
(BNL-T-7); Aron, Hoffman, and Williams, Atomic Energy Com- 
mission Report AECU 103 (UCRL 121 rev, 2nd ed.) (unpub- 
lished). 

2 See, e.g., H. A. Bethe, Revs. Modern Phys. 22, 213 (1950); 
M. S. Livingston and H. A. Bethe, Revs. Modern Phys. 9, 245 
(1937); E. J. Williams, Revs. Modern Phys. 17, 217 (1945). 


work has been done on the range and specific ionization 
of fission fragments, yet even in this much more complex 
problem, qualitative agreement between theory and 
experiment has been achieved.* 

In almost all of the research done in this field in the 
past, the velocity of the incident ion has been large 
compared to the velocity of its outermost electrons. 
Furthermore, in a majority of the previous research, 
the mass of the incident ion has been small compared 
to the atomic mass of the stopping material. There 
remains a large and practically unexplored field of 
penetration phenomena in which the velocity of the 
ion is of the same order of magnitude or smaller than 
the velocity of its outermost electrons, and in which 
the mass of the incident ion is allowed to vary over 
wide limits. Work within this latter field has been 
limited because of the major difficulties in theoretical 
interpretation of results‘ and because the experimental 

3 Katcoff, Miskel, and Stanley, Phys. Rev. 74, 631 (1948); N. O 
Lassen, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 25, 
No. 11 (1949). 


4N. Bohr, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd 
18, No. 8 (1948). 
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lic. 1. Differential pumping system and range chamber 


techniques which have been developed in the study of 
high energy charged particles do not apply to this lower 
energy region. (In particular, 
windows to separate various portions of the path of 
such particles because of their very short range in 
solids, and pulses produced in counters are too small 
to allow accurate differential pulse height analysis.) 

The almost complete lack of either experimental or 
theoretical information as to the behavior of charged 
particles in this energy region does not imply that this 
information is of little significance. The recoil particles 
produced by bombardment of materials with high 
energy charged particles or with fast neutrons fall 
within this energy range, and it is to these recoil parti- 
cles that the effects known as “radiation damage”’ are 
in part ascribed. While a large percentage of the total 
ionization produced by high energy radiation occurs 
within an energy region where theoretical interpreta- 
tion is possible, a majority of the lattice displacements 
in solid stopping materials occur for particle energies 
so low that neither classical nor quantum-mechanical 
interpretations have more than order-of- 
magnitude success.® 

This paper is the first report of an experimental 
program of study of the properties of low energy heavy 
ions.* The masses of the ions which are being studied 
vary from 1 to 40 atomic mass units, including hydro- 
gen, helium, nitrogen, neon, and argon, and the energy 
of the ions is variable from a few kev to several hundred 
kev. Various stopping gases are employed, including 
helium, nitrogen, air, and argon. The properties which 
are being investigated include range-energy relation- 
ship, specific ionization, HW (electron volts per ion pair), 


foils cannot be used as 


achieved 


5 F, Seitz, Disc. Faraday Soc. (No. 5) 271 (1949). 

® Oak Ridge National Laboratory, Physics Division, Unclassified 
Quarterly Reports: ORNL 1289, ORNL 1278, ORNL 1164 (un 
published). 
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stopping (dE/dx), range straggling, elastic 
scattering, and electron capture-loss phenomena. Re- 
ported in this paper are the results of experiments on 
the range-energy relation and on the space distribution 
of ionization produced by heavy ions. 


power 


II. PRODUCTION OF THE ION BEAM 


Ions for use in these experiments were produced in a 
Phillips Ionization Gauge type source and accelerated 
in a conventional Cockcroft-Walton type accelerator. 
The accelerating voltage has been calibrated against 
known nuclear reactions and is accurate to within about 
high voltage supply is very stable, 
varying less than 0.2 percent in voltage over a period 
of 15 minutes or more. which will be 
described in more detail elsewhere,’ is capable of pro- 
ducing heavy ion currents at the target position of 0.5 
ma or higher and has operated stably for an operating 
life of more than 500 hours. The maximum fluctuations 
in ion source output current can be held to less than 
1 percent over a period of 15 minutes or more. After 


1 percent. The 
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Fic. 2. Typical range-ionization curve for low energy heavy ions. 
(N* ions in air). 


passing through a magnetic mass analyzer, the beam of 
monoenergetic heavy ions enters the gas target as- 
sembly by means of the differential pumping system 
shown in Fig. 1. 

In addition to affording entrance of the ion beam 
from the vacuum of the accelerator tube into the 0.1 
20-mm Hg pressure of the gas target without passing 
through solid foils, the differential pumping system 
pinholes serve as efficient collimators, producing a beam 
approximately 0.030 inch in diameter. The pressure 
drops by a factor of approximately 100:1 across each 
pinhole of the system. 

III. THE RANGE-ENERGY RELATION 

The equipment used for the experimental deter- 
mination of the ionization range is shown schematically 
in Fig. 1. A collimated beam of monoenergetic heavy 
ions enters the range chamber via the differential 
pumping system pinholes, and the ionization current 


7 Barnett, Stier, and Evans, Rev. Sci. Instr. (to be published) 
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produced in a parallel plate ionization chamber is 
measured using a balanced bridge electrometer.’ Ions 
enter the ionization chamber through a_ high-trans- 
parency stainless steel grid maintained at 22 volts 
negative with respect to ground. The effective size of 
the ion chamber is 3 inches in diameter and 0.040 inch 
thick. This thickness is less than 1 percent of the 
smallest ranges measured (approximately 4 inches), and 
hence the recorded distance to the ionization chamber 
was measured relative to the geometrical center of the 
chamber. The stainless steel tube supporting the ion 
chamber slides in a Wilson seal and is attached to a 
synchronous motor drive to permit automatic record- 
ing of range curves. In order to reduce the number of 
runs which must be rejected because of a shift in 
operating conditions during the run, the speed of the 
drive motor was set as fast as was consistent with the 
speed of response of the electrometer and recorder. 
The electrometer output is recorded on a Speedomax 
recorder, and fiduciary marks are supplied by a system 
of microswitches attached to the ionization chamber 


8 
3 
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Fic. 3. Range-energy relation for N2* in air at various pressures. 
drive mechanism. The fiduciary marker system was 
machined to a tolerance of 0.005 inch, so that the 
measurement of axial distances should introduce a 
negligible error. The pressure of gas in the range 
chamber is measured by two McLeod gauges cali- 
brated to 1 percent accuracy and checked against each 
other at least daily, and is continuously monitored by 
means of an Alphatron’ gauge. A typical range curve 
obtained with this equipment is shown in Fig. 2. Such 
curves obtained under operating conditions comparable 
except for changes in initial ion beam intensity by a 
factor of as much as 100 agree to within 2 percent, in- 
cluding subjective errors in selecting the straight line 
portion of the curve. It follows that within the range 
of initial ion beam intensities available, the extra- 
polated ionization range as measured is independent 
of the initial ion beam intensity. The data presented 
have been taken from the results of over 500 ionization 
current versus distance curves similar to Fig. 2. 


8 Employing a General Electric 5674 Electrometer tube; see 


J. M. Lafferty and K. H. Kingdom, J. Appl. Phys. 17, 894 (1946). 


HEAVY 


IONS IN GASES 827 

From curves such as Fig. 2, values of the extra- 
polated ionization range at pressure P, (Rp), are ob- 
tained by extrapolating the linear portion of the 
curve to intersect the base line at zero electrometer 
current. From these values of Rp the computed range 
at NTP (20°C, 1 atmos) is determined by multiplying 
by P/760; the symbol R4 will be used for this range at 
NTP expressed in millimeters. 

Values of Ry are shown as a function of energy E in 
Fig. 3 for Not stopping in air. It is evident that the 
value of Ry at a given energy is a function of the pres- 
sure at which the range was determined. Similar plots 
of R4 vs E for other incident ions and stopping gases 
demonstrate that this “pressure effect’ is most pro- 
nounced for M@,= M2 and at low energies, where M, and 
M, are the atomic masses of incident ion and stopping 
gas respectively. These facts considered together with 
the geometry of the range chamber suggest that the 
pressure effect is due to elastic scattering of ions 
outside of the cylindrical volume swept out by the 
ionization chamber, so that at lowypressures a smaller 
percentage of the total ionization is detected by the 
ionization chamber, particularly for large values of the 
axial distance R. As a result the apparent range R,4 is 
smaller when measured at low pressures than when 
measured at higher pressures.’ This pressure effect could 
be eliminated either by use of a very large ionization 
chamber so as to collect all of the scattered ions, or by 


40 ' ' | , 
f | | 


lic. 4. Extrapolation of ionization range to high pressure. 


’'T. A. Jorgensen and co-workers (private communication) 
have described a similar effect in range determinations for low 
energy protons in various stopping gases and have independently 
reached a similar interpretation. In the Jorgensen experiments 
the effective diameter of the ion chamber is variable, rather than 
the pressure 
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Fic. 5. Range of various ions in helium. 


using a sufficiently high pressure to confine all of the 
scattered ions within the volume swept out by the 
ionization chamber. Since it was not found practical 
to meet these conditions experimentally, the effect of 
pressure upon the range was corrected for by plotting 
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Fic. 6. Range of various ions in nitrogen. 


the values of R4 obtained at various pressures against 
1/P and extrapolating to 1/P=0. Values of this cor 
rected extrapolated ionization range Re are shown in 
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Fic, 7. Range of various ions in argon. 
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Fig. 3 and are seen to fall on a straight line within the 
errors of the experimental technique. A typical plot of 
R, versus 1/P, for the data from which Fig. 3 were 
drawn, is shown in Fig. 4. While a curvilinear extra- 
polation is well known to be highly dangerous as a 
source of indeterminate error, it is felt that the Re 
versus E curves give a better representation of the 
ionization range-energy relation than do the uncor- 
rected R, vs E curves. Values of Re or Rag as a 
function of E for various ions stopping in He, No, and 
\ are shown in Figs. 5, 6, and 7. For those incident 
ion-stopping gas combinations where insufficient data 
were available to carry out the extrapolation against 
1/P a typical curve of Ry vs E is shown, together with 
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Fic. 8. Gas chamber for study of ionization distribution 

the pressure at which the experiment was performed. 
Most of the range-energy curves are nearly linear, and 
when extrapolated intersect the zero energy abscissa at 
positive range values. This implies that in this energy 
region the total stopping power is nearly constant, but 
will decrease at lower energies. 


IV. SPACE DISTRIBUTION OF IONIZATION 


The gas target shown attached to the differential 
pumping system in Fig. 8 was constructed to study the 
axial and lateral extent of the ionization produced when 
a collimated beam of ions enters a volume of gas. The 
small ionization chamber has an active volume of 
about 1 mm? and is mounted eccentrically on a rod 


sliding in a Wilson seal, so that by suitable rotation 





STOPPING OF 
and translation of the supporting rod the ionization 
chamber can be positioned at any representative axial 
or lateral position relative to the point of entry of the 
beam into the gas. The ionization chamber consists of 
two parallel plates, the lower serving as the electron 
collector and the upper containing a 0.06 of an inch 
diameter hole for entrance of ions. In normal use the 
upper perforated plate was maintained at a negative 
potential of about 45 volts. The ionization chamber is 
shielded with a grounded wire grid. 

Typical plots of ionization density C vs location in 
space (R,r) are shown in Figs. 9-11. The ionization 
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Fic. 9. Space distribution of ionization: He* ions in argon. The 
numbers shown adjacent to the various contours are the appro 
priate values of C 


density is here defined as the ionization current at (R,r) 
divided by the volume of the ionization chamber, 
multiplied by the ratio of a fixed reference current 
(100 units) to the ionization chamber current at the 
position (0,0); where R and r are the axial and lateral 
distances of a given point from the point of entry of 
the beam at (0,0). The values of r were determined for 
a given value of C by measuring the angle 24 between 
the two positions of the ionization chamber (one on 
each side of the beam axis) for which the measured 
ionization density is C. The corresponding value of r is 
then directly obtained from the value of sin(@/2) from 
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Fic. 10. Space distribution of ionization: A* ions in helium. The 
numbers shown adjacent to the various contours are the appro- 
priate values of C 
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Fic. 12. Photograph of the luminescence produced by the beam 
He* ions in argon. Energy = 136 kev. 


the relation r= 2d sin(@/2) where d is the length of the 
eccentric arm supporting the ionization chamber. In 
Figs. 9. 10, and 11, the ionization density curves are 
shown reflected at the beam axis, assuming radial 
symmetry, in order to demonstrate the shape more 
directly. Similar systems of contour curves have been 


obtained for the other possible combinations of the 








Fic. 13. Axial attenuation of ionization: A* ions in argon 
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incident ions Het, Net, Nt, and A? in the stopping 
gases He, No, and A at a variety of pressures and initial 
energies. 

In Fig. 12 is shown a photograph of the beam (Het 
in Aat 136 kev, P= 26-mm Hg) taken through a window 
in the side of the gas target assembly. The similarity 
of the luminous region in tae gas and the contour plot 
of ionization density shown in Il’ig. 9 is evident. 

In Fig. 13 is shown the variation of the ionization 
density along the axis of the beam, for argon ions 
stopping in argon gas, as measured with the small 
(1 mm*) ionization chamber. An exponential attenu- 
ation along the axis of the beam could be explained in 
terms of elastic scattering of ions from the beam axis, 
which should follow an exponential law if the axial 
attenuation of ionization current measured by a very 
small ionization chamber is due primarily to loss of 


Fic. 14. Radial attenuation of ionization: At ions in argon 
ions from the central beam rather than to reduction in 
the energy of ions in the central beam. 

In Fig. 14 is shown the variation of the relative 
ionization along a line normal to the axis of the beam, 
5 inches from the entrance pinhole. On the same graph 
is shown a Gaussian curve fitted to the experimental 
data at radial distances of zero and one inch. The 
experimental data are represented quite well by a 
Gaussian curve for small values of r, but for large 
values of r the ionization density is greater than that 
corresponding to a Gaussian distribution. 

By combining the results shown in Figs. 13 and 14, 


it is possible to represent the over-all distribution of 


ionization in space by an empirical formula of the type 
C=exp(—AR—Br’/R’*). Since the axial attenuation 
is not strictly exponential and the radial attenuation 
is not strictly Gaussian, it is evident that the product 


above will combine the errors of both approximations. 





STOPPING OF 
Figure 15 shows one ionization density contour for 
argon ions in argon gasat 136 kev, P=0.38-mm Hg fitted 
by the function C=exp(—0.37R—83.5r°/R?). 

In the experimental determination of ionization 
density contour shapes, it has been found necessary to 
adjust the pressure so as to obtain contours whose 
physical size falls within fairly well defined limits. 
Contours which are too large suffer interference from 
the walls of the scattering chamber, while contours 
which are too small do not permit accurate measure- 
ment of distances. It has not been found possible to 
select a single scattering chamber pressure which gives 
satisfactory experimental results for the wide range of 
parameters (M,, M2, and £) available. Hence, it is 
necessary to determine the manner in which the shape 
and size of a given contour varies with pressure in order 
to present results under standardized conditions. It is 
not possible to compute the shift in the location of a 
given ionization contour upon change in pressure 
simply by multiplying by the pressure ratio, for several 
reasons. The ionization chamber is open to the gas in 
the scattering chamber, and thus a change in gas pres- 
sure changes the response characteristics of the ioniza- 
tion chamber; and while a given ionization density 
contour decreases in size upon increase in pressure, the 
ionization chamber remains constant in size and thus 
intercepts a larger fraction of the total ionization volume. 
For positions (R,r) where the value of C changes slowly 
and uniformly with respect to both R and r (dC/dR and 
dC/dr both small and constant) the ionization current 
should be nearly proportional to the volume of the 
ionization chamber. This condition is obviously not 
satisfied for positions too close to (0,0). At the point 
(0,0) itself, for example, the ionization chamber current 
is nearly independent of ionization chamber diameter 
(provided only that this diameter is larger than the 
diameter of the entrance pinhole as was the case in 
these experiments) and varies as the ionization chamber 
thickness. 

The considerations may be illustrated more quanti- 
tatively as follows: Assume that a small ionization 
chamber is placed at the position (Rj,7) in a gas at 
pressure P;, and that the ionization chamber current 
is i;’. If the ionization chamber current at the position 
(0,0) is 4, then by definition C;=100i,;'/i;, where the 
volume of the ionization chamber is set equal to unity. 
If now the pressure is changed to P2 and the ionization 
chamber is moved to the position (R2,r2) where R» 
= P\R;/P> and r2= Pyn/P2, a different ionization 12’ will 
be read, and the value of the ionization current at the 
position (0,0) will now be a different value 1. Define 
C2= 100i2'/i2. From the preceding discussion, it follows 
that for a constant initial ion beam, 


ty/t2= P;/P2 and i,'/is’ = P;?/ P’. Hence C,/P? = C2/ P?’. 


Thus upon changing the pressure from P, to P; and the 
ionization chamber position from (Rj,7) to (PiRi/P2, 
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Fic. 15. Curve-fitting of the function C+-exp(— AR — Br*/ k?) 


for A* ions in argon gas 


P\r,/ P2) the new value of the ionization density will be 
C.=C\P2/Py/. It follows further that if Vis the volume 
in space enclosed by the contour C; and V» is the volume 
enclosed by the contour C, that Vi/Vo=P.3/P 

PC2/ PyCy and thus C2/Cy= Pi V1/ PeV >. From these re- 
lationships it is seen that contours with the same value 
of C contain equal numbers of atoms, for the same in- 
cident ion, stopping gas, and initial energy. The re- 
lationships derived above have been checked experi- 
mentally for the systems Het in A, At in He, Het in 
He, and A* in A with an observed error of about 5 
percent in the relation C,=C,P2/P/? and a maximum 
error of less than 5 percent in the relation C2/C 
=P\V\/P2V>2. Predicted values of the ionization density 
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Fic. 16. Ionization density contours at 1-atmosphere pressure. 
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Fic. 17. lon chamber current vs ion chamber radius. 


contours as computed for P=1 atmos are shown in 
Fig. 16. 

From a knowledge of the distribution of ionization 
in a plane normal to the beam axis, it is possible to 
predict the behavior of a thin parallel plate ionization 
chamber placed in the beam. Values of the function 
So" C-r dr evaluated in the plane R= R, are propor- 
tional to the ionization current which would be pro- 
duced by an ionization chamber of radius 1 placed at a 
distance R; from the source of the beam. A typical 
plot of the function fo" C-r dr is plotted against 7; in 
Fig. 17, where the ionization distribution is that pro- 
duced by 127-kev argon ions stopping in argon gas at 
0.647-mm Hg pressure, at a distance R of 5 inches. It is 
evident that in order to stop essentially all of the ions 
crossing the plane at R=5 inches that an ionization 
chamber considerably larger in diameter than 6 inches 
is required under these conditions, and that the three 
inch diameter ionization chamber used in the experi- 
ments described in Part III of this paper would fail to 
detect approximately } of the ions capable of reaching 
the plane at R=5 inches. By computing values of the 
function fj'* C-r dr for a series of values of R and 
plotting these integrals against R, the resulting curve 
should duplicate the ionization range curve at the 
same pressure as obtained in Part III of this paper. 
The circled points shown plotted on Fig. 18 were ob- 
tained by graphical integration of ionization density 
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Fic. 18. Comparison of ionization range curve as computed and 
as measured directly. The circled points correspond to values of 


So'*® C-r dr. 


data, while the solid curve is that obtained with the 
equipment described in Part III. The agreement is 
seen to be within 2 percent. Similarly, if values of the 
integral fo” C-r dr are plotted against R, the resulting 
range curve should correspond to that obtained with a 
hypothetical ionization chamber of infinite diameter, 
and extrapolation of this range curve to the zero 
current should lead to the range value Ry defined in 
Part III. In actual practice it is difficult to obtain ac- 
curate values of Re in this way because of the large 
uncertainty in evaluating the integrals over the “tails” 
of the function C-r extending beyond the maximum 
radius r=3.5 inches, as can be seen by inspection of 
Fig. 17. For the set of data from which Fig. 17 was 
drawn, the agreement of the values of Re as obtained 
by extrapolating R4 values against 1/P and as obtained 
by plotting values of f6* C-r dr against R agreed to 
well within the limits imposed by the uncertainty in 
the integration of the “tails.” 

It is evident that for each energy and each incident 


ion-stopping gas combination one has a distinct set of 


ionization density contours. Since necessarily the 
number of such sets that can be reproduced here is 
limited, interested parties are invited to contact the 


authors directly for further detail. 
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The Investigation of Electron Distribution in Atoms by Electron Diffraction* 
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A procedure is developed jor obtaining the radial distribution of electrons in free atoms from electron 
diffraction data which makes use of the similarity of the expressions characterizing the scattering of fast 
electrons and x-rays by atoms. Requirements are formulated pertaining to accuracy and angular range of 
data for such studies. A brief comparison is made of the method with the analogous x-ray method. Electron 
diffraction data for argon over the range of 0.9 to 44 in units of (4 sinj@)/d are presented and found to 
give an experimental electron distribution resolving the K, L, and M shells of argon in satisfactory agreement 


vith the Hartree distribution 


HEMISTS and physicists speak with great 
assurance about the location of electrons in atoms 
and molecules despite the fact that the spatial distri- 
bution of electrons has not been accurately determined 
by experiment for even the simplest of atoms. While 
this contidence in theory is well founded, it appeared 
worth while to investigate an entirely new experimental 
technique for studying atomic electron distributions. 

All experimental determinations of electron distri- 
bution have been based on the diffraction of radiation 
by atoms. Crystalline specimens were the first to be 
used in such studies with x-rays,' and the method has 
been developed and widely applied to the examination 
of the equilibrium position of atoms in crystal lattices. 
Recently neutron diffraction by crystals has been used 
to get a rough measure of the arrangement of unpaired 
electrons in atoms.” 

Crystal data are not well suited for computing charge 
distribution in individual atoms because of the difhcult 
extinction corrections, the loss of detail through thermal 
motion, and the overlapping of charge distributions 
associated with individual atoms.’ Compton’ showed 
that electron distributions in free could be 
obtained from x-ray scattering by gases, thereby 
A number of investi- 


atoms 


avoiding the above difficulties. 
gations’ > of rare gas atoms were made following 
Compton’s suggestion. 
Even with the use of 
difficulties have been encountered. One is the need for 
much higher precision in the measurement of intensity 


monatomic gases, several 


as a function of scattering angle than is required for 
the study of atomic positions in polyatomic scatterers. 
Another is the limited resolution of electronic structure 


* Preliminary results were presented at the Second International 
Congress of Crystallography, Stockholm, June, 1951, and sub 
mitted to the Graduate School of the University of Michigan in 
partial fulfillment of the requirements for the degree of Doctor 
of Philosophy for L. S. B. 
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R. J. Havighurst, Proc. Natl. Acad. Sci. 11, 502 (1925) 
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'E. O. Wollan, Phys. Rev. 38, 15 (1931) 

5 £. O. Wollan, Phys. Rev. 37, 862 (1931) 

6G. Herzog, Z. Physik 69, 207 (1931) 

7G. Herzog, Z. Physik 70, 583 (1931). 

* &. Laurila, Ann. Acad. Sci. Fennicae Ser. A57, No. 2,7 (1941). 


allowed by the relatively long wavelength radiation 
used in most of the investigations. 

In view of the ease of producing short wavelength 
monochromatic electron beams it appeared that electron 
diffraction might prove fruitful for investigating elec- 
tron distribution in atoms. A major obstacle in the 
past to such studies has been the form of atomic 
diffraction patterns. The intensity of scattered electrons 
falls off so rapidly with increasing scattering angle that 
elaborate equipment is required, both to record and 
measure the intensity accurately over a_ sufficient 
angular range, and to prevent extraneous scattering. 
Suitable diffraction equipment was developed in con- 
nection with the present study. The apparatus was 
originally designed for precise determinations of the 
structure of gas molecules by the sector-micropho- 
tometer method of electron diffraction, but it proved to 
be adequate for atomic scattering experiments. 

Argon was chosen for investigation because previous 
studies’ indicated that argon is sufficiently light to 
conform well to the Born scattering theory and at the 
same time has enough structure with three electron 
shells to offer a critical test of the method. 


THEORY 
The Scattering of Electrons by Free Atoms 


When a beam of electron strikes a free atom, the 
intensity of scattered electrons varies with scattering 
angle in a way dependent upon the nuclear charge and 
electronic structure of the atom, and the energy of the 
incident electrons. It is desired for the purpose of the 
present investigation to relate the intensity /(s), 
scattered by a group of free atoms, to the spatial 
distribution of atomic electrons, D(r), so that the 
resulting relationship can be used to deduce D(r) from 
electron scattering experiments. This can be done simply 
and directly only if it can be assumed that the atomic 
field is neither distorted by the incident electrons nor 
sufficiently strong to cause an appreciable shift of the 
wavelength of the incident electrons during an elastic 

9N. F. Mott and H. S. W. 


Collisions (Oxford University 
edition, pp. 191-4 


Massey, The Theory of Atomic 
Press, London, 1949), second 
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encounter. Born'® and Mott!! showed that these as- 
sumptions are justified for the scattering of fast elec- 
trons by atoms and derived a formula for elastic 
scattering. Morse’ extended the Born approximation 
to include inelastic scattering, obtaining the expression 


for singly scattered electrons, 


Io\ 


8r’me*\? 1 _ ; 
I(s) ( ) {{[Z—F(s) P+ZS(s)}, (1) 
R? h? s4 


where / is the intensity of the incident electron beam, 
N is the number of independently scattering atoms 
intercepted by the beam, R is the distance between the 
point of scattering and point of observation of scattered 


electrons, s is the variable (4 sin}@)/A, A is the de 
Broglie wavelength of the incident beam, @ is the 
scattering angle, Z is the atomic number of the atoms, 
I'(s) is the x-ray atomic scattering factor of the atoms, 
and .S(s) is x-ray incoherent scattering function of the 
atoms. 

The intensity of the diffraction pattern decreases 
very rapidly with scattering angle, due to the depen- 
dence of /(s) on the inverse fourth power of s. It is the 
extreme rapidity with which the intensity falls off that 
poses the greatest experimental difficulty. 

The term [| Z—/'(s) |? represents the elastic scattering 
and exhibits wave interference effects characteristic of 
the geometrical arrangement of the scattering matter 
in the atoms. The term Z.S(s) represents the inelastic 
scattering, which is not useful for determining D(r) 
because of its lack of definite phase relationship with 
the incident electron waves. 

The effect of polarization of the atomic field, or 
distortion of the atomic electron distribution by the 
incident electrons, shows up in the scattering at small 
s where the influence of the atomic electrons upon the 
total scattering by the atom is greatest. The result is a 
more rapid increase in intensity as s tends to zero than 
that given by Eq. (1). The theoretical calculation of 
the effect is very laborious and has been applied in any 
detail only to the diffraction of relatively fast electrons 
by hydrogen and helium.’ The effect should not be 
appreciably worse for any atom than for the smallest 
atom, helium. 

The effect of distortion of the incident wave by the 
atomic field, in contrast to the effect of atomic polar- 
ization, becomes most apparent at large scattering 
angles, for it is that part of the electron wave which 
penetrates deepest into the atom that suffers the widest 
scattering. The effect is manifested by either a higher 
intensity at large angles than that predicted by Eq. (1) 
or an oscillation of the intensity about the Born 
approximation value. The condition that the effect be 


Born, Z. Physik 38, 803 (1926). 

'N. F. Mott, Proc. Roy. Soc. (London) 127, 658 (1930). 

2 P, M. Morse, Physik. Z. 33, 443 (1932) 
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small is that the phase shift 7, be very small, or 


4r*m 


Na ™ 


- f V (r) [Sng (2ar/d) PrdrKA (2) 
” 0 


for all wn, where V(r) represents the atomic field. The 
magnitude of the effect increases with atomic number 
of the scatterer. A discussion of the calculation of the 
effect is given by Mott and Massey.® 

Both effects decrease with increasing velocity of 
incident electrons. Previous experiments? with electrons 
of several hundred volts indicated that the approximate 
formula (1) should be very good indeed for forty- 
kilovolt electrons scattered by atoms as light as argon, 
except possibly at very small angles. 

For very high velocity electrons the scattering 
formula must be altered to include relativistic effects. 
Urban’s" solution of the relativistic wave equation 
indicates that the intensity correction is of the form 
1 (0)=Tnr(0)[1—* | 1— 8 sin?40+ (82/137) sin}@], (3) 
where /,,(@) is the nonrelativistic intensity, provided Z 
is small compared to 137. The factor (1—?) does not 
alter the intensity distribution of the diffracted elec- 
trons, and the second correction factor differs from one 
by only a fraction of one percent for 40-kilovolt elec- 
trons scattered by argon over the scattering range 
covered in the present investigation. 

Analysis of Scattering Data 


The x-ray atomic scattering factor, F(s), can be 
obtained from the electron intensity data, according to 
Eq. (1), by the following relationship: 


F(s)=Z—[s'C71(s)—ZS(s) ]}, (4) 


N “(“=) 
RN ge J 


F(s) is related to D(r) by the expression 


; sinsr 
F(s) -f D(r) -dr, (5) 


sr 


where 


where D(r) is the radial distribution of atomic electrons, 
that is, D(r)=4r’p(r) where p(r) is the number of 
electrons per unit volume at a distance r from an 
atomic nucleus. It is seen that D(r)/r is the Fourier 
sine transform of sF(s), or 


L 


2r 
J sk (s) sinsrds. (6) 
To 


Therefore, D(r) can be deduced from scattering experi- 
ments by performing a Fourier analysis upon an 
experimentally determined scattering factor. 


4 P. Urban, Z. Physik 119, 67 (1942). 
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This possibility exists for x-ray diffraction by gas 
atoms also, where, to a fair approximation,'® 


F(s)=[(1+c0s’8) "Cz." ar(s)—OZS(s)]}', (7) 


in which O=[1+h(1—cos0)/mer }*. 

It is to be noted that the effect of the incoherent 
scattering, the structurally uninformative scattering, 
must be eliminated by calculation in the case of diffrac- 
tion by free atoms. Although the form of the correction 
is not independent of the electronic structure, the 
correction can be made without previous knowledge of 
the detailed structure by using the Heisenberg-Be- 
wilogua universal function for incoherent scattering.'® 
This function is based on the Thomas-Fermi statistical 
atom and is suitable for all but the very lightest atoms. 
An advantage of diffraction by crystals is that crystals 
experimentally separate the incoherent scattering from 
the coherent. This advantage is not sufficient to out- 
weigh the disadvantages in the use of crystalline 
specimens for deducing electron distributions in indi- 
vidual atoms, however. 

The factor C in Eq. (4) contains the quantities \ 
and J) which are not accurately known from the 
experimental conditions. C can be set alternatively 
from the intensity data, however, by substituting into 
Eq. (4) known values for F(s) and S(s) at any one 
value of s. Since at large s, ’(s) vanishes and S(s) 
becomes equal to unity, C may be derived without 
previous knowledge of electronic structure if the data 
extend to sufficiently large s. Actually, far before ’(s) 
becomes negligible, its magnitude can be computed by 
considering just the A electrons, whose hydrogen-like 
distributions are readily calculated with sufficient 
accuracy for the purpose. 

If Eqs. (1) and (4) are not sufficiently exact for 
the accurate calculation of D(r) from /(s), the pos- 
sibility exists of obtaining D(r) by successive ap- 
proximations. A first approximation, Do(r), may be 
obtained from /(s), corrected for relativity, as indicated 
above. The approximate deviation of /(s) from the 
form predicted by Eq. (1) can be calculated using Do(r), 
and a new fictional intensity, corrected to eliminate 
the effects of polarization and incident wave distortion, 
can then be substituted into Eq. (4) to yield an im- 
proved F(s). An improved D(r) can be obtained from 
F(s) and used to recalculate polarization and distortion 
effects if necessary. 


Requirements for Data 


The direct application of Eq. (6) in the calculation 
of D(r) implies a knowledge of f(s) from s=0 to s= @, 
However, the maximum value of s is limited experi- 
mentally by the wavelength so that s cannot exceed 
4r/X. In the first attempts to determine D(r) from 

'°M. H. Pirenne, The Diffraction of X-rays and Electrons by 


Free Molecules (Cambridge University Press, London, 1946). 
167. Bewilogua, Physik. Z. 32, 740 (1931). 
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Fic. 1. Curve (a) is a shematic representation of the radial 
distribution of electrons in an atom with 2A electrons, 8L elec 
trons, and 8M electrons. Curve (b) is the corresponding atom 
form factor. 


x-ray scattering data, procedures for extrapolating the 
experimental scattering factor to infinity were used 
which had no theoretical basis and lead to faulty 
results. Recently Hauptman and Karle'? demonstrated 
that, since D(r) is everywhere non-negative, it is 
uniquely determined by a knowledge of /'(s) over even 
a restricted range of s if that range include s=0, On 
this basis, Hauptman and Karle suggested an extra- 
polation procedure for fitting the experimental values 
of F(s) with analytic functions which would guarantee 
that the resulting D(r) be positive. 

In practice F(s) is not known with perfect accuracy, 
and accordingly it must be known over a sizable range 
if the experimental D(r) is to be accurate. In order to 
determine that range it is necessary to examine the 
form of D(r) and F(s). 

D(r) is composed of poorly resolved shells of electrons, 
D,(r), corresponding to the Bohr orbits K, L, M, ete. 
Similarly F'(s) is composed of functions F,(s), related 
to the D,(r) shells. The /,,(s) functions have a maxi- 
mum value at s=0 which is equal to the number of 
electrons in the nth shell and approach zero as s 
increases, vanishing the more rapidly the further the 
shell is from the nucleus. Figures 1(a) and 1(b) show 
schematic diagrams of D(r) and F(s) for an atom with 
three shells of 2, 8, and 8 electrons. D(r) and F(s) are 
resolved into the contributions from each shell. 

To formulate an estimate of the range of data 
required to give D(r) reasonably completely, we will 
assume that the contribution of a given shell may be 
fairly well gauged by the time its scattering factor has 
reached its half-value. More or less data than this may 
be required depending both on the precision of the 
scattering data and the extent of knowledge of the 
exact form of the components of the scattering factor. 
In order to establish the contribution of the innermost 
shell, the A shell, then it is necessary to have data out 
to the s value Siwax for which Px (Smax)=4h«(O). The 
K electrons can be represented by hydrogen-like 1s 
wave functions with sufficient accuracy for the present 


17H. Hauptman and J. Karle, Phys. Rev. 77, 491 (1950). 
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Fic. 2. The scattering of electrons by argon. The solid line 
represents the variation of intensity with s calculated by the 
Born approximation for the Hartree atom. The experimental and 
calculated values were made equal at s=42. 


considerations. Then, according to Eq. (5), Fx(s) has 
its half-value at 
Scare 47. (8) 


Therefore, for argon with Z=18, data are required to 
approximately s=43 reciprocal angstroms. 

To establish good resolution and position of the A 
shell, F(s) should be accurate to the order of 5 percent 
at the half-value of /’«(s). Inspection of Eq. (4) shows 
that this requires the electron diffraction intensity 
data to be accurate to about 10/(Z—}) percent, or 
} percent for argon. Resolution can be strongly indi- 
cated with data much less reliable than this, however. 


Accuracy requirements are very much less severe for 
data at smaller s. 

A similar line of reasoning leads to the conclusion 
that data are needed inward to 


Smin™ 1 3/Ve (9) 


to determine the outermost shell of radius r, if, in 
addition, a value for the experimental F(s) at s=0 is 
known. Since electron diffraction intensities are a 
function of [Z—F(s)] rather than F(s), electron 
diffraction gives a point for /(O) even though intensity 
measurements do not go to s=0. Roughly then, Siin 
varies from 3/n for alkali metals to 6/n for rare gases, 
where n is the total quantum number of the outer 
shell. Accuracy of 5 percent for the contribution to the 
scattering factor of the outermost shell at this value of 
s requires only about 8 percent accuracy in scattered 


EXPERIMENTAL 
ALCULATEL 
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Fic. 3. The electron intensity scattered by argon divided by 
the Rutherford scattering function s~*. The deviation from the 
dasied asymptote indicates the screening effect of the atomic 
electrons 
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electron intensity data for any atom. Although x-ray 
diffraction does not give an experimental F(Q) in the 
same way as electron diffraction, the scale of the 
experimental points can be set and compared to 
F(0)=Z provided accurate absolute intensities and 
sample concentrations are measured. Otherwise x-ray 
diffraction data are required to much smaller s values 
than indicated above to get information about the 
outer atomic electrons. In general, the mean relative 
error in D(r) can be expected to be equal to or larger 
than the mean relative error in F(s), depending upon 
the range over which F'(s) is known. 


EXPERIMENTAL PROCEDURE 


The electron diffraction instrument used in this 
investigation was designed primarily for determinations 
of the structure of gas molecules, but it was found to 
be well suited to atomic scattering experiments. It 
incorporates a screening device known as a rotating 
sector to compensate for the extremely rapid drop in 
intensity of diffracted electrons with increasing scat- 
tering angle so that the pattern can be satisfactorily 
recorded on photographic plates over a large range of s. 


comparison of the calculated and experimental atom 
form factors for argon. 


The apparatus is to be described in detail in a forth- 
coming publication. 

Diffraction patterns were obtained with a beam of 
40-kilovoit electrons, which was produced by a well 
regulated, accurately measured accelerating voltage, 
and focused to a spot about 0.001 in. in diameter at 
the detector. Two sectors were used, one with an 
angular opening increasing with the square of its radius 
for studying small angle scattering, and the other with 
an angular opening increasing with the cube of its 
radius. The exact shape of each sector was measured 
under a traveling microscope. 

Argon of 99.9 percent purity was obtained from the 
Matheson Company and used in the research. It was 
introduced into the electron beam by means of a fine 
nozzle, the distance of which from the photographic 
plates was varied from 24 to 7 cm to cover the angular 
range of 0.9 to 44 in s units. Sample pressures down to 
20 mm of mercury were chosen to be well within limits 
suggested by Bauer’s experiments'® to avoid multiple 
scattering. Exposure times were regulated by an elec- 
tronic timing circuit synchronized with sample injection 


and were kept short (~} second) to prevent the gas 


8 Harvey, Keidel, and Bauer, J. Appl. Phys. 21, 860 (1950). 
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pressure in the diffraction chamber from building up 
excessively during exposures. The resulting patterns 
were corrected for the small amount of extraneous 
scattering which occurred at very large s. About two 
hundred text exposures were made in the course of the 
investigation to ensure proper diffraction conditions. 

The diffraction patterns were recorded on Kodak 
Medium Lantern Slide Plates and scanned by a Leeds 
and Northrup recording microphotometer to measure 
the optical density as a function of radius. The patterns 
were spun rapidly about their centers during scanning 
to average out irregularities in the emulsion. Optical 
densities were converted to relative intensities by means 
of a procedure described elsewhere." It is to be empha- 
sized that errors ordinarily associated with relative 
intensity measurements derived from photographic 
densities can be largely eliminated if the exposure over 
the plate is restricted to a small range of density, and 
grain defects are removed as suggested above. The 
intensity distributions in a set of sectored argon 
diffraction patterns taken under identical conditions 
were compared and found to agree with one another to 
about one part per thousand. Furthermore, such 
measurements of emulsion exposure to fast electrons 
are not subject to failure of the reciprocity law,” which 
failure is an important source of error in photon 
measurements. 


RESULTS 


A comparison of the experimental and theoretical 
intensities of 40-kv electrons scattered by argon is 
shown in Fig. 2. The theoretical curve was computed 
by Eq. (1) using for the incoherent function the Waller- 
Hartree® calculation for argon. The values in the 
literature for the theoretical atomic scattering factor, 
F(s), for argon'®! were all too inaccurate and incom- 
plete in range to be useful; so /’(s) was calculated from 
the latest Hartree values of electron density in argon.” 
The agreement between experiment and theory is seen 
to be quite good except at small s, where the effect of 
the polarization of the atom by the incident beam and 
the uncertainties in the tabulated S(s) make the theo- 
retical values doubtful. 

Figure 2 strikingly shows the effect on /(s) of the 
term s~* which varied six millionfold over the experi- 
mentally measured range of s. The form of /(s) is not 
suitable for visual appraisal of the effect of the atomic 
electrons on the total scattering; hence a comparison 
is made in Fig. 3 of the experimental and theoretical 
values of the much flatter curve s‘/(s). The dashed 
asymptote represents the form of pure nuclear (Ruther- 


91. S. Bartell and L. O. Brockway (to be published) 


A. Becker and E. Kipphan, Ann. Physik 10, 15 (1931); 
W. Bothe, Z. Physik 8, 243 (1922). 

21 R. W. James and G. W. Brindley, Phil. Mag. 12, 81 (1931); 
Z. Krist. 78, 470 (1931); L. Pauling and T. Sherman, Z. Krist. 
81, 1 (1932). 

21). R. Hartree and W. Hartree, Proc 
166, 450 (1938). 
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Fic. 5. The radial distribution of electrons in argon computed 
from electron diffraction data, and the Hartree distribution. 


ford) scattering, so that the deviation of the intensity 
from the asymptote reveals the influence of the atomic 
electrons. 

An experimental scattering factor for argon was 
calculated from the intensity by Eq. (4), setting the 
scale factor so that the experimental and theoretical 
curves are equal at s=42. Figure 4 compares the result 
with the theoretical curve. The experimental /'(s) was 
fitted by a sum of F,(s) functions of the type 
a;/(1+6,s?)"*, the form suggested by Hauptman and 
Karle!’ for flexibility and non-negativity of the associ- 
ated D(r) functions. An extremely good fit, with a 
mean deviation of about 0.01F units, was obtained by 
the sum of seven F(s) functions, six with n;=6 and 
one with n;= 2. It was noted that the form a,/(1+-,s?)"* 
is not well suited to fit the theoretical /'(s) for argon, 
however, for any convenient values of n;;. The difficulty 
is due to the sharpness of separation of the 1 and M 
shells in the Hartree D(r). 

An experimental radial distribution of electrons in 
argon was obtained by Fourier inversion of the curve-fit 
representation of the experimental scattering factor 
from s=0 to s=«. The resulting curve is compared 
with the Hartree calculation in Fig. 5. Wollan’s x-ray 
diffraction result, which is compared similarly in Fig. 
6, represents the most accurate x-ray diffraction data 
for argon from which D(r) was calculated. Wollan’s 
data extended only to s=12 and were extrapolated to 
s=o by an exponential function. The agreement of 
the experimental electron diffraction D(r) and the 
Hartree calculation is quite satisfactory in view of the 
simplicity of the treatment of experimental data. If 
D(r) is altered by making the separations between the 
shells more or less sharp than depicted, the agreement 
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Fic. 6. The radial distribution of electrons in argon computed 
from x-ray diffraction data (Wollan), and the Hartree distri 
bution. 
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between the corresponding F(s) curves and the experi- 
mental F(s) curve becomes distinctly inferior. It should 
be recognized, however, that the experimental distri- 
bution at small r, i.e., in the vicinity of the K shell, is 
extremely sensitive to errors at large s, both in intensity 
measurement and in the Born approximation. This 
region in s is just the angular range of least reliability 
of the intensity data and questionable reliability of the 
Born formula. 

A condition for accuracy of the Born approximation 
has been stated in Eq. (2). It is that »,<1 for all n. 
Preliminary results were interpreted as indicating that 
this condition is violated seriously only for n=0 in the 
case of 800-volt electrons scattered by argon, causing 
an error only at large scattering angles.’ If this interpre- 
tation were true it would be expected that the error 
for 40-kilovolt electrons in the s range of 0 to 44, where 
6 remains less than 25°, would be negligible. Actually, 
however, it is found that the type of correction function 
suggested by Mott and Massey® is not as rapidly 
converging as they supposed, even for 40-kilovolt 
electrons, and requires dozens of phases instead of only 
no for accurate convergence. A rough computation for 
40-kilovolt electrons scattered by argon gives n,~3/ 
(n+ 2) for the first several dozen n. These values are 
sufficiently large that the experimental F(s) must be 
regarded as untrustworthy at the larger values of s. 


DISCUSSION 


It is appropriate to consider the relative merits of 
electron diffraction and x-ray diffraction as tools for 
determining the electron distribution in gas atoms since 
x-ray diffraction provides the only other direct method 
that has been applied to the problem. 

It is the coherent scattering by atomic electrons that 
gives rise to the interference effects from which the 
spatial electronic arrangement can be deduced. Addi- 
tional scattering accompanies the coherent electronic 
scattering, however, consisting largely of coherent 
nuclear scattering in the case of electron diffraction and 
incoherent scattering in the case of x-ray diffraction. 
The undesirable obscuring effect produced is relatively 
greater for x-rays than for electrons at very large s, and 
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the dependence of /(s) on F(s) is such that electron 
diffraction is also more sensitive to atomic structure at 
small s than x-ray diffraction. Nevertheless for the 
most part over the range required according to Eqs. 
(8) and (9), the sensitivity of the two diffraction 
methods is about the same. This means that the appli- 
cation of equally accurate scattered intensity data to 
the determination of D(r) would lead to approximately 
the same precision for both methods except at large 
and small atomic radii where electron diffraction would 
be superior. The last statement assumes that the theo- 
retical relationships correlating scattered intensity with 
electron distribution are more exact than the experi- 
mental data in each case. The primary disadvantage of 
electron diffraction is that, except for very fast electrons 
scattered by very light atoms, great labor is necessary 
for the computation of precise usable correlation 
formulas. 

The experimental difficulties in obtaining accurate 
diffraction data by either method are not inconsiderable. 
Electron diffraction techniques appear to afford the 
more accurate data over a large range of s for gas 
samples. 

It should prove interesting to apply electron diffrac- 
tion to the determination of the distribution of electrons 
in helium and neon, for the requirements of data are 
less extensive there than for argon, and the Born 
formula should apply quite accurately. Another possi- 
bility that might be profitably investigated would be 
the application of electron diffraction to the observation 
of the effects of chemical combination on the radial 
distribution of the valence electrons. It is possible to 
obtain the atomic scattering factor from molecular 
diffraction data in suitable cases, and electron diffrac- 
tion should be more sensitive to alterations in outer 
electron distribution than x-ray diffraction. 

We wish to thank the Horace H. Rackham School of 
Graduate Studies of the University of Michigan for a 
grant for the construction of diffraction equipment and 
also for the grant of a research fellowship to L. S. B. 
We are also indebted to Dr. J. Karle and to Professor 
S. H. Bauer for providing us with detailed information 
on the design of their diffraction equipment. 
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The differential cross sections for elastic scattering of alpha-particles by O'* were measured in a gas 
scattering chamber using alpha-particles acceierated in an electrostatic generator over the energy region 
from 0.94 to 4.0 Mev. Cross sections were measured at @(cm) = 168.0°; 140.1°; 124.6°; and 90.0°. Because 
both particles have zero spin the partial wave analysis is exceptionally simple and fixes unambiguously the 
angular momentum and parity of each level. The resonances were analyzed using the Wigner-Eisenbud 
one-level approximation to determine the width and resonant energy of each resonance. Five scattering 
anomalies were observed which correspond to excited states of Ne™ with the following energies, angular 
momenta, and parities: 6.738 Mev, J=0*; 7.182 Mev, J=3-; 7.218 Mev, J =0*; 7.450 Mev, J=2*; and 
7.854 Mev, J =2*. The uncertainty in these energies is about 10 kev, most of which is due to the uncertainty 
of the energy loss in the gas. None of the levels have reduced widths greater than two percent of the single 


particle width 


I. INTRODUCTION 

HE Ne” nucleus was previously examined in the 

region of excitation energy above 13 Mev by 
bombarding F'* with protons. References to this work 
are given in a review article by Hornyak ef al.! Below 
10.2-Mev levels from the F'*(d,n)Ne*’ reaction were 
observed by Bonner? using a cloud chamber and by 
Powell’ with nuciear emulsions. In both experiments 
deuterons with an energy of about one Mev were used 
but resolution was only about 200 kev. The indicated 
level spacing from these two experiments averaged 
about one Mev compared to an average level separation 
of about 100 kev in the region above 13 Mev. Little 
information is available for the region between 10.2 
and 13 Mev. 

Another method for obtaining information on Ne?’ 
levels is from the study of the elastic scattering of alpha- 
particles by O'®. This method was employed in 1940 by 
Ferguson and Walker‘ using RaC’ alpha-particles with 
energies between 3.9 and 6.9 Mev scattered through 
157°. They observed levels at incident energies of 5.5 
and 6.5 Mev. The wide energy spread of the slowed 
down alpha-particles resulted in poor resolution. 

Analysis of experimental scattering cross sections in 
terms of partial wave theory is particularly simple for 
alpha-particles incident on O'* nuclei. Both particles 
have ground states of zero spin® and very probably 
even parity. Thus, as explained in a later section, the 
J value and parity can be assigned to any observed 
level from a qualitative examination of the measured 
cross sections at suitably chosen scattering angles. 

In the experiments to be discussed an alpha-particle 
beam sharply defined in energy and covering the energy 


* Supported by the Wisconsin Alumni Research Foundation 
and the U. S. Atomic Energy Commission. 

t U.S. Atomic Energy Commission Predoctoral Fellow. Now at 
University of Sao Paulo, Sao Paulo, Brazil. 

1 Hornyak, Lauritsen, Morrison, and Fowler, Revs. Modern 
Phys. 22, 291 (1950). 

2T. W. Bonner, Proc. Roy. Soc. (London) 174, 339 (1940). 

3C. F. Powell, Proc. Roy. Soc. (London) 181, 344 (1942). 

4A. J. Ferguson and L. R. Walker, Phys. Rev. 58, 666 (1940). 

5 J. E. Mack, Revs. Modern Phys. 22, 64 (1950). 


region up to 4 Mev was provided by an electrostatic 
generator. The combined mass of an alpha-particle and 
an O'® nucleus is greater than that of a Ne”? nucleus by 
4.476 Mev. This value must be added to the center of 
mass energy of the bombarding alpha-particle to obtain 
the excitation energy of the Ne” nucleus. Thus the 
excitation region of the Ne” nucleus available for study 
in this experiment is between about 5.5 and 7.9 Mev. 


II. EXPERIMENTAL ARRANGEMENTS 


The experiment was performed with the same differ- 
entially pumped gas scattering chamber as was used 
for recent C(p,p)C” measurements.* A schematic 
diagram (not to scale) of the experimental set-up is 
shown in Fig. 1. The proportional counters used by 
Jackson ef al. were replaced by a pair that were specifi- 
cally designed for closed operation, that is, with their 
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Fic. 1. Schematic drawing (not to scale) of 
experimental arrangements. 


~ © Jackson, Galonsky, Eppling, Hill, Goldberg, and Cameron, 
Phys. Rev. 89, 365 (1953). 
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Fic. 2, The O'(a,a)O" experimental cross sections at 168.0° in the region of 0.94 to 2.4 Mev and at 168.0°, 


140.1°, 124.6°, and 90.0° in the 


own gas supply rather than the target gas in the active 
volume of the counter 

The target gas supply for this experiment was pre- 
pared electrolytically by the Stuart Oxygen Company 
of San Francisco, California. According to a mass-spec 
tros¢ opic analysis by the Institute of Gas Technology, 
Chicago, Illinois, the only important impurities were 
0.28 percent H,O and 0.60 percent H». To remove 
water vapor the gas was passed through a dry ice 
acetone cold trap and the pressure contribution of the 
hydrogen was taken into account in the calculation of 
the cross sections. Because of the high pressure of the 


2.4- to 4.0-Mev energy range. 


stored gas a ballast tank was maintained at a much 
lower pressure from which the gas was admitted into 
the scattering chamber through a long taper needle 
valve. The storage cylinder had a pressure of about 
2000 psig, the ballast tank about 15 psig, and the scat- 
tering chamber a pressure of about 5 mm of Hg. This 
arrangement gave a satisfactorily stable pressure in the 
scattering chamber. 


III. SELECTION OF SCATTERING ANGLES 


Considerations leading to the selection of scattering 
angles were as follows: 





ELASTIC SCATTFERING 

(1) Each partial wave includes a Legendre poly- 
nomial, P;(cos@), as a factor, and at 180° all Legendre 
polynomials have their maximum values. 

(2) Since Legendre polynomials of all odd orders are 
zero at 90° there can be no contribution from partial 
at this angle. 
therefore the /=2 


waves involving /= 1, 3, 5, ete. 
(3) Ps(cos125.28°) is zero, 
partial wave is zero at 125.28”. 
(4) P 3(cos140.77°) is zero, 
partial wave is zero at 140.77". 
By taking data at or near the above angles any 
anomalies that appear in the cross sections due to 
!l=1, 2, or 3 partial waves can be identified by their 
absence at the proper angles. The /=0 partial wave is 
characterized by a uniform intensity at all angles since 
Po(cosO) = 1 for all angles. No anomalies which could be 
associated with / greater than three were found in the 


and 


and therefore the /=3 


present experiment. 

The center-of-mass scattering angles used 
168.0°, 140.1°, 124.6°, and 90.0°. The corresponding 
laboratory scattering angles are: 164.0°, 128.9", 111.1", 
and 76.0° respectively. 


were: 


IV. EXPERIMENTAL RESULTS 
A. Cross-Section Measurements 


Cross sections were measured for alpha-particles with 
energies between 0.94 and 4.0 Mev. From 0.94 to 2.4 
Mev the cross sections decrease monatonically at all 
angles with no detectable anomalies. Five resonances 
were found in the 2.4- to 4.0-Mev region. Figure 2 shows 
the observed cross sections for the 168.0° scattering 
angles in the lower energy region and for all scattering 
angles in the upper energy range. 

Points were taken at 3-kev intervals over the entire 
energy range at the 168.0° and 90.0° scattering angles. 
At the other angles 3-kev steps were taken in the 
vicinity of each resonance with 30-kev_ intervals 
between resonances. Almost 1500 experimental points 
were taken 

The experimental cross sections were calculated for 
all energies on the basis of the collected alpha-particles 
being doubly ionized. Below 2 Mev this assumption is 
not correct. Since the proportion of He*t*, He* and 
neutral atoms is not accurately known between 0.5 Mev 
and 2 Mev, no attempt has been made to apply cor- 
rections. Cross sections in this energy region are prob 
ably very close to Rutherford values. This portion of 
the curve in Fig. 2 is marked “uncorrected cross 
section.” 

Data above 1.7 Mev were taken with 0.00002-in. 
nickel foils on the counter windows. Alpha-particles 
scattered through 168° had such low energy that some 
counts were lost due to excessive energy absorption in 
this foil. It was replaced with 0.00001-in. nickel foil for 
data taken below 1.7 Mev. The five percent change in 
cross section at 1.7 Mev at the 168.0° scattering angle is 


due to improved counting with the thinner foil. 
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B. Qualitative Assignment of Resonances 


From the discussion of the selection of scattering 
angles and from the assumption of even parity for both 
nuclei, the following may be concluded : 

(1) AJ 0 partial wave) will appear 
at all scattering angles and with equal intensity. 

(2) A J=1 (/=1 partial wave) will 
appear at all scattering angles except 90.0°, 

(3) AJ=2* resonance (/= 2 partial wave) will appear 
at all scattering angles except 124.0°. 

(4) A J=3> resonance (/= 3 partial wave) will appear 
at all scattering angles except at 90.0° and 140.1°. From 
observation of Fig. 3 it is seen that the anomaly at 2.5 
Mev is a J/=0* resonance and the 3.045 Mev anomaly 
is J=3~> resonance. There is another J=0* resonance 
at 3.09 Mev and the two resonances at 3.38 Mev and 
3.885 Mev are both J= 2+ 


V. ANALYSIS OF THE DATA 


Angular momentum values and parities of all the 
observed resonances were determined in the previous 
section. The other physically interesting parameters of 
a resonance are its resonant energy and width. Values 
of these quantities were determined by means of a 
partial wave analysis to be described. The terminology 
follows that of previous analyses of this type.’ 


O* resonance (/ 


resonance 


resonances. 


The quantum-mechanical expression for elastic seat 
tering in terms of partial waves for spinless particles on 


spinless nuclei is given by: 


1 6 6 
n csc*- exp 77 In ese? 
Z ) 2 


t > (2/4 1) P(cos@) sind; exp(16,) exp(tai) | P 


where do/dw is the differential scattering cross section, 
k=1/X=pr/h, where uw is the reduced mass of the 
system, v is the relative velocity, 7=ZZ'/hv where Z 
and Z’ are the charges of the colliding particles, @ is the 
scattering angle, P?,(cos@) is the /th Legendre polynomial, 
6, is the phase shift of the partial wave with an orbital 
angular momentum /h, 


tl /st+in U n 
exp(7a) 11( ) exp{ 250 tan ( )) tor o> 
s=1 \5—in ol s 


and exp(iao)=1. All quantities in the above relations 
are in the center-of-mass system. 

Before the analysis can proceed an expression is 
needed for the 6;, the only unknowns in the cross-section 
relation. The presentation up to this point has involved 
only the theory of partial waves and is not dependent 
on any other assumptions. The expression to be used 
for 6, involves two assumptions: that elastic scattering 


: Laubenstein and M. J. W. Laubenstein, Phys. Rev. $4 
18 (1951); H. L. Jackson and A. I. Galonsky, Phys. Rev. $4, 401 
1951); L. J. Koester, Jr., Phys. Rev. $5, 643 (1952); Kaufmann 
Goldberg, Koester, and Mooring, Phys. Rev. $8, 673 (1952 
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Fic. 3. Potential phase shifts ¢; as a function of alpha-particle 


energy for the O!*(a,a@)O"* reaction using an interaction radius of 
a=5.75X10 * cm. 


is by far the most probable process taking place, and 
that any one anomaloy appreciably involves only one 
level caused by a given partial wave. The first assump- 
tion is reasonably well fulfilled since the only other 
process energetically possible is the capture process 
which is usually negligible compared to elastic scat- 
tering at these energies. The second assumption is well 


satisfied since the two D resonances and the two S 


resonances are each separated by 0.5 Mev, which is 
large compared to their widths. Under these assump- 
tions 6; can be expressed as :8 
al Wika? | 
6,= —tan (F/G) | +tan! : a. 
r ssf hy + Ay —F rea 








T 1 q Lf LJ ' 
10 15 20 258 30 35 4.0 
INCIDENT ENERY OF @Q@_ PARTICLE (MEV) 


.e) 


Fic. 4. Values of A as a function of alpha-particle energy using an 
an interaction radius of a=5.75X10°" cm 


‘RK. K. Adair, Phys. Rev. 86, 155 (1952). 
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The first term is usually called the potential scattering 
phase shift or “hard sphere” phase shift, and the second 
term is called the resonant phase shift. The potential 
phase shift depends on the quantities /; and G,; which 
are the regular and irregular radial Coulomb wave 
functions, respectively.’ These are functions of n and p, 
where p= kr and must be evaluated for a value of r=a, 
the interaction radius. The resonant phase shift is a 
function of the incident energy of the alpha-particle E, 
the interaction radius a, and two parameters of the 
level, E, and y,”. The characteristic energy of the level 
E, is closely related to the resonant energy £,. The 
reduced width of the level 7,’ is related to the experi- 
mental width I) by the relation :!° y,?=T',A 7/2k, where 
A?~=F?+G/?=the reciprocal of the barrier penetra- 


bility. The term A) is defined by 
tH) 


Vr" d InA, 
a= -—( 

a \dinp 

The resonant energy £, of a level is conveniently 

defined as the energy for which E,+A,—E=0. The 

level shift A, is a slow function of energy and over the 

range of a narrow resonance can be considered constant, 

permitting £,+A, to be replaced by £,. Similarly 

y"k/A?2 can be considered constant over a narrow 

resonance and can be replaced by I',/2, its value at the 

resonance energy. The approximate expression for the 

phase shift for a narrow resonance can now be written 
as: 

ry 


6:= —¢ + tan" 


2(E,—E) 


where ¢,= tan~'(F',/G))| ,<a is the potential phase shift. 

In order to obtain best agreement with the experi- 
mental cross sections there is an optimum value for a 
because its choice determines the magnitude of the 
potential phase shifts which enter into the expression 
for the cross section. The value of a chosen for this 
analysis is 1.40 107( ¥ 16+ ¥ 4) cm=5.75X 10-" cm. 

Because of the assumptions involved in the ex- 
pression for 6, the value of a that gives the best fit 
should be interpreted simply as a parameter of the reac- 
tion that is generally of the magnitude of the sum of the 
nuclear radii of the two interacting particles." 

The analysis is quite insensitive to the choice of a 
at low bombarding energies where the ¢, values are all 
small. When the ¢; values become appreciable the 
value of a has a marked effect. Thus at the lowest 
resonance a value of a 12 percent larger than the one 


® The regular Coulomb functions were computed with the aid of 
Tables of Coulomb Wave Functions, Vol. I, National Bureau of 
Standards, U. S$. Government Printing Office. The irregular 
functions were obtained from tabulated functions furnished by 
M. Abramowitz, National Bureau of Standards (private com 
munication). See also Bloch, Hull, Broyles, Bouricius, Freeman, 
and Breit, Revs. Modern Phys. 23, 147 (1951). 

10 E. P. Wigner and L. Eisenbud, Phys. Rev. 72, 29 (1947). 

''T, Teichmann and E. P. Wigner, Phys. Rev. 87, 123 (1952). 
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Fic. 5. Comparison of the experimental and calculated O'*(a,a)O"® cross sections from 2.4 to 4.0 Mev. 
The dots were calculated using parameters given in Table I. 


chosen gave a very slight improvement but at the 
higher resonances it gave a much poorer fit. Once a 
value of a has been chosen the functions @; and A; can 
be tabulated and curves made of each versus energy. 
Graphs of these two sets of functions for this reaction 
using an interaction radius of 5.75 10-" cm are shown 
in Figs. 3 and 4. 

To obtain the parameters I, and £, of a resonance 
it was assumed that the potential scattering phase 
shifts @, were correct and from a graphical analysis 
similar to that used by Jackson and Galonsky,” the 
phase shifts 6, of the resonant wave were extracted. 
Then values of [, and #, were chosen that gave best 
agreement with these phase shifts. 

The parameters determined for all the resonances 
Table I. Values of Z, and Ty are 


given in the laboratory system of units; all other quan- 


are summarized in 


tities are given in the center-of-mass system. 
From these parameters the predicted cross sections 
were obtained by a graphical method and compared 


'2H. L. Jackson and A. I. Galonsky, Phys. Rev. $9, 370 (1953 


with the measured cross sections. This comparison is 
made in Fig. 5 for all four scattering angles in the energy 
region 2.4 to 4.0 Mev. The agreement is satisfactory 
except for increasing deviation in the off-resonance 
cross sections at energies above 3.5 Mev. This deviation 
may be due to other resonances above 4.0 Mev which 
affect the cross sections in this region. Decreasing the 
interaction radius above 3.5 Mev or assuming a single 
broad J=0 resonance above 4.0 Mev both have the 
effect of improving the fit at all angles except 90.0°. 


TABLE I. Summary of the level parameters. 


J=2¢ 
3.885 
0,003 


J=0+ J=2* 
3.090 3.380 
0.005 


J=0* 
2.490 
0.024 


J=3 
3.045 
0.010 


Level assignment 

E, (Mev) lab 

I', (Mev) lab 0.010 

Excitation energy of 
Ne”? (Mev) 


yn? (Mev-cm) cm X 10" 


7.854 
0.021 


7.450 
0.16 


6.738 7.182 


0.75 1.2 


7.218 
0.040 


Percent single particle 


vidth (A?/pa) 0.8 1.4 0.044 0.18 0.024 
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F'%+p 


10,695 
F'%s d-n 


IN MEV 


7.22 J#0* 


7.18 J#37 


EXCITATION ENERGY 





“ (y#0*) 
Ne 


hic. 6. Energy level diagrams of Ne* 


VI. DISCUSSION OF RESULTS 


The primary result of this experiment is the classi- 
fication of five levels in the Ne?’ nucleus. The analysis 
determined the widths and resonant energies of these 
levels. Other levels in the surveyed region may have 
been missed because they had even angular momentum 
and odd parity or vice versa. These levels cannot be 
formed by this reaction. Levels with isobaric spin T= 1 
would also be forbidden in the resonance scattering of 
alpha-particles (T=0) by O'(7'=0). However, the 
first 7 = 1 state of Ne’? would correspond to the ground 
state of f°. The predicted position of the homologous 
level in Ne®® is at 10.5 Mev and hence is beyond the 
region investigated in the present experiment. An S 
resonance with an experimental width less than one 
kev or resonances of higher angular momenta with 
experimental widths less than 0.5 kev would probably 
have been missed due to insuflicient resolution. Unfor 


CAMERON 


tunately at the 168.0° scattering angle where resonances 
are the most pronounced the target thickness has its 
greatest value. Thus the resolution is the poorest at 
this angle. 

The failure to detect any resonances below 2.5 Mev 
may be due to insufficient resolution. The probability 
of forming a compound nucleus is roughly 1/.47, which 
is very small when the available energy is well below 
the Coulomb barrier (see Fig. 4). At the lowest bom- 
barding energy, which was 0.94 Mev, A,” has a value 
greater than 100 000 compared to a value of 44 at 2.5 
Mev and a value of 13.5 at 3.09 Mev. To detect an S$ 
resonance at 0.94-Mev energy would require a reduced 
width approximately 1000 times the maximum per 
mitted by the Wigner! sum rule. 

None of the observed resonances have more than two 
percent of the width of a single-particle level, which is 
given by h®, wa. 

Levels observed in this experiment are at 6.74-, 7.18-, 

.22-,7.45-, and 7.85-Mev excitation energy (Fig. 6). The 
uncertainty in these energies is about 10 kev, most of 
which is due to inaccuracies in the determination of the 
energy loss of the alpha-particle in the gas. 

The previously known levels in the region were at 
7.1 and 7.8 Mev. Thus the true level density above the 
observed levels may be much greater than as indicated 
in the diagram. Additional information can be obtained 
on the energy level density in this region from the 
I'"(d,n) Ne’ reaction. Work on this reaction was started 
at this laboratory using the photographic emulsion 
technique, but owing to the large number of levels 
involved, it is still incomplete. 

The author wishes to thank Professor R. G. Herb for 
his guidance throughout the work; Professor H. T. 
Richards, Dr. R. K. Adair, Professor J. L. Powell, and 
Mr. A. I. Galonsky for valuable discussion; Messrs. 
Richard W. Hill and F. J. 
experiment were performed; Messrs. Ajay Divatia, 
Robert H. Davis, Lee Northcliffe, and Irving Michael 
Miss Helen 


Eppling with whom the 


for assistance in taking the data; and 
MacDuffee for computational assistance. 
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The C(a,a)C differential scattering cross sections were measured in a gas scattering chamber at 
6(c.m.) =171.0°, 147.2°, 125.5°, and 92.0° with alpha-particles accelerated in the Wisconsin electrostatic 
generator. Cross sections were measured at alpha-particle energies from 0.5 to 4.0 Mev. For zero spin nuclei 
bombarded by zero spin particles, each partial wave contributing to the cross section vanishes at some angle 
except that for /=0. The P wave vanishes at 90.0°, the D wave at 125.3°, the F wave at 140.8°, and the G 
wave at 149.5°. Thus, by observing the cross sections near these angles it was possible to determine the 
J values and parities of the levels. Analyzing the data by means of the Wigner-Eisenbud one-level approxi 
mation to determine the widths and resonant energies confirmed the qualitative characterization of the 
levels. With the O'* ground state as the energy zero, the J values, parities, and excitation energies of the 


two levels observed are J =1 


at 9.58 Mev and J =2* at 9.835 Mev. The uncertainty in these energies is 


about 10 kev. The reduced width of the P resonance is approximately 100 percent of the single-particle 


width, and that of the D resonance is 0.15 percent. 


I. INTRODUCTION 


HE C(a,a)C" reaction has been studied pre- 
viously' at three scattering angles, using alpha 
particles from RaC’ slowed down by absorbers to 
energies in the range from 3.9 to 6.9 Mev. Scattering 
anomalies were found at incident alpha-particle energies 
of 4.4, 5.0, and 5.5 Mev. Both the energy and angular 
resolution were too poor to permit unambiguous 
assignment of J values and parities to the levels. 
Adding an alpha-particle to a C” nucleus forms O'* 
with an excitation energy of 7.149 Mev. Thus, bom- 
barding C™” with alpha-particles having laboratory 
energies in the range from 0.5 to 4 Mev will give infor- 
mation about excited states of O' in the range of 
excitation energies from 7.524 to 10.149 Mev. The 
known energy levels of O'® are given in a recent review 
article by Hornyak ef al.* In the energy region covered 
by the experiment to be described, levels at excitation 
energies of 8.6 and 9.5 Mev were reported previously.‘ 


Il. EXPERIMENTAL METHODS 


The gas scattering chamber and associated equipment 
used for this experiment are described in the accom- 
panying paper by Cameron. Methane gas was used for 
the measurements with incident alpha-particles in the 
energy range from 2.3 to 4.0 Mev and propane was used 
for the energy range from 0.5 to 2.3 Mev. Cross section 
measurements were made at scattering angles of 171.0°, 
147.2°, 125.5°, and 92.0° in the center-of-mass system 


III. EXPERIMENTAL RESULTS 


Two scattering anomalies were observed in the 
energy region from 2.5 to 4.0 Mev. None was found at 


* Work supported by the U. S. Atomic Energy Commisions and 
the Wisconsin Alumni Research Foundation. 

t Now at Westinghouse Research Laboratories, 
burgh, Pennsylvania. 

1A. J. Ferguson and L. R. Walker, Phys. Rev 

2M. E. Rose, Phys. Rev. 57, 958 (1940). 

3 Hornyak, Lauritsen, Morrison, and Fowler, 
Phys. 22, 291 (1950). 

4H. W. Fulbright and R. R. Bush, Phys. Rev. 74, 1323 (1948). 


East Pitts 
58, 666 (1940) 
Modern 


Revs. 


energies from 0.5 to 2.5 Mev. Figures 1 and 2 show the 
differential cross sections in the center-of-mass system 
as a function of the incident energy of the alpha-par- 
ticles. Cross sections are given for the four scattering 
angles in the energy region from 2.5 to 4.0 Mev in Fig. 
2 and for the 171.0" scattering angle in the energy region 
from 0.5 to 2.5 Mev in Fig. 1. The Rutherford scat 
tering cross sections were calculated at 100-kev intervals 
in the energy range from 0.5 to 2.5 Mev and are indi 
cated on the diagram by heavy dots. The experimental 
cross sections were calculated using a double charge for 
the collected alpha-particles over the entire energy 
range. Below 2 Mev some of the collected alpha- 
particles are singly charged and some doubly charged. 
The ratio of He* ions to He** ions is a function of the 
incident alpha-particle energy and is not accurately 
known between 0.5 Mev and 2 Mev. No attempt has 
been made to apply corrections. The portion of the 
curve in Fig. 1 for the energy range from 0.5 to 2.5 Mev 
is accordingly marked “‘uncorrected cross section.” 
As discussed in the preceding paper by Cameron, a 
1 vanishes only at 90.0°, anda 
2 vanishes at 125.3°. An inspection 


partial wave with / 
partial wave with / 
of Fig. 2 shows that the broad resonance is present at 
all angles except 92.0° and that the narrow resonance 
disappears only at 125.5°. the J values and 
parities of the two levels can be assigned as J=1~ for 
the level at 3.3 Mev and J= 2° for the level at 3.58 Mev. 
The largest errors in ahe absolute cross sections are 
the statistical uncertainties as determined by the 
number of particles counted and are less than 3 percent 
for most of the points taken during this experiment. 
Uncertainties in the energy loss in the scattering gas 
introduced uncertainties of about 10 kev in the alpha- 


Thus, 


particle energies. 
IV. ANALYSIS 


The J values and parities of the two levels were 
assigned in the preceding section. The methods used to 
obtain the level widths and resonant energies will be 
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Fic. 1. C(a,a)C" differential cross section in barns per 
steradian in the center-of-mass system as a function of the incident 
energy of the alpha-particles from 0.6 to 2.5 Mev. Cross sections 
were calculated assuming that the alpha-particles were doubly 
ionized after passing through the collector cup foil. Rutherford 
cross sections are shown by heavy dots. 
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hic. 2. C®(a,a)C™ differential cross sections in the center-of 


mass system as a function of the incident energy of the alpha 
particles from 2.5 to 4.0 Mev 


described in this section. The partial wave formula and 
the method of analysis used here are essentially the 
same as those used by Cameron. Because of the large 
width of the P resonance the energy dependence of the 
terms in the cross-section formula was not negligible. 
Therefore, separate vector diagrams were made for 
each energy considered, and the phase shift formula was 
written in terms of the energy independent quantities 
yx’ and Ey. Thus, the P wave phase shift becomes 


6; tan—"(F'\/G1) rea 


+tan~! 
Fy (yx?/a)(g1 + 1) —F raat 
where g,;=d InA,/d Inp. It may also be expressed as 


g:=®,* ®, p’P,6, 3 ‘24,7, 
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HILL 


where ®)*/®,= pF','/F), or 


Qi = ,*/®, - py FA tae 


gi= (1+ pn) 4 pii4 n’) (FF o4+G Go) ‘Ay. 


(Juantities appearing in these formulas are defined in 
the preceding article. By taking graphically determined 
values of 6; at two suitably chosen energies for the 
147.2° scattering angle and solving the resulting equa- 
tions, values of y,? and FE) were obtained. These values 
were used to calculate phase shifts and cross sections 
for the other energies and angles. The results are shown 
in Figs 3(a) and 3(b) for the bombarding energy range 
from 2.5 to 4.0 Mev. 

For analysis of the D resonance, which is relatively 
narrow, the method employed by Cameron in the pre- 
ceding article was used. The formula for the D wave 
phase shift was written as 

I/2 
d.= — do+tan ; 

E,—E 
Values of E£,= 3.582 Mev and I',=0.001 Mev gave the 
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Fic. 3. (a) and (b), C"%(a,a)C” theoretical and experimental 
differential cross sections in the center-of-mass system as a 
function of the incident energy of the alpha-particles. 





ELASTIC SCATTERING 
best fit to the experimental phase shift curve. The cross 
section measurements for the D resonance were made 
with a target thickness of about 15 kev at 171.0° and 
3 kev at 92.0°. Because the resonance was not com- 
pletely resolved, an uncertainty of about +0.5 kev 
should be assigned to the value for the experimental 
width. The value for the resonant energy has an uncer- 
tainty of approximately +10 kev caused by the uncer 
tainty in the stopping power of the gas target. 

The parameters determined for the two resonances 
are given in Table I. Values of &, and I'y are given in 
the laboratory system of units; all other quantities are 
given in the center-of-mass system. 

The potential phase shifts depend on the value 
chosen for the interaction parameter (a). This may be a 
slowly varying function of energy because of cumulative 
effects of tails of distant resonances and cannot be 
uniquely determined.® However, choosing a value of 
(a) close to the nuclear radius should be a good approxi- 
mation. A value of a= 1.4 107'°(.4!+4!)=5.43«10-" 
cm was used for this experiment. The departure of the 
calculated points from the experimental curves shown 
in Figs. 3(a) and 3(b) becomes appreciable above 3.5 
Mev and amounts to about ten percent for the scat- 
tering angles of 147.2° and 92.0°. Increasing the value 
of the interaction parameter (a) made the fit worse at 
all angles. Decreasing the value of (a) improved the 
fit at 147.2° but gave poor results at the other angles. 
The effect of higher energy levels was considered, but 
no single level was found that would remove the dis- 
crepancy. 

This discrepancy may be caused by the effects of a 
combination of higher energy levels. Ignoring the tails 
of higher levels assumes that the nonresonant phase 
shifts are caused solely by potential scattering. This 
assumption is probably a poor one since levels are 
known to exist just above 4-Mev bombarding energy. 


V. DISCUSSION OF RESULTS 


The known energy levels of O'* are given in the 
diagram of Fig. 4. The parameters of the levels that are 
indicated by heavy lines at 9.84 and 9.58 Mev were 
determined in this experiment. 

The level at 8.6-Mev excitation energy was observed 
by Fulbright and Bush‘ by the study of the inelastic 
scattering of protons from O'. Evidence for this level 


TABLE I. Values of the parameters determined for the two levels 
Quantities are given in the center-of-mass system of units unless 
otherwise noted. 


Level assignment J =1 J =2* 
3.24 

0.86 

9.58 

3.3% 1078 
85 percent 


3.582 

0.001 

9.835 

5.90 XK 107'8 
0.15 percent 


E, (Mev) lab. 

I, (Mev) lab. 

Excitation energy (Mev) 
yn? (Mev-cm) 

(y?/3h?/ Qua) X 100 percent 


5 J. Teichmann and E. P. Wigner, Phys. Rev. 87, 123 (1952). 
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Fic. 4. Known energy levels of O'® with the two levels observed 
in the present experiment indicated by heavy lines. 


would have been 
missed in the present experiment if its experimental 
width were much less than 1 kev or if its parity were 
odd and angular momentum even or vice versa. 

The reduced width of the J/=1~ level at 9.58 Mev is 
approximately equal to the single particle width h?/ya. 


was not considered conclusive. It 


For single particle excitation the total wave function 
x, of the compound state is the product of the wave 
function of the residual nucleus and of a function of the 
distance of the extra particle from the residual nucleus. 
When the single particle picture applies, the reduced 
width® is given approximately by 


yo h?/ pa. 
If many particles are excited, then the reduced width 
may be expressed by 
yn = (3h? /2ya)d n Cran’, 


where the C,,, give the strengths of the individual wave 
functions entering into the total wave function. The 
sum of the C),,” will be much less than one because 
normalization demands that the sum of C),,” over n 
and ¢ equal one and the terms with /=s constitute only 
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J values, and energies of the levels of O'® as 


predicted | 


Tabse II 


parit es 


the alpha part le model 


oh 
6h? /A 

th? /At+wsh 

th?/A + woh+ eo 
h?/A +-waht+QDh?/8A 
1Oh?/A 


€) + €& 


a small fraction of all the terms. Thus, for the many 
particle picture, 


yr KSh?/ Qua. 


However, it is theoretically possible to combine wave 


functions of just a few interacting pairs of particles; 
and with the proper sort of interference between terms 
the reduced width may still be of the order of h?/ ua, 
even though the single particle picture does not apply. 
Although the single particle model does imply reduced 
widths of the order of h?/ya, the converse is not neces- 
sarily true. Thus, the significance of the broad J=1 
level is that it is probably due to single-particle excita 
tion, and the alpha-particle retains its identity in the 
compound nucleus 

The energies and order of the levels in O'® have been 
calculated by Dennison® by means of the alpha-particle 
model. He considered four alpha-particles arranged in 
a regular tetrahedron and derived expressions for the 
normal frequencies (w,;) and energies of the system. The 
J values, parities, and energies of the levels predicted 
are given in Table I. The quantity A is the moment 
of inertia; €; denotes the energy state associated with 
the tunneling process by which the tetrahedron ex- 


® David M. Dennison, Phys. Rev. 57, 454 (1940) 
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pressed in a right-handed coordinate system passes 
over into the left-handed system. Dennison estimates 
that 

and €;~ 250. 


SxI0'. 


The J/=0*, J=3~, and J=2* levels can be identified 
with the levels at 6.05, 6.13, and 6.9 Mev, respectively. 
Thus, the values of wii, woh and h?/A can be deter- 
mined. Because of the restriction on €, the separation 
of the J=2* and J=2> levels must be small. By 
assuming that the D levels are nearly degenerate with a 
13-kev separation, Inglis’ identified the J=1~ level 
predicted by the alpha-particle model with the J=1 
level observed at 7.1 Mev. Since the J=1~ level ob- 
served in the present work at 9.58 Mev has such a large 
reduced width, we might assume instead that it is the 
predicted level. Then according to Dennison’s alpha- 
particle model the separation of the J=2* and J=2 
levels should be about 25 kev. A search for a J=2 
level at an excitation energy of about 6.9 Mev might 


2€o/w,h 


be profitable. 

The energy predicted for the level with J=4? is 
10.2 Mev. If this level exists, it might be observed by 
extending the energy range of the present experiment. 

Finally, I wish to thank all those who contributed to 
the success of this experiment, specifically: Professor 
Rk. G. Herb for his constant encouragement and advice 
throughout the work; Professor H. T. Richards, Pro- 
fessor J. L. Powell, Professor R. G. Sachs, and Mr. A. I. 
Galonsky for valuable discussion; Mr. F. J. Eppling 
and Mr. John Cameron with whom the experiment was 
performed; and Mr. Ajay Divatia, Mr. Robert H. 
Davis, Mr. Lee Northcliffe, and Mr. Irving Michael 


for assistance in taking the data. 
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Gamma-Gamma Directional Correlations in Co’’, Xe’, and Hg'**}'* 
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(Received January 30, 1953) 


Ihe directional correlations of low intensity gamma-gamma cascades have been measured using Nal 
scintillation counters in a coincidence arrangement of 1.5 107% second resolving time. The correlation in 
the 3 percent intensity 191-1089-kev cascade in Co™ is compatible with a 3/2-5/2-7/2 spin assignment. 
The coincidences from the 284-80-kev cascade in Xe"! are isotropic within an error of 2 percent, supporting 
the assignment of spin 4 to the 80-kev level. The large correlation observed in the ~1 percent intensity 
680-411-kev cascade of Hg! characterizes the spins of the levels involved as 2, 2, 0 and the 680-kev transi 
tion as a mixture of 60 percent E2 and 40 percent M1 


I, INTRODUCTION There were two types of crystals available for these 
experiments: Nal crystals with a decay time of 2.5 
107-7 second! and organic crystals with decay times 
up to 100 times shorter. Nal was chosen because its 
large photoelectric cross section can be employed as a 
basis for energy discrimination of the gamma-rays, 
while its Comparatively large density results in a better 
gamma-detection efficiency than is obtained in organic 
crystals of comparable size. The use of Nal detectors 
with a coincidence arrangement of 1.5 107~5 second 
resolving time is roughly equivalent to an organic 
crystal arrangement with 10°" second resolving time, 


HE measurement of gamma-gamma directional 
correlations has proven a valuable means of deter- 
mining the spins of low-lying nuclear energy levels and 
the radiation character of transitions between the 
states. Previous experiments of this type have dealt 
with cascades which were present in a high percentage of 
the nuclear disintegrations. The present investigations 
involve cascades which represent only a small percent- 
age of all the gamma-rays emitted from a given isotope. 
One has, therefore, to discriminate against the large 
number of gamma-rays not connected with the cascade. 
This discrimination, which can be accomplished by 
means of either lead absorption or pulse-height selec- 
tion, reduces the efficiency for the detection of the cas- Study because they each have only one gamma-gamma 
cade and in conjunction with the original low intensity cascade. The cascades are all of low inte nsity , occurring 
results in a small coincidence rate. However, by in only 3 percent of the disintegrations in Co, 6 
shortening the resolving time of the coincidence circuit, percent in Xe"', and about 1 percent in Hg’**. In each 
one can increase the coincidence rate resulting from the case the extra coincidences resulting from bremsstrah- 
cascade without at the same time increasing the chance lung and backscattering were so far reduced as not to 
coincidence rate. A practical lower limit for the resolving affect the directional correlation measurement. The 
time is determined by the decay time of the scintillation — coincidences resulting from annihilation radiation were 
crystal used for a detector. not reduced in the Co” experiment but were corrected 


in so far as gamma-gamma cascades are concerned 
The isotopes Co, Xe™', and Hg'** were chosen for 
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Fic. 1. Block diagram of electronic circuit 
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Hic. 2. Fe® decay scheme. 


for after a calculation. The limits of the equipment were 
reached in the measurements on the 0.2 percent cascade 
in Os'**, which are not reported here because of the 
large uncertainty produced by the above effects. 


II. APPARATUS 


The arrangement of the crystals and shielding was 
similar to that described by Deutsch.? The outputs of 
the RCA 5819 photomultiplier tubes fed amplifiers of 
1.5X10°* second rise time which were built after a 
design by W. C. Elmore. The amplifier output pulses 
of varying size were moditied to constant voltage pulses 
by univibrators of 1.0% 10~* second rise time which led 
to either side of a fast coincidence circuit.* The arrange- 
ment of these units is shown in the block diagram of 
Fig. 1. The units represented by dashed lines were 
used only when pulse-height selection was needed, 
and, as shown, the pulse-height selector was installed in 
a side channel instead of after the main amplifier so 
that its comparative slowness and variable delay would 
not affect the fast coincidence procedure. 

In using pulse-height selection on gamma-rays, it 
to accept only the large pulses 
processes in the crystal. 


is often necessary 
arising from photoelectric 
This discrimination against lower energies eliminates 
most of the pulses arising from Compton scattering. 
When the gamma-ray energy is above 500 kev the large 
percentage of rejected pulses in the Compton distribu- 
tion results in a smaller coincidence rate. In many 
cases it is advantageous at these energies to replace 
the pulse-height selector by a lead absorber which 
greatly attenuates low energy radiation and yet does 
not appreciably affect the hard component. 

One of the important uses of energy discrimination 
is to reduce those unwanted coincidences which are 
"2M. Deutsch, Repts. Progr. Phys. 14, 196 (1951). 

3K. P. Meyer et al., Helv. Phys. Acta 23, 121 (1950). 
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due mainly to the effects of bremsstrahlung, annihila- 
tion radiation, and backscattering. All beta-emitters 
produce bremsstrahlung, which is predominantly of low 
energy and can be effectively discriminated against. 
The isotopes chosen for investigation do not decay by 
positron emission, but annihilation radiation might 
occur owing to pair production in the source, absorber, 
or crystal if a gamma-ray of sufficiently high energy is 
present in the decay. Although the 511-kev annihilation 
radiation is sometimes difficult to discriminate against, 
it only affects measurements at 180° and may be 
eliminated by narrowing the acceptance angle and 
measuring at angles less than 180°. Backscattering, or 
Compton scattering in the 180° direction, is a problem 
peculiar to gamma-gamma_ directional correlation 
measurements and occurs to some extent in every 
such experiment. It affects the counting rates in 
positions near 180° where the lead cones do not protect 
the crystals. 

The energy of the backscattered radiation is of the 
order of 200 kev, and the radiation can be discriminated 
against as long as the energy of the two cascade gamma- 
rays is somewhat larger. When, however, one of the 
cascade gamma-rays has almost the same energy as the 
backscattered radiation, discrimination no 
longer solves the problem. This situation occurs in 


energy 


Co”, where the two cascade gamma-rays are of 191-kev 
and 1098-kev energy and the harder component is 
scattered in the backward direction with an energy of 
207 kev. In this case a thin crystal, with only a copper 
absorber in front of it to reduce bremsstrahlung and 
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GAMMA-GAMMA 
x-rays, is used on the side which detects mainly the 
191-kev gamma-ray. The hard component alone is 
detected on the other side in a thick crystal with a 
lead absorber in front of it. The backscattered radiation 
originating in one crystal is thus prevented by the 
lead absorber from reaching the opposite crystal. If the 
Compton scattering occurs on the absorber surface 
away from the crystal so that the backscattered 
radiation can reach the other counter, then the Compton 
electron is absorbed in the lead. Thus coincidences 
resulting from the backscattering process are completely 
eliminated. 


III. RESULTS AND DISCUSSION 
Co? 


The decay scheme* of Fe is presented in Fig. 2. 
The spins were assigned on the basis of conversion 
experiments. The directional correlation measurement 
between the 191-kev and 1098-kev cascade gamma-rays 
was used as a confirmation. 

After the backscattering had been eliminated by the 
method outlined in Sec. II, the 180° point was still 
somewhat too high because of the annihilation radia- 
tion following pair production by the 1289-kev gamma- 
ray. A calculation showed that the number of additional 
coincidences at 180° corresponded to the number 
expected from the pair creation process. Consequently, 
the 180° point was omitted in determining the best 
fit to the data, which is given by the correlation 
W (0) =1+A.cos’#, with A,=+0.080+0.016. These 
results are plotted in Fig. 3, corrected for angular 
resolution. 

The most probable spin assignments to the 1289 
kev, 1098 kev, and ground levels of Co® are* 3/2-3/2 
7/2, 3/2-5/2-7/2, 5/2-3/2-7/2, and 5/2-5/2-7/2. Of 
these, the measured correlation excludes only the 
5/2-3/2-7/2 assignment, which is the most likely 


Hg? 
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‘F. R. Metzger, Phys. Rev. 88, 1360 (1952). 
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Fic. 5. Au™ directional correlation. Curves correspond to 


2-2-0 spin assignment, zero phase, with anisotropy coefficients 
in W (@)=1+A:2 cos®+ A, cos@ corrected for angular resolution. 


alternative to the final 3/2-5/2-7/2 combination from 
the point of view of shell theory. The 5/2-3/2-7/2 
assignment is excluded because all M1— #2 mixtures 
compatible with the measured internal conversion 
coetiicients! of the 191-kev transition lead to aniso- 
tropies smaller than the lower experimental limit of 
+(0).06. 

Because of the possibility of M1— #2 mixtures, the 
directional correlation data are of no aid in determining 
which of the three remaining spin assignments is the 
correct one. The 3/2-5/2-7/2 assignment deduced from 
the conversion data is among the spin combinations 
compatible with the correlation data. 


Xe'*! 


The radiations accompanying the decay of I'*' have 
been studied by a large number of investigators. The 
recent paper by the Canadian group® gives the most 
complete account of this important isotope. 

Although it had been shown in 1948 by coincidence 
experiments® that the 80-kev gamma-ray was not in 
coincidence with the 638-kev radiation, several investi- 
gators subsequently proposed a 638-80-kev cascade 
based mainly on uncertain energy considerations. In 
order to add further evidence for the nonexistance of 
the 638-80-kev cascade, expecially after the publication 
of coincidence experiments’ supporting the opposite 
viewpoint, we reinvestigated the gamma-gamma coin- 
cidences in Xe". Coincidence absorption experiments 
showed that at least 90 percent of the gamma-gamma 
coincidences are due to the 284-80-kev cascade. By 
means of critical absorption it was shown that most of 
the remaining coincidences did not involve the 80-kev 
gamma-ray. The residual 10 percent coincidences 

5 R. E. Bell and R. L. Graham, Phys. Rev. 86, 212 (1952). 

*F. R. Metzger and M. Deutsch, Phys. Rev. 74, 1460 (1948). 

7 Bell, Cassidy, and Kelley, Phys. Rev. 82, 103 (1951). Later 
retracted. 
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0.1774-0.048 
0.0004-0.045 
0.1934+-0.030 
0.3364-0.040 
0.280+-0.051 
0.2614-0.041 
0.2924-0.057 


ite pulse height selector 


* Additional lead absorber re crystal oppo 


consist partly of bremsstrahl-gamma coincidences and 
may also include cascades involving other very low 


intensity gamma-rays such as the 177-kev radiation 
reported by Cork.* The 638 -80-kev cascade is therefore 


excluded 

The results of the directional correlation measure 
ment between the 284-kev and 80-kev gamma-rays 
indicated a coincidence distribution which is isotropic 
within an error of 2 percent. This isotropy strongly 
supports the assignment of spin 4 to the intermediate, 
80-kev level, an assignment which was based on the 
magnetic dipole character of the 80-kev transition, the 
predictions of shell theory, and the observed trend of 
the S; and D; energy levels in this region of .V and Z.* 


Hg'** 


Phe principal, 411-kev transition in Hg'* (Fig. 4) 
has been shown by accurate internal conversion meas- 
urements’ to be a pure electric quadrupole transition. 
Since the ground-state spin of Hg'* is 0, the spin of the 
$11-kev level is 2. Recent 13 have 
revealed a 1 percent intensity, 680-kev transition from 
a 1091-kev level to the 411-kev level, and a 3 percent 
1091-kev transition to the ground state. Internal 
conversion measurements” on the two weak gamma- 
rays show that the ground state and first two excited 
states have the same parity, that the 1091-key transi- 
tion is electric quadrupole, and that the 680-kev 
gamma-ray is magnetic dipole oran M1— £2 mixture. 
On this evidence Elliott and Wolfson’ have proposed a 
2-0 spin assignment to the 1091 kev, 411 kev, and 


investigations 


198 


ground levels of Hg 


The directional correlation measurement of the 1 


percent intensity 680—411-kev cascade is complicated 


by the presence of coincidences between the brems- 


® Cork, Rutledge, Stoddard, Branyan, and Childs, Phys. Rev. 
81, 482 (1951). 
. D. Hill, Phys. Rev. 80, 906 (1950). 
.. G. Elliott and J. L. Wolfson, Phys. Rev. 82, 333 (1951) 
.. Simons, Phys. Rev. 86, 570 (1952). 
2 P. Hubert, Compt. rend. 232, 2201 (1951). 
8 P. KE. Cavanagh, Phys. Rev. 82, 791 (1951) 
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strahlung from the main 970-kev beta-spectrum and 
the subsequent 411-kev gamma-ray. It was found that 
these disturbing coincidences, which otherwise cause a 
large error, could be completely eliminated by means of 
pulse-height selection. A least square fit of W(@)=1 
+ A» cos’6+- A, cos‘# to the data in Table I yielded the 
values, corrected for angular resolution, of A2=—1.10 
and A4,=+0.83, with an error of approximately 10 
percent in each coefficient. 

The 1-2-0 and 3-2-0 spin assignments which require 
negative cost terms independent of the amount of 
M1—2 mixture present are excluded by the experiment. 
The 0-2-0 combination is impossible in view of the 
presence of a cross-over transition; the 4-2-0 assign- 
ment is improbable by the same argument and, more- 
over, does not fit the measured correlation. 

The 2-2-0 assignment fits the data for a multipole 
mixture of 50 percent to 70 percent £2 and 50 percent to 
30 percent M1, zero phase (as defined by Ling and 
Falkoff'). The correlations obtained from these limiting 
mixtures are shown by the curves in Fig. 5. The 
measured value of 3107"! second for the half-life of 
the intermediate, 411-kev level'®'® and the use of 
metallic gold for the source make it unlikely that the 
measurement was influenced by reorientation of the 
nucleus while in the intermediate state.!7 Even if such 
an effect were present, it would not change the signs 
of the coefficients in the correlation function, and the 
2-2-0 combination would still be assigned. 

Although the experimentally determined admixture 
of £2 is over a hundred times larger than the 0.2 
percent expected from the Weisskopf formulation," 
this case of Hg'** is no exception. In the 2-2-0 cascade 
of Te'” the 2-2 transition is 80 percent £»,!% and in the 
2-2-0 cascade of Pt'’* which differs from Hg'® by two 
protons, the 2-2 transition is approximately 95 percent 
E>. 

The example of Hg'’* shows the much more unambig- 
uous character of directional correlations with even-even 
nuclei, in contrast with similar measurements on 
even-odd nuclei such as Co. This is due to the zero-spin 
ground state which requires gamma-transitions to it to 
consist of pure multipole radiation, thereby allowing 
only a few combinations for the spins of the excited 
states. In addition, the correlations for these different 
spin combinations vary greatly and are easily distin- 
guishable. 


7). S. Ling and D. L. Falkoff, Phys. Rev. 76, 1639 (1949). 
15... R. Graham and R. E. Bell, Phys. Rev. 84, 380 (1951). 
6 P. B. Moon, Proc. Phys. Soc. (London) A64, 76 (1951). 
17. Goertzel, Phys. Rev. 70, 897 (1946). 

18 V. Weisskopf, Phys. Rev. $3, 1073 (1951). 

19M. Glaubman and F. R. Metzger, Phys. Rev. 87, 203 (1952) 
* RR. M. Steffen, Phys. Rev. 89, 903 (1953) 
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Search for Double Beta-Decay in Sn!‘ and Zr**+-* 


Joun A. McCartuyt 
University of Rochester, Rochester, New York 
(Received August 18, 1952) 


If double beta-decay takes place without the emission of neutrinos, the total kinetic energy of the two 
emitted electrons will be constant. The half-life would be of the order of 10'* years for 1.5-Mev available 


energy or 10" years for 3.5-Mev available energy. 


Sn and Zr® have been studied for evidence for such a process. A lower limit of 1.5 10"? years is set on the 
half-life for double beta-decay of Sn™, which has 1.5+0.4-Mev available energy. In the case of Zr, which 
has 3.4+0.3-Mev available energy, the results indicate a lower limit of 2 10" years for double beta-decay 
The results also indicate the presence of a slight activity of 64210" years half-life (if attributed to Zr) 
at 3.8+0.5 Mev with an energy spectrum and coincidence nature compatible with the predictions for 
double beta-decay. Further experimentation is necessary to establish the existence and nature of this 


activity. 


INTRODUCTION 


HE existing theories dealing with double beta- 
decay fall into two general classes. One theory! 
requires the emission of two neutrinos and two electrons 
and predicts a lifetime of the order of 10” years for 
4-Mev available energy. The second class of theories?“ 
allows the emission of two electrons unaccompanied by 
neutrinos and predicts lifetimes of the order of 10 
years for 3.5-Mev available energy. If the latter theory 
is correct, the total kinetic energy of the two electrons 
will be constant, and it might be possible, because of 
this property, to detect double beta-decay directly. 

The most recent theoretical treatment of double 
beta-decay without the emission of neutrinos is that of 
Primakoff.’ Using the tensor interaction and _ shell 
model predictions for even-even nuclei (spin 0, even 
parity) he finds an angular correlation between the 
electrons of approximately (1+ cos#) and_ predicts 
lifetimes of 6 10'° years for 1.5-Mev available energy 
and 6X 10" years for 3.5-Mev available energy. 

These predicted lifetimes are based on constants 
whose values are calculated from experimental data 
on the decay of the neutron. Experiments on the 
beta-decay of heavier nuclei indicate that the lifetimes 
may be much longer, since the transitions are probably 
unfavored.*® 


THE EXPERIMENT 


If double beta-decay occurs without the emission of 
neutrinos, the total kinetic energy of the two emitted 


t Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

* Based on research performed in partial fulfillment of the 
requirements for the Ph.D. degree in the Department of Physics, 
University of Rochester, Rochester, New York. 

t Now at the Department of Physics, Massachusetts Institute 
of Technology, Cambridge, Massachusetts. 

''M. Goeppert-Mayer, Phys. Rev. 48, 512 (1943) 

2W.H. Furry, Phys. Rev. 56, 1148 (1939). 

3H. Primakoff, Phys. Rev. 85, 888 (1952). 

‘L. A. Sliv, Zhur. Eksptl. i Teort. Fiz. 20, 11, 1029 (1950 

5H. Primakoff, private communication, July 8, 1952. 

6 J. A. McCarthy, thesis, University of Rochester, Rochester, 
New York, 1952 (unpublished) 


electrons will be constant, as noted above. The exper- 
iment reported here takes advantage of this fact. The 
sample to be investigated was placed between two 
trans-stilbene crystals observed by separate photo- 
multipliers. Simultaneous current pulses from these 
photomultipliers were added electronically and analyzed 
by a thirty-channel pulse-height discriminator.’ During 
the coincidence runs, recording occurred only when 
there was a coincidence between pulses from the two 
photomultipliers. In view of the possibility of a strong 
angular correlation between the emitted electrons, 
runs were also made measuring total activity without 
regard to coincidences. An anticoincidence system of 
four large guard counters was used to reduce the 
background. The equipment was shielded by } inch of 
steel inside 4 inches of lead. Thermal neutrons were 
absorbed by a jg-inch cadmium sheet under the 
shielding and 1 inch of borax around it. 

Trans-stilbene scintillation crystals observed by 
RCA 5819 photomultiplier tubes were used throughout 


this experiment. The experimental arrangement is 


1. Expanded schematic view of the counting 
and anticoincidence unit. 


? Fulbright, McCarthy, and McCutcheon, Phys. Rev. 87 


184 (1952) 
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Goo Separate energy calibrations of the two counting 
And Scaler crystals were made approximately every 48 hours, 
using the gamma-rays from Na”. The operation of the 
thirty channel pulse-height discriminator was checked 
every twelve hours. If any change in gain or any 
po electronic difficulty was found in one of these inspec- 
Lineer Adding tions, all results since the last satisfactory check were 
Amplifier Circuit discarded. 

The isotopes investigated were Sn and Zr*®.5 
Figures 3 and 4 show the comparative atomic masses of 
the members of the isobaric series A =96 and A= 124, 

from beta-decay data" and from recent mass-spectro- 
ee rem Scaler graphic measurements.”:" 
Ampiifier Circuit 
multiplier The masses given represent probable values, and are 
in general accurate only to about 0.5 Mev. 












































































































































Fic. 2. Block diagram of electronic equipment. 
shown in Fig. 1 and the electronic equipment in Fig. 2. 
The sample under investigation was placed between two 
crystals (each 2.5X2.5X1.1 cm, placed 3 mm apart) 
which were observed by separate photomultipliers 
whose outputs were added electronically. These shall 
be called “counting crystals” in the future to avoid 
confusion. The source and the counting crystals were 
surrounded on four sides by guard crystals whose 
outputs were in anticoincidence with the added pulse 
from the counting crystals. The same crystals were 
used to investigate all samples. To permit sample 
changing one counting crystal and photomultiplier 
were made removable. 

The sample under investigation and the appropriate 
background sample were alternately placed between 
the counting crystals for periods of from ten to twenty 
hours. Such rotation of samples was used throughout 
the entire experiment. During the necessary handling 
of the samples, clean silk gloves were worn to prevent spl24 Tel24 '24 


INMEV 


MASS DIFFERENCE 








possible contamination ; 
I'ic. 4. Atomic mass differences above most stable nuclide 
5/ ol isobaric series A = 124 


EXPERIMENTAL RESULTS 


The experimental results are shown on Figs. 5 to 9. 
Sample statistics bars are given to show the order of 
magnitude of the probable error resulting from the 
random counting rate. Each statistics bar is the square 
root of the number of counts in the interval. The 
activity measured with Zr®® or Sn' is shown on the 
graphs as a solid line, while the activity measured with 
the comparison samples is shown with a dotted line. 
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8 The enriched samples used were supplied by the Oak Ridge 
National Laboratory. The Sn metal sample weighed 150 
milligrams and contained 95 percent Sn; the Zr” sample weighed 
52 milligrams and contained 89.5 percent Zr; the Zr™ sample 
weighed 52 milligrams and contained 97.9 percent Zr™ (the Zr 
“— samples were in the form of ZrO2, a powder). 
Nuclear Data, National Bureau of Standards Circular 499 
(1950). 
Z © P, Preiswerk and P. Stahelin, Helv. Phys. Acta 24, 300 (1951). 
2r%6 Nb% Mo%® Tc 96 Ru% 1G, E. Boyd and B. H. Ketelle, Oak Ridge National Labora- 
tory Reports ORNL 795 (1951) and ORNL 879 (1951). 
ic. 3. Atomic mass differences above most stable nuclide 2B. G. Hogg and H. E. Duckworth, Phys. Rev. 86, 567 (1952) 
of isobaric series A = 96. 3H. E. Duckworth, private communication, May 26, 1952. 
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DOUBLE s-DECAY 

If double beta-decay occurs without the emission of 
neutrinos, it should be observed as a peak in the Zr® or 
Sn'™ activity above the activity measured with the 
corresponding background sample in both total activity 
and coincidence data. In Sn™ this peak should occur at 
1.5+0.4 Mev;” in Zr at 3.4+0.3 Mev." 


A. Sn! 


Figure 5 shows the coincidence activity in Sn™ and 
in natural Sn. No statistically significant difference 
between the two samples is observed. In the region from 
one to two Mev, the excess of Sn'™ over natural Sn is 
—15+26 counts in 110 hours. 

Figure 6 shows the results of 128.3 hours each of 
Sn'4 and natural Sn samples with the equipment set to 
record total activity without regard to coincidences. 
A small excess activity in the Sn™ sample between 1.9 
and 3.5 Mev is indicated. Below 1.9 Mev the back- 
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Fic. 5. Coincidence activity with Sn™ and natural Sn samples 
The solid line is Sn and the dashed line is natural Sn. 


ground is so high that any small excess would not be 
statistically significant. ‘The excess activity between 
1.9 and 3.5 Mev is 2.6+0.6 counts per hour. 


B. Zr°*® 


The results of a similar total activity measurement 
on Zr are shown in Fig. 7. In the region between 1.3 
and 2.2 Mev, which is not shown, the Zr sample 
causes an excess of 0.45+0.34 counts per hour. The 
apparent peak between 3.3 and 4.3 Mev indicates an 
activity in Zr®® with a counting rate of 0.67+0.18 
counts per hour. 

Figure 8 gives the results of a coincidence activity 
experiment designed to study the nature of the 3.8-Mev 
peak in Zr® indicated by the total activity portion of 
this experiment. Between 3.3 and 4.3 Mev, Zr shows 
an excess of 0.25+0.09 counts per hour. 

Figure 9 shows the difference between the Zr* 
results and the corresponding Zr“ background results 
for both total and coincidence activity. It is included 
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6. Total activity with Sn and natural Sn samples. The 
solid line is Sn" and the dashed line is natural Sn. 


to illustrate that the evidence for a peak at 3.8 Mev is 
not as conclusive as might be assumed from an inspec- 
tion of Fig. 7. 


DISCUSSION 
A. Sn’ 


In the case of Sn'* no evidence is found for double 
beta-decay. No evidence for the “neutrino-less” theory 
can be found in this or any other experiment’ 
which has been performed on Sn", However, we set 
a lower limit of 1.510! years on the lifetime of Sn'™ 
for double beta-decay (assuming no angular correlation 
between the emitted electrons). 

In the experiment on Sn" which measured total 
counting rate, an activity extending to more than 3 
Mev is indicated. This cannot be accounted for by 
simple beta-decay of Sn'™ to Sb'™ and thence to Te™. 
Levine and Seaborg'’ searched for evidence of such a 








6 ‘8 20 22 24 


OISCRIMINATOR CHANNEL NUMBER 





| “— T 
30 35 40 
ENERGY IN MEV 


7. Total activity with Zr% and Zr™ samples. The solid line 
is Zr® and the dashed line is Zr™. 
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Fic. 8. Coincidence activity with Zr and Zr™ samples. The solid 
line is Zr*® and the dashed line is Zr™, 


process and set a lower limit on the lifetime of 3.7 10" 
years. This is in agreement, of course, with mass 
spectrographic and beta-decay data which indicate 
that such a decay is forbidden by conservation of 
energy. It is extremely difficult to explain the observed 
activity unless the sample is contaminated. 


B. Zr* 


Since Zr has 3.4-Mev available energy, it is a 
favorable isotope for study, with a predicted lifetime of 
about 6X 10" years. 

In the 218-hour run measuring total activity without 
regard to coincidences (Fig. 7), 816+29 counts were 
recorded between 3.3 and 4.3 Mev with the Zr®® sample 
and 669+ 26 counts with the Zr™ sample, indicating an 
activity which, if arising from Zr, has a counting 
rate of 0.674-0.18 counts per hour. Slight excess in the 
Zn** sample was also noted at energies below 2.2 Mev 
with no excess from 2.3 to 3.3 Mev or above 4.3 Mev. 
Since there is apparently 0.3+0.3 Mev available for 
direct beta-decay of Zr** to Nb", this low energy excess 
might be explained by simple beta-decay with a life- 
time of the order of 10'° years. The peak at 3.8 Mev 
cannot be accounted for by beta- or gamma-activity 
because there is no evidence of activity between 2.3 
and 3.3 Mev. The possibility of an internally converted 
3.8-Mev gamma-ray exists, but there is no evidence of 
Compton electrons in the lower energy region. In 
order to account for an internal conversion peak 
coupled with a number of emitted gamma-rays small 
enough to be compatible with the apparent absence of 
Compton electrons originating in the crystal, it would 
be necessary to assume that the 3.8-Mev gamma-ray 
was at least 5 percent internally converted, which is a 
factor of more than 10° higher than the predicted 
internal conversion coefficient.'? The sample with its 
aluminum foil covering is 35 milligrams/cm? thick, so 
any alpha-particle activity would also be smeared over 
the entire low energy region. 


S$. Dancoff and P. Morrison, Phys. Rev. 55, 133 (1939) 
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Thus, from this part of the experiment we have four 
possibilities for the 3.8-Mev peak: 


1. A statistical effect. The probability of such an 
effect is less than 1 percent. 

2. Internal conversion of a 
with an extraordinarily large 
coefficient. 

3. Internal pair production. 

4. Double beta-decay with a lifetime 
X10" years. 


3.8-Mev 
internal 


gamma-ray 
conversion 


of 0.6+0.2 


In view of the coincidence data presented below, the 
author considers the fourth hypothesis (double beta- 
decay) the most likely one. 
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Fic. 9. Difference between activity with Zr” sample and with 
Zr™ sample. The difference in the total activity in 218 hours is 
shown in the upper diagram; the difference in the coincidence 
activity in 212 hours is shown in the lower diagram. The energy 
scale is the same for both, Each error is the square root of the sum 
of the Zr and the Zr™ counts in the interval. 


The peak of about 5 counts per hour with both Zr*® 
and Zr™ samples between 4 and 5 Mev is probably high 
energy cosmic-ray particles crossing both counting 
crystals. In the coincidence data presented below one 
of the counting crystals was replaced by a crystal 8 
millimeters thicker and the peak moved to a position 
above 5 Mev. 

The Zr® experiment was repeated, using coincidences 
between the counting crystals. The results, shown in 
Fig. 9, show an excess with the Zr sample of 0.25 
+0.09 counts per hour between 3.3 and 4.3 Mev. 
Unfortunately, the geometry of the experiment, the 
large statistical errors, and the probability of single or 
multiple seattering in the sample and crystals prevent 
any conclusion regarding the angular correlation of 
the emitted electrons. 





DOUBLE sp-DECAY 


CONCLUSION 
In view of the large statistical errors, the author 
feels that the results presented here indicate, but do 
not prove, that double beta-decay may occur in Zr 
without the emission of neutrinos. Further experimenta- 
tion is clearly necessary. 
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Argon 38 in Pitchblende Minerals and Nuclear Processes in Nature 


W. H. Fieminc ano H. G. THope 
Departments of Physics and Chemistry, Hamilton College, McMaster University, Hamilton, Ontario 
(Received February 20, 1953) 


The isotopic constitution of argon extracted from four pitchblende samples of different age and uranium 
concentration has been determined. The A**/A%* ratio was found to vary by over three hundred percent 
with the greatest deviations from normal occurring in the ores with high uranium content. It is suggested 
that A* has been produced in considerable quantities in these ores by nuclear reactions involving e-particles 


and/or the spontaneous fission neutrons. 


HE occurrence of large variations in the abundance 

of A”, because of A capture in K®, in argon 
samples extracted from rocks is well known and has 
been studied in many laboratories for the purpose of 
age determinations. For example, Mousuf' has found 
values of the A”/A* ratio as high as 90 000 in samples 
of microcline while the value of this ratio for normal 
argon, as determined by Nier,? is 295.5. Since no 
detailed study of the A** content of argon samples from 
various sources has been reported, a survey of the A** 
abundance in pitchblende ores was undertaken in this 
laboratory in conjunction with the investigation of the 
xenon and krypton spontaneous fission yield patterns 
already in progress.* 

Powdered pitchblende samples of approximately 200 
grams were placed in an inconel combustion tube and 
continuously evacuated for 24 hours and then heated 
to 250-300°C for one hour to remove most adsorbed 
gases. Preliminary experiments showed that no loss of 
the fission product gases occurred during this period. 
The temperature was then slowly raised to the maxi- 
mum obtainable with the furnace used (approximately 
1250°C) and the gases released were collected in two or 
three fractions over the temperature range covered. 
Fractions collected at the higher temperatures should 
contain less normal argon from adsorbed gases. Each 
fraction was purified in a calcium furnace to constant 
volume. The volume of the individual samples varied 
from one to ten cubic millimeters depending on the 
ore used and the temperature range covered. 

The samples were analyzed on a 180° direction 
focusing mass spectrometer. The small size of the 


1A. K. Mousuf, Phys. Rev. 88, 150 (1952). 
2A. O. Nier, Phys. Rev. 77, 789 (1950). 
3 J. Macnamara and H. G. Thode, Phys. Rev. 80, 471 (1950). 


samples made it necessary to operate the ion source 
with very high ionizing electron beam currents. 

The principal sources of error in determining the 
abundance of a rare isotope, such as A**, are impurities 
in the sample and residual or background ion currents 
in the mass spectrometer. To eliminate the first factor 
one sample was removed from the mass spectrometer 
and repurified in a calcium furnace. The analyses 
before and after repurification were in good agreement 
(Table I). Increasing the peak heights by a factor of 
three by changing the sample pressure produced no 
detectable change in the abundance ratios, indicating 
that the effect of the background ion currents was 
negligible. 

The results of the mass spectrometer analysis are 
given in Table I together with the ratios for normal 
argon. The uranium concentration and geological ages 
determined by lead isotope ratio measurements are 
also listed. The Great Bear Lake pitchblende result is 
from preliminary work and only the highest temperature 
fraction was available for analysis. The A**/A** ratio 
is seen to vary from 1.69 to 5.18 for the pitchblende 
samples, compared with 5.35 for normal argon. This is 
an over-all variation of more than 300 percent. Such 
large changes in isotopic abundance cannot be explained 
by any natural fractionation process and can be pro- 
duced only by some nuclear reactions. ‘The xenon and 
krypton fission yield patterns were found to be inde- 
pendent of the temperature at which the samples were 
collected, indicating that no appreciable fractionation 
results from the diffusion of the gases out of the crystal 
lattice during the extraction process. 

It is, therefore, necessary to consider possible nuclear 
reactions which would result in the production of A** 
or the removal of A**. Since no correlation between the 
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TABLE I. Argon isotope abundance ratios. 


Age 
millions 
Sample ol years) 


Percent 
UiOr A®@/A* 


295.5 


Normal argon, Nier* 
Pitchblendes 

Lake Athabaska 

(1) S00- 850% 

(2) 850-1050°C 
(3) 1050-1240°C 
Great Bear Lake 

(1) 1000-1200°C 


5.18 +0.02 
4.97 +0.06 
5.14 +0.01 


280.0+0.6° 
291.6+1.8 
289.0+1.0 


36.46° 270.2+0.5 5.15 +0.04 


Eagle Mine, 
Beaverlodge 
(1) 250-900°C 
(1) repurified 
(2) 900-1170°C 


2.598+0.015 
2.582+0.012 
1.69 +0.01 


265.6+0.2 
268.2+-0.6 
226.4+0.4 


Belgian Congo 
(1) 300-880°C 
(2) 880-1240°C 


3.87 +0.04 
4.14 +010 


294.04 


12 
376.8+8.5 


* See relterence 2 


» Errors quoted are probable errors of the mean of the individual mass 


spectrometer determinations. All results are relative to Nier's values for 


normal argon 
¢ A mill concentrate, original concentration unknown. 


age of the samples and the A**/A* ratio is apparent in 
Table I, and since no nuclides decaying to A®** or A*® 
have half-lives long enough to be of significance on a 
geological scale of time, the interactions of alpha- 
particles and the spontaneous fission neutrons with the 
elements in the neighborhood of argon must be con- 
sidered. The amount of A** present in the samples was 
approximately the same as the amount of fission 
product Xe’. The very low relative probability of 
multiple fission indicates that this process cannot 
account for the abnormal amount of A** present. The 
large deviations from normal in the A**/A** ratio are 
found in the ores of high uranium content, where 
reactions involving alpha-particles and neutrons would 
be expected to be more prominent. The principal 
reactions producing A** or using up A* are listed below. 


° 
CF (n,y) Ch A (a) 


Cl (a, p)A* (b) 


pt 
CH5(a,n)K3*#—A38 (c) 


AND H. G. 


THODE 


K"(n,a) CP A%8 (d) 
A* (ny) A” (e) 
A**(a,n)Ca® (f) 
A*(a,p)K®. (g) 


Reaction (a) may be disregarded because the capture 
cross section of Cl®* is much larger than that of Cl’; 
hence more A** than A** would be produced if neutron 
capture in chlorine were important. Any reaction which 
used up A* would be accompanied by a similar reaction 
involving A**, probably to about the same extent, and 
hence reactions (e), (f), and (g) would not appear to 
explain the observed A**/A* ratios. Of the remaining 
reactions, (b) and (c) appear to be the most probable, 
but the data available are by no means sufficient to 
establish this definitely. It should be noted that 
reactions similar to (b) and (c), involving S*, would 
produce A*, and this must be taken into account. The 
extent to which reactions of these types occur would 
depend on the uranium content, on the concentration 
of the light elements involved, and on the age of the ore. 

Further studies of argon samples from pitchblende 
and other rocks are in progress, and a study of the 
chemical composition of the pitchblende samples is 
under way. It is hoped that it will be possible to 
identify the reaction or reactions producing the ab- 
normal A**/A* ratios. 

The results obtained to date that nuclear 
reactions produce quite large variations in the abun- 
dance of A** and A* in nature. This indicates that the 
corrections for normal argon, based on A** abundance, 
used in age determinations involving K® decay may 
be subject to large errors, particularly if uranium is 
associated with the materials being studied. 

The authors wish to thank A. Thunaes of the Depart- 
ment of Mines and Technical Surveys, Ottawa for 
determining the uranium content of the pitchblende 
samples and R. K. Wanless, who carried out the pre- 
liminary work with the Great Bear Lake sample. The 
financial assistance of the National Research Council 
and the Atomic Energy of Canada Limited is gratefully 
acknowledged. 
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Resonance Scattering in Indium* 
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Resonance scattering from the 1.458-ev level of indium has been studied by a bright-line technique. 
resonance-scattering cross section of 1600 barns corresponds to a scattering level width of 0.0052 ev and a 


l’,,/T of 4.5 percent. 


INTRODUCTION 


REVIOUS work on nuclear resonance levels pro- 

duced by low energy neutrons has followed the 
methods of absorption spectroscopy, the sample under 
study being interposed between a source emitting 
neutrons of all energies and the detector.’ Secondary 
characteristic sources have occasionally been used in- 
volving the scattering of neutrons from samples in a 
polychromatic or monochromatic beam.’ The present 
work uses a characteristic neutron source such that 
nuclear resonances appear as bright lines against a low 
intensity background. The bright lines are characteristic 
of resonance scattering superimposed on a potential 
scattering background. The method is appropriate, 
therefore, to the measurement of nuclear-scattering 
cross sections, both resonance and potential, rather 
than the total cross section obtained by dark line 
techniques. 

The 1.4-ev resonance of In''® was selected for study 
because of its convenient energy, the high isotopic 
abundance of In'", its high cross section, and the ease 
and simplicity of activation studies. Excellent data 
exist on the total cross section as a function of energy.’ 


EXPERIMENTAL 


A scattering pipe (Fig. 1) was inserted into the 
Brookhaven reactor, together with a 35-hole collimator 
of such aperature that neutrons originating within the 
reactor or scattered within the region of appreciable 
neutron density could not emerge through the col- 
limator. The inner end of the collimator was 
kept within the reactor shield in a region of low 
neutron flux to minimize slit scattering. The region ob- 
served through the collimator was a neutron trap 
erected within the opposite shield. The visible surface 
consisted of a thin steel can filled with boron carbide 
set well back in the reactor shield. No neutron con- 
tribution could be observed from this source. 

Air within the tube constitutes an excellent scattering 
source. The tube and collimator were therefore evacu- 

* Experimental work performed at Brookhaven National 
Laboratory, a U. S. Atomic Energy Commission laboratory. 

1 Borst, Ulrich, Osborne, and Hasbrouch, Phys. Rev. 70, 557 
(1946); W. H. Zinn, Phys. Rev. 71, 752 (1947); Sawyer, Wollan, 
Bernstein, and Peterson, Phys. Rev. 72, 109 (1947). 

2F. G. P. Seidl, Phys.Rev. 75, 1508 (1949); J. Tittman and 
C. Sheer, Phys. Rev. 83, 746 (1951); Brockhouse, Hurst, and 


Bloom, Phys. Rev. 83, 840 (195i). 
3V.L. Sailor and L. B. Borst, Phys. Rev. 87, 161 (1952). 


ated. Pressures were ordinarily reduced to less than 0.1- 
mm Hg before work was attempted. A five-mil (0.12- 
mm) aluminum window was used to withstand atmos- 
pheric pressure. Thick sheet cadmium was used to filter 
out thermal neutrons scattered by the collimator and 
sample. 

The scattering sample consisted of a thin film con- 
taining indium supported on a movable graphite ring 
and placed at the center of the pipe in the region of 
maximum neutron flux. Studies were carried out at a 
distance of 20 feet or greater from the sample. Since 
pure indium would have melted at the temperature at 
which the sample was exposed, high melting alloys 
with tin and lead were used. 

Self-activation studies were first carried out using a 
stack of cadmium covered indium foils, irradiated in 
the beam emerging from the collimator. ‘These were 
then counted with conventional thin-window beta-ray 
counters. 

Further studies were conducted using a Cauchois-type 
sodium chloride curved crystal spectrometer.’ A sodium 
chloride crystal with a radius of curvature of approxi- 
mately forty feet constructively reflected the diverging 
rays from the collimator through a long boron tri- 
fluoride counter. All regions of the crystal used were 
found to contribute to the diffracted intensity. 


OBSERVATIONS 


Self-activation studies were first made to evaluate the 
resonance contribution to the beam emerging from the 
scattering pipe. The scatterer used consisted of 0.0072 
g/cm? of indium alloyed with 0.015 g/cm? of tin. Figure 
2 shows the intensity of activation as a function of 
position in the foil stack. The upper curve shows the 
absorption curve for indium using a cadmium filter. 
The slope at zero absorber indicates an absorption 
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Fic. 1. Schematic arrangement of apparatus 


*Y. Cauchois, J. phys. 3, 320 (1932). 
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Fic. 2. Self-absorption in indium from 0.0072 g/cm? indium, 
0.015 g/cm? tin. Upper curve absorption in indium; lower curve 
absorption through 0.56 g/cm? rhodium filter; intermediate curve, 
difference. 


cross section of 37 000 barns. This value of the absorp- 
tion cross section and the intensity of the highly ab- 
sorbed component are strong indications the incident 
beam corresponds to an emission spectrum. 

The rhodium resonance at 1.260 ev (¢g=4600 b) can 
serve as an effective filter to remove a large fraction of 
the indium resonance radiation. The lower curve shows 
the effect of cadmium plus 0.56 g/cm? of rhodium. The 
intermediate curve shows the difference or the rhodium 
absorbable component. 

These curves may be decomposed into a sum of four 
exponential terms representing the absorption of each 
of the four components in both rhodium and indium: 


[= 1267129 Rhe—190N Int. 55 ¢~270N Rhe—1900N In 


+ 190¢ 690.N Rhe~12 WOON In + 400 640N Rhe- 150 000N In 


where Vg, and Vj, are the numbers of atoms per cm’. 
Since the cross section of rhodium at 1.46 ev is 700 
barns, it is evident that the last two terms are associated 


it 
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with resonance scattering of the 1.458-ev level in 
indium. The first term, because of the low cross sections, 
is certainly associated with a small thermal component 
penetrating the cadmium filter. The second term may 
not be identified with a single energy component, but is 
certainly above the thermal region. It is evident there- 
fore that 40 percent of the neutrons from the scattering 
pipe above the thermal region are associated with the 
1.458-ev resonance. 

Initial observations using the Cauchois spectrometer 
were made with the first-order reflection from a sodium 
chloride crystal [Fig. 3(a)]. The intensity at the 
maximum is nearly three times the intensity of the 
energy-independent background (composed of potential 
scattering, neutrons from other experiments and circuit 
background). 

The peak is seen to be asymmetric when plotted as 
a function of diffraction angle. For a line of small intrin- 
sic width compared to the slit width, the curve would 
be symmetrical; whereas for a well-resolved resonance 
having the form of a Breit-Wigner absorption resonance, 
asymmetry would be evident in the opposite sense. The 
asymmetry observed is therefore strong evidence of a 
scattering resonance showing interference between the 
potential and resonance terms. It is evident from the 
resolution triangle that the resonance is not completely 
resolved. 

Figure 3(b) shows the fractional transmission ob- 
tained by interposing an indium foil between the bright 
line source and the counter. In comparing the original 
data, there is no observable displacement between the 
bright line scattering maximum and the absorption 
maximum. The possible displacement can certainly not 
exceed 0.01 ev. 

Further studies were carried out in the second order 
to double the resolution. The ratio of intensities of the 
first to second order was 3.6 compared to a theoretical 4. 
Figure 4 shows the bright line fully resolved. Trans- 





(b) 


“1G. 3. (a) Bright line from 1.458-ev indium resonance. First-order spectrum from 0.0072 g/cm? indium, 0.015 
g/cm? tin. (b) Transmission of 0.018 g/cm? indium using first-order bright line as source. 





RESONANCE 


mission measurements made at the exact resonance 
indicate a total cross section of 25000 barns. The 
precise form of the background contribution is not easy 
to deduce, and the data are therefore difficult to 
interpret quantitatively. 

A normal transmission curve is shown in Fig. 5 after 
filling the scattering pipe with nitrogen. The resonance 
now shows its normal symmetrical form. 

The indium-tin scatterer was replaced by a sample 
consisting of 0.0094 g/cm? indium 0.021 g/cm? lead, 
greatly reducing the potential scattering from the 
alloy. Figure 6 shows data obtained from the new scat- 
terer using a special counting circuit. The asymmetry 
of the peak is again evident. 

A graphite scatterer was used to calibrate the instru- 
ment using the identical geometry and counting ar- 
rangement. The maximum of Fig. 6 corresponds to a 
cross section of 350 barns. 

ANALYSIS 

While the scattering foils are thin by normal stand- 
ards, important corrections are required near the 
resonance. Correction was therefore made for attenu- 
ation within the scatterer. A spherically-symmejric 
neutron distribution was assumed together with the 
observed total cross sections near the resonance found 
by Sailor.’ The intensity from the scatterer is 


h hr 
1-f € wf et se cinfdédx 
: : h ® 
+f é wf eB (h—z) sed sinédédx, 
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where / is the thickness of the scatterer and yp its ab- 
sorption coefficient. The ratio of intensity to that for 
zero absorption is 
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Fic. 4. Bright line in second order from 0.0072 g/cm? indium, 
0.015 g/cm? tin, 
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Dark line in second order using continuous source (crosses) 
from scattering by nitrogen. 


This function was graphically integrated and found to 
have a value of 0.196 for a cross section of 27 000 barns. 
It therefore constitutes a major correction to the data. 
The calculated resonance scattering cross section then 
becomes 1600 barns. 

A theoretical resonance scattering curve has been 
calculated using the treatment of Wigner® with the 
following assumptions: (a) only s neutrons contribute; 
(b) spins for In'"®=9/2, In"*=4; (c) '=0.114 ev; 
(d) o,=27 000 barns at resonance; (e) Eo= 1.458 ev; 
(f) o,= 2.2 barns; (g) o,-= 1600 barns at resonance. The 
theoretical curve has been corrected for thick scatterer 
and is fitted to the data in Fig. 6 using a constant back- 
ground of 29 cpm. (A slight calculated line reversal 
has been smoothed out because of insufficient resolving 
power.) 

While the tit at small angle is not good, probably due 
to improper evaluation of the background, the principal 
discrepancy between the data and theory is on the low 
energy side of the resonance. The experimental curve 








Fis. 6, Bright line in second order from 0.0094 g/cm? indium, 
0.021 g/cm? lead. Broken curve is from Breit-Wigner theory of 
resonance scattering. Crosses give background 


5 E. P. Wigner, Phys. Rev. 70, 26 (1946). 
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appears to be too steep to be fit by the theory. A poten- 
tial-scattering cross section larger than presently re- 
ported might improve this fit. 

The derived width of the energy level for scattering 
was found to be 0.0052 ev, giving a ratio of I’,/I’ of 
4.5 percent. 
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The Decay of Rh’’*” (4.3 Min) and Rh’ (44 Sec) 
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The radiations of neutron-activated rhodium are studied with 180° constant field conversion electron 
spectrometers and a gamma-ray scintillation spectrometer. Internal conversion electrons are observed to 
be associated with the 4.3-minute activity. These are interpreted as arising from two isomeric transitions 
of 51.140.2 and 77.2+0.2 kev in rhodium. By coincidence studies these two transitions are shown to be 
in cascade. The character of the radiations, as determined from the K/L ratios and lifetime considerations, 
appears to be M1 and E3, respectively. Additional gamma-rays of energy 550+10 kev and ~1.2 Mev 
(weak) are observed with the scintillation spectrometer. The 550-kev transition is associated with both 
the 44-second and the 4.3-minute periods and is assumed to follow the beta-decay and hence be in Pd, 


INTRODUCTION 


A° early as 1935, Fermi and associates had observed! 
in rhodium, exposed to slow neutrons, induced 
radioactivities whose half-lives were 50 seconds and 
5 minutes. Subsequent investigators? showed that these 
activities were in rhodium-104 following neutron 
capture in rhodium-103, and they noted the existence 
of associated conversion electrons with, however, 
considerable disagreement as to their energies. From 
absorption measurements it was concluded that an 
isomeric transition of about 50 kev in the 4.3-minute 
activity led to the 44-second beta-emitting level. This 
in turn was believed to emit a beta-ray of maximum 
energy about 2.5 Mev followed by a gamma-transition 
of about 400 key in the resulting palladium nucleus. 
More recent measurements with a_ scintillation 
spectrometer have given the metastable transition® 


I. Conversion lines associated with the 
4.3-minute Rh decay. 


TABLI 


Transition 
energy 
(kev) 


“51.1 


Energy 
sum 
(kev) 


Electron 
energy 


Relative 


intensity 


Interpre 
(kev) tation 


7.9 1443 K(Rh) 
7 <3 L,(Rh) 
K (Rh) 
L.(Rh) 
(Rh) 


twa 
_ 


i 77.2 
4. 
18) 


100+15 
8+2 


2 
4 
5 
/ 
/ 


g 

0 6349 
1 

7 


Roth 


!Amaldi, D’Agostino, Fermi, Pontecorvo, and Segré, Prox 
Roy. Soc. (London) Al 19, §22 (1935) 

2K. Way et al., Nuclear Data, National Bureau of Standards 
Circular No. 499 (1950). 

3E. der Mateosian and M. Goldhaber, Phys. Rev. 82, 115 
(1951). 


energy as 52 kev and the transitions‘ in palladium as 
560 kev and 1.1 Mev. Other investigators® had found for 
the latter, gamma-rays energies of 41, 180, and 950 kev. 
One report® concluded that most of the electromagnetic 
radiation observed was due to bremsstrahlung. 


THE PHOTOGRAPHIC SPECTROMETRIC STUDY 


In the present investigation the radiations from 
neutron-activated rhodium are studied with 180° 
constant-magnetic-field photographic spectrometers and 
with sodium iodide (thallium-activated) crystal scintil- 
lation gamma-spectrometers. 

The spectrometers were located close to the Argonne 
heavy-water-moderated pile so that the irradiated 
specimens could be transferred quickly from the pile 
to the spectrometer. The specimens were inserted and 
removed from the strong neutron flux by means of a 
pneumatic tube. The photographic spectrometer sources 
were made of very narrow strips of cellulose tape 
coated with rhodium oxide and mounted on Lucite 
frames. The entire frame was irradiated, many succes- 
sive exposures being required to obtain a satisfactory 
spectrogram. The injection of the samples into and 
removal from the cameras was expedited by the use of 
quick-operating vacuum locks previously described.’ 

The photographic records were made using no-screen 
emulsion, either on duplitized film or as a single coating 
on glass plates. The internal conversion electron 

‘1D. Maeder and P. Preiswerk, Helv. Phys. Acta 25, 625 (1951). 

5P. Chudom and C. Muehlhause, Plutonium Project Report 
CP-3801, 25, (1947) (unpublished) 

6 B. Cacciapuoti, Nuovo cimento 4, 31 (1947). 

7 Rutledge, Cork, and Burson, Phys. Rev. 86, 775 (1952); 
Argonne National Laboratory Report ANL-4735 (unpublished). 





DECAY OF Rh?*** 


spectrum was studied from 9 kev up to high energy 
values (approx 2.5 Mev), using three different fixed 
magnetic fields to cover the different energy ranges. 
Mean values of the dispersions expressed in kev per 
mm of plate distance for the three magnetic fields are 
0.73, 5.0, and 10.5. 

Neutron capture produces the 44-sec 
directly, as well as indirectly, by disintegration of the 
4.3-minute active nuclei, freshly irradiated 
samples always show an initial decay of the 44-sec 
half-life. Hence, it is quite easy to discriminate between 
radiations associated with each activity. Five low 


activity 


since 


energy conversion electron lines are found to be asso- 
ciated with the 4.3-minute activity. Their energies, 
together with their interpretations and their intensities, 
are shown in Table I. An almost perfect fit results from 
the use of the work functions of rhodium, showing 
these gamma-transitions precede beta-emission. The 
two isomeric gamma-rays have energies of 51.1 and 
77.2 kev. These energies are believed to be accurate to 
+0.3 percent. 

Relative intensities of the 
determined from areas under line profiles obtained 
from photodensitometer traces of the plates. The 
measured values are corrected for attenuation due to 
the geometry of the spectrometers and for energy sensi- 
tivity of the emulsion. To correct for the geometrical 
attenuation, each area is multiplied by its corresponding 
radius of curvature. The energy sensitivity of the 
no-screen emulsion was determined by the method of 
Rutledge, Cork, and Burson.? The resulting relative 
intensities and A/ZL ratios are listed in Table I. No 
correction is made for differential absorption of the 
electrons in the source. This might be appreciable, 
particularly for the A electrons of the 51-kev gamma- 
ray, and if applied would result in a larger value for the 
K/L ratio. 

From a comparison of the observed ratios with the 
empirical A/L versus Z°/E relationships,*® the 51-kev 
transition would appear to be M1 or M2. The 77-kev 
transition would be in best agreement with 43 with 
some possibility of being £4 or M4. 

The lifetimes for an M1 and M2 transition of 51 
kev are expected to be ~10~° and ~10~ sec, respec- 
tively. Lifetimes predicted for £3, E4, and M4 transi- 
tions of energy 77 kev are ~10°, ~ 10%, and ~10" see. 
The experimental half-life (4.3 min) indicates again 
that the 77-kev transition is £3 and that it precedes 
the 51-kev. In view of the results of coincidence exper- 
iments described below, the short-lived M1 is a preferred 
assignment for the 51-kev transition. It may be further 
noted that the best fit is obtained by using the /, 
work function for the 51-kev transition. It has been 
demonstrated’ that L conversion is largely in the /4 
subshell for M1 transitions. 


8 M. Goldhaber and A. Sunyar, Phys. Rev. 83, 906 (1951). 
J. Mihelich and E. Church, Phys. Rev. 85, 733 (1952); and 
J. Mihelich, Phys. Rev. 87, 646 (1952). 
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Fic. 1. Normal and coincidence pulse height distributions of 
rhodium (4.3-minute) in the region 10-80 kev: A. Normal distribu 
tion (background subtracted); B. Coincidence distribution with 
single channel set at the x-ray peak (accidental coincidences 
subtracted); C. Coincidence distribution with single channel set 
at the 51-kev peak (accidental coincidences subtracted). Inten 
sities of peaks in B and C are not directly comparable. 


SCINTILLATION SPECTROMETER STUDY 


To evaluate the energies of gamma-rays which show 
little orno conversion, other methods must be employed. 
For this purpose the scintillation equipment used by 
Hamermesh and Hummel" in the study of capture 
gamma-rays was kindly made available. This consists 
of two spectrometers, one of which is provided with a 
twenty-channel pulse-height discriminator and the 
other with a single channel. These may be operated 
independently or in coincidence. The detecting probes 
are Nal(Tl) crystals packaged according to the method 
of Swank and Moenich" with No. 5819 photomultiplier 
tubes and associated preamplifiers. By a proper choice 
of gain and photomultiplier voltages, any region of 
the energy spectrum can be investigated. The coin- 
cidence resolving time is about 7 microseconds 

Sources consisted of small pieces of thin rhodium foil 
or smal] amounts of the oxide covered with cellulose 


Hamermesh and V. Hummel, Phys. Rev 
Swank and J Moenich, Rev. Sci. Instr. 23, 502 
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Fic, 2. Proposed decay scheme for Rh' and Pd™, 
tape. A beryllium filter of about 1.8 grams per cm? 
was used to shield the crystal from beta-radiation. As a 
single spectrometer, peaks were observed in the pulse 
height distribution corresponding to energies of 20, 51, 
550, and 1200 kev. These values are meaningful to 
about plus or minus two percent. The 20-kev peak is 
undoubtedly due to the rhodium K x-ray. This and the 
51-kev peak decayed with the 4.3-minute half-life 
while the 550-kev peak decayed with both the 44-second 
and 4.3-minute periods. The 1200-kev peak is very 
small. Its decay was not measured. Conversion is 
apparently so complete for the 77-kev transition that 
it is scarcely apparent as a gamma-peak. 
A search for gamma-gamma_ and 
coincidences was made by setting the single channel in 


fammMa-xX-ray 


succession at each of the prominent peaks and observing 
the resulting coincidence rates in the regions of the 
other peaks. The sources were first allowed to decay 
until the 44-second activity was in equilibrium with the 
4.3-minute parent. During the coincidence counting the 
decay of the single channel counting rate was recorded. 

The observed normal and coincidence spectra of 
Rh'™ in the region 10-80 kev are displayed in Fig. 1. 
Figure 1(A) is the normal spectrum observed with the 
source in position for coincidence counting. Figure 1(B) 
is the coincidence spectrum observed with the single 
channel set at the x-ray peak. Figure 1(C) is the coin- 
cidence spectrum with the single channel set at the 
51-kev peak. These data indicate that x-ray transitions 
are in with x-ray transitions and with 
51-kev transitions. This is what is expected if the 
partially converted 51-kev and highly converted 77-kev 
transitions are in cascade. No x-ray or gamma-coinci- 
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dences are observed involving the 550-kev transition. 
There is some evidence that the 550-kev gamma is in 
coincidence with the beta-transition, but the evidence 
is not certain. Counting rate limitations with the 
available apparatus prevented a decisive beta-gamma- 


coincidence experiment. 
CONCLUSIONS 


Since the 550-kev transition decays with the 44- 
second as well as the 4.3-minute periods, it must follow 
the beta-emission, and thus occur in Pd. The lack of 
strong coincidence with beta-radiation may indicate a 
branching in the beta-decay. This would be consistent 
with a report” by Sizoo and Friele, who estimated that 
there were only 15 electromagnetic quanta for every 
100 electrons with the 44-second beta- 
radiation. The 550-key gamma-ray is probably an 
F2 transition, since it is a transition from the first 
excited state to the ground state in an even-even 
nucleus." 

The 1.2-Mev transition is much less intense than the 
550-kev gamma-ray. This peak may be due to an impur- 
ity. If it is indeed a transition in Pd™, the existence of 
a third lower energy branch in the beta-decay is indi- 
cated. These data may be assembled and shown graph- 
ically in a reasonable nuclear level scheme as presented 
in Fig. 2. The ground state of the even-even Pd'™ 
nucleus must be characterized by zero spin and even 
parity. The log ft for the 2.5-Mev beta-transition, 
assuming a 6 to 1 branching ratio, is only 4.7," indicat- 
ing a highly allowed transition, hence with spin change 
one and no parity change. This leads to a spin of one 
and even parity for the ground state of Rh". This is 
in agreement with the independent particle model 
with the odd proton and neutron in gg/2 and g7/2 orbits. 


associated 


Since no cross-over transition is observed, and in view 
of the observed character of the transitions, the excited 
states are assigned spins of two and five with even and 
odd parity, respectively. A simple configuration of 
29/2, ds/2 is in agreement with experiment for the first 
excited state. However, a configuration involving more 
than a single odd neutron is required to explain the 
spin of five and odd parity which is assigned to the 
second state. A possibility is that the odd 
proton is p;, while three or more d5,2 or g7/2 neutrons 
contribute the remaining 9, 2 to the spin. 

The authors are indebted to many members of the 
Argonne staff. The recording photodensitometer was 
made available by F. Tomkins. W. McCorkle and his 
staff extended many courtesies in obtaining the multiple 
irradiations. D. Kurath’s discussion of the shell model 
interpretation is appreciated. We are especially indebted 
to B. Hamermesh for the the scintillation 
spectrometer. 
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A differential cross-section curve for neutrons emitted at 0 


from the reaction T(p,n)He? has been 


measured from threshold to 5.09 Mev. A broad maximum appears at 3 Mev. Angular distributions were 
taken at approximately 0.4-Mev intervals and are nonsymmetrical about the 90° plane in the, center- 
of-mass system. An 80° relative yield curve of gamma-rays from the T(p,y)He* reaction was obtained from 
1 to 5 Mev. It increases up to 3-Mev proton energy and then levels off 


I. INTRODUCTION 
HE reaction T(p,z)He® has been previously 
studied in some detail from its threshold of 
1.019 Mev!» to 2.8 Mev by the group at Los Alamos.'’® 
From their measurements they infer a p wave resonance 


in Het at a proton energy of less than 3 Mev. 
A 20-Mev gamma-ray is obtained from the T(p,y)He* 
reaction, and its properties have been measured at 


Los Alamos?’ up to 2.5 Mev, while Falk and Phillips’ 
data® extend to 3.4 Mev. Rochlin'” has measured the 
spectrum and yield of this gamma-ray at 0.96 Mev. 
Because of the interest in an excited state in He’, it 
was thought worth while to measure some of the con- 
stants of these reactions up to 5-Mev proton bom- 


barding energy. 
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Fic. 1. The differential cross section in the laboratory system for 
neutrons emitted from the T(p,n)He’ reaction at 0°, 
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Il. PROCEDURE 


Analyzed protons from the 5.5-Mev Van de Graaff 
at Oak Ridge were used to bombard a thin T—Zr 
target" backed with 20-mil tungsten. This backing 
material and the rather large amount of brass in the 
target holder caused considerable absorption and 
“in-scattering” of the neutrons at laboratory angles of 
60° to 140°. Therefore, these measurements were re- 
peated with a thin-walled gas target cell of tritium and 
a 0.2-mil Al foil window. A conventional type integrator 
monitored the beam current. 

Neutrons were detected with a flat response long 
counter” located about 100 cm from the target. The 
background of neutrons scattered by the floor, walls, 
and magnet, as determined by interposing a 25-cm 
shadow cone of paraffin between the target and de- 
tector, was subtracted, a correction which varied from 
2 to 11 percent, the latter being at the minimum of the 
angular distributions and at the highest proton energy. 

Figure 1 shows the differential cross section for neu- 
trons emitted in the forward direction (laboratory 
system). The absolute magnitude was obtained by 
normalizing our relative yield data to the cross section 
at 1.4 Mev observed at Los Alamos.® This curve ex- 
hibits the well known “geometric peak” just above 
threshold, indicating a target thickness of 35 kev, and 
a broad maximum at 3 Mev. The slight dip just below 
the maximum was repeated several times and is real. 


Iic. 2. A relative curve of neutrons emitted at O° as measured 


by a propane-hydrogen recoil counter, uncorrected for efficiency 


! This target was loaned to us through the courtesy of Professor 
T. W. Bonner of the Rice Institute. 
2 4. Q. Hanson and J. L. McKibben, Phys 


Rev. 72, 673 (1947 
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3, Differential cross sections in the laboratory 
system for the T(p,n) He’ reaction. 
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cross sections in the center-of-mass system 
for the T (pn)He? reaction. 
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In order to check instrumental difficulties, a hydrogen 
recoil counter (propane gas at 1 atmosphere) was used 
to measure the forward neutrons. Figure 2, uncorrected 
for counter efficiency, presents these data. Low energy 
neutrons were biased against, and hence no geometrical 
peak was observed. Since there is no minimum between 
2.6 and 3.1 Mev, we have concluded that the long 
counter has a small decrease in sensitivity for neutrons 
of about 2.1 Mev due to the large scattering resonance 
in carbon at this energy." 

Angular distributions of the neutrons were taken at 
proton energies of 1.69, 2.06, 2.45, 2.85, 3.26, 3.70, 
4.14, 4.61, and 5.09 Mev and at laboratory angles of 
O=1". 07", 19:3", 289". JEG. 462° S77". Orc, 
76.8°, 86.2°, 95.5°, 104.6°, 113.6°, 122.8°, 130.4°, and 
137.8°. Our beam makes a 15° angle with the hori- 
zontal, and the above angles result from measuring 10° 
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Fic. 5. Coefficients for the expansion o9(¢) = 2 
im 


intervals in the horizontal: plane. These data corrected 
for background and normalized to the 0° differential 
cross section are plotted in Fig. 3. All measurements were 
monitored with a BF; Bonner-Butler-type counter 
held in the —90° position, as well as by the beam 
current. 

Center-of-mass cross sections were obtained by the 
usual conversion formulas, and Fig. 4 shows the results 
as a function of the angle ¢g...,.. Analysis of these curves 
was made in terms of a series expansion of COS¢e.m. 


oo(Ey, ¢) => ai(E,) cosig, (1) 


where terms through i=4 were sufficient to obtain a 
fit within the limits of experimental error. The energy 
dependence of the coefficients a;(Z,) appears in Fig. 5. 
The total cross section for the T(p,7)He* reaction 
8 Bockelman, Miller, Adair, and Barschall, Phys. Rev. $4, 69 


(1951 
4 'T, W. Bonner and J. W. Butler, Phys. Rev. 83, 1091 (1951) 
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may be obtained by integration of Eq. (1) to give 


COtota feat o(ede T (aot haottayt+---). (2) 


Our calculated values of otorai as a function of E, are 
drawn as a smooth curve in Fig. 6. 

(Gamma-rays were detected with a Nal scintillation 
counter located at 80° and subtending a half angle of 
15°. All data were obtained with the T—Zr target. Dif- 
ferential pulse-height curves taken as 0.98, 1.13, and 
4.99 Mev are shown in Fig. 7. The rise in curve A 
below a setting of 200 units is due to the gamma-rays 
of zirconium. A sharper rise appears in curve B, just 
above the neutron threshold, and is due to neutron 
capture in the iodine. Both curves have an end point 
of about 350 units caused by the gamma-ray from the 
proton capture in tritium. Curve C shows the effect of 
increasing the excitation energy both on the neutron 
capture in iodine, and the end point of the T(p,y)He' 
gamma-ray. The ordinate scale factor for curve C is ap- 


entner in 


lic. 6. The total cross section of the T(/,n) He? reaction. 


proximately twice that for curves A and B. A relative 
yield curve at 80°, Fig. 8, was obtained by setting the dif- 
ferential pulse-height selector at 275 units and correcting 
only for the energy variation of the gamma-ray absorp- 
tion coefficient in Nal. Integral data, when corrected 
for the increase in pulse-height setting with gamma-ray 
energy, are in agreement with this curve. 


III. DISCUSSION 

The neutron data are in general agreement with that 
of Los Alamos, although our 0° yield curve does not 
show a rise between 2.0 and 2.8 Mev. More recent 
measurements from that laboratory extend to 4 Mev,"® 
and the newer data are more nearly alike. 

Comparison of the relative yield curves of gamma- 
rays indicates that the slope of our curve between 1 
and 3 Mev is less than that obtained by either Los 
Alamos or Falk and Phillips. This may be due to 
background problems in the first case, and choice of 
pulse-height setting in the second and our case. Perry'® 

»G, A. Jarvis (private communication). 


E. Perry, Jr. and S. J. Bame, Jr., 
1, 51 (1953). 
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Fic. 7. Differential pulse-height curves for gamma-rays resulting 
from the proton bombardment of a T—Zr target: A. Just below 
the neutron threshold. The rapid rise below 200 units is due to 
proton capture in Zr; B. Just above the neutron threshold. The 
rapid rise below 250 units is due to neutron capture in the iodine 
of Nal cry At high proton energy. The more rapid j 
counting rate is due to the increased neutron energy available for 
excitation 


stal; ¢ rise of 


and Bame at Los Alamos have re-run this vield curve 
up to 4 Mev and obtained results similar to ours. 

An attempt was made to fit the T(p,7)He’ total cross 
section with the single level Breit-Wigner dispersion 
formula. This is the most general application, since 
both the proton and neutron level widths vary markedly 
with energy and angular momentum, and the level 
shift is not a negligible factor. Moreover, it is evident 
from the lack of symmetry in the center-of-mass dis- 
tributions about the 90° plane, that at least two states 
of opposite parity are involved. In such light particle 
reactions where the level width is broad and hence the 
lifetime short, it is even somewhat questionable whether 
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vield curve 
from the 


itive 


reaction 


one can speak of a compound nucleus being formed. It 
was, therefore, not too surprising to find that a fit could 
be obtained with various sets of parameters. In view of 
this situation we feel safe in stating only that the inter- 
action is predominantly » wave with a small admixture 
of s wave. 
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Che response of Nal(Tl) crystals to a-particles originating outside of the crystal was compared to that 
of a-particles originating within the crystal in order to determine any possible surface effects of the crystal. 
It was found that any such effect, if present, is too small in magnitude vo explain the nonlinearity of re 
sponse of NaI (Tl) crystals to a-particles of energy less than 8 Mev. 


ARIOUS studies’ * have been made of the linearity 

of response of scintillating crystals to heavy 
charged particles, with particular interest centering on 
Nal(Tl) crystals. The results available thus far show 
that the response of such crystals to a-particles as a 
function of energy is linear above 8 Mev.'? Below this 
energy, however, the characteristic response shows 
marked nonlinearity. Since the range of low energy 
a-particles is so short in a scintillator and the sources 
of a-particles employed by various workers are external, 
there exists an uncertainty as to whether the surface 
condition of a Nal crystal might contribute in some 
degree to this nonlinearity in its energy response. This 


is of particular interest since Nal scintillators are 
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Fic. 1. Response of Nal-Tl « rystals to Po?” @ partic les. Curve 
A is the spectrum of pulses obtained with a crystal containing 
an internal source of a-particles. Curves B and C show the re- 
sponse of this same crystal when two different amounts of Po?! 
were deposited on the surface. Curve D shows the pulse distribu- 
tion from an external Po?’ source on a standard (inactive) NaI-Tl 
scintillator. These curves have been normalized. 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission 

' Ralph H. Lovberg, Phys. Rev. 84, 852 (1951). 

? Franzen, Peele, and Sherr, Phys. Rev. 79, 742 (1950). 

§ Taylor, Jentschke, Remley, Eby, and Kruger, Phys. Rev. 84, 
1034 (1951). 


widely used for energy determinations and different 
methods for preparing the crystal surface are used by 
various workers. 

A technique developed by der Mateosian 
Goldhabert of growing Nal crystals containing an 
internal source of radiations has made it possible to 
determine the surface effect of a crystal by comparing 
the scintillations obtained from an internal and an 


and 


external @-source. 

In order to measure the magnitude of a surface 
effect a comparison was made of the output pulses of 
an ordinary Nal crystal when exposed first to an 
external a@-source and then to an external gamma-ray 
source. The crystal was first cleaned in a succession of 
chemical baths (a cleaning procedure used successfully 
in this laboratory). A powdered source of polonium was 
mixed into toluene forming a suspension of finely 
divided particles. Then a drop of this solution was put 
directly on the surface of the scintillating crystal and 
the toluene was allowed to evaporate, thus leaving a 
thin layer of the polonium source immediately on the 
surface. The crystal was mounted on top of a 5819 
photomultiplier tube followed by an Atomic Instrument 
Company linear amplifier and pulse analyzer set-up. 
An external Cs'*7 gamma-ray source (661 kev) was used 
for energy calibrations. The distribution of the pulses 
obtained from the external a-source was quite diffused, 
probably because of particle size of the source, oblique 
entry into the crystal through a thin oil film, and 
scattering effects. By comparing the end point of the 
Po?” distribution with that of the Cs'*? gamma-rays, a 
pulse-height ratio of 5.1 to 1 was obtained. This is 
smaller than the nominal ratio (8.03) of the energies of 
the a-particle and photoelectron. 

Next, a specially grown Nal crystal containing an 
internal Po*’ a-source was substituted for the above 
crystal. The pulses arising from this internal source 
show a well-defined, sharp, energy spectrum. The ratio 
of the size of the internal Po a-pulses to that of the 
Cs'*7 conversion electron pulses in this crystal turned 
out to be 5.3 which agrees within 5 percent with that 
obtained with the external source. An external Po?" 
source was superposed in the manner described above 
on the crystal containing the internal a-source and a 

* Scharff-Goldhaber, der Mateosian, Goldhaber, Johnson, and 
McKeown, Phys. Rev. 83, 480 (1951); E. der Mateosian and 
A. Smith, Phys. Rev. 87, 193 (1952). 
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SURFACE EFFECT 


direct comparison between these two pulse-height 
distributions were obtained. Figure 1 shows a super- 
position of the two spectra measured simultaneously. 
It can be seen that the difference in the end-point 
values of the two distributions is less than 5 percent 
of the a-particle energy. 
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Since this surface effect is so small, it cannot be 
responsible for nonlinearity of response of (chemically 
cleaned) Nal crystals to a-particles. An incidental 
result is that trace amounts of polonium in a Nal(TI) 
crystal do not affect its characteristic performance as a 
scintillation crystal. 
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The Scattering of Slow Neutrons by O, Molecules * 


O. HALPERN AND G. L. APPLETON 
University of Southern California, Los Angeles, California 


(Received February 6, 1953) 


The scattering of slow neutrons by Oy, is due to nuclear interaction as well as magnetic forces arising 
from two magnetically active electrons. The molecular (nuclear) scattering is subdivided into elastic 
(coherent and incoherent) transitions and inelastic (mostly hyperelastic) transitions. The magnetic scat 
tering is purely incoherent and essentially elastic. Numerical values are obtained for the integral cross 
sections of these various scattering processes in dependence upon the wavelength. The case of very long 
neutron wavelength is of greatest physical interest, since only then can a sizable magnetic effect be expected. 
The analysis requires careful consideration of the thermal motion of the O, molecules, which sometimes 
influences the order of magnitude of the result. More accurate experiments can be expected to lead to an 
independent measurement of the distribution of the magnetically active shell of valence electrons. 


1. INTRODUCTION 


HE present paper contains a detailed theoretical 

analysis of the scattering of very slow neutrons 
by O» molecules. One of us (O.H.) has announced some 
time ago, in very brief form, some theoretical esti- 
mates.' We present here a full quantitative discussion 
of this problem which will justify previous expectations 
that more refined experiments may lead to an analysis 
of the distribution of valence electrons in Ov. 

The interaction between a neutron and the O, 
molecule is essentially twofold. There exists first the 
customary nuclear interaction caused by the two nuclei. 
In addition to it, the paramagnetic O» gives rise to a 
magnetic type of neutron scattering caused by the 
interaction between the magnetic moment of the neu- 
tron and the molecule. 

This magnetic interaction, which has previously been 
analyzed in great detail,’ has so far been studied 
experimentally mostly through observation on the salts 
of elements of the iron group in polycrystalline form. 
While very recent experiments’ seem to lead to a 
satisfactory agreement between experiment and even 
finer points of the theory, it must be kept in mind that 
scattering experiments with solid targets are often 
accompanied by some disturbing features. The para- 
magnetic scattering of a neutron by O, can be expected 
to be essentially undisturbed; one can therefore hope 
to draw conclusions from a comparison of calculation 

* Supported in part by the U. S. Office of Naval Research. 

1Q, Halpern, Phys. Rev. 72, 746 (1947). 

2(. Halpern and M. H. Johnson, Phys. Rev. 55, 898 (1939) 

3 Smith, Taylor, and Havens, Phys. Rev. 88, 163 (1952). 


and experiment which will lead to information con- 
cerning the distribution of the magnetically active shell. 

It is, of course, necessary for this purpose clearly to 
isolate the magnetic scattering from the purely nuclear 
scattering. As shown before, the magnetic scattering 
does not interfere with the nuclear scattering so that 
the latter may be calculated quite independently and 
the resulting total cross section can be subtracted from 
the observed cross section to obtain a value for the 
paramagnetic cross section. 

Since, on the other hand, the earlier theory’ of para- 
magnetic scattering leads us to expect that only neu- 
trons of very long wavelength will have sufficiently 
large a form factor so that a sizable magnetic scattering 
can be expected, the analysis must be carried out for a 
range of wavelengths which make the calculations of 
inelastic transitions somewhat complicated. It will turn 
out that the change in the neutron energy accompanying 
inelastic (mostly hyperelastic) transitions will be, in 
general, large compared with the orignial neutron energy. 
This fact requires an individual study of all the matrix 
elements of significance, which are very numerous, 
since QO, at room temperature occupies rotational states 
with quantum numbers 1 to 23 with appreciable 
frequency. Customary simplifications in the theory of 
neutron scattering by molecules are, therefore, no longer 
applicable. 

It will also turn out that the thermal velocity of Oz is 
comparable with the neutron velocity. The thermal 
motion of Og needs to be taken into account rather 
accurately in the study of the various contributions. 
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The experimental side of the question will be dis- 


cussed in Sec. 7 of this paper. 


2. THE NUCLEAR INTERACTION 


The neutron is characterized by its wave vectors k 
and k’, referring to the momentum before and after the 
collision in the mass center system of neutron and 
lo the interaction we 
introduce, as is customary,' Fermi 


nuclear 
the simplified 


molecule. describe 


potential for use in Born approximation: 


(2rh?/m)al é6(r—1,;)+6(r— re), (1) 


in which m 
tron, and rj, r 
atom potential gives for scattering by an atom of 


neutron mass, r=position vector of neu- 


position vectors of nuclei. The single 


infinite mass the cross section 42a®. Experimentally, it 
has been found by Melkonian® that the cross section of 
a free oxygen atom amounts to 3.73 barns. This means 
that 4da® for the case of oxygen must be put equal to 
3.73(17/16)? to the 
section due to the reduced mass of the system of neutron 


account for reduction in cross 


and oxygen atom. The molecule is characterized by its 
rotational and magnetic quantum numbers / and m. 
The eigenfunction delta 
function, introduces the equilibrium nuclear 


separation of the ground state, denoted by d. This 


vibrational is treated as a 


which 


assumption is modified later when a correction to d 
due to vibrational motion is discussed. 

The matrix element leading, for the neutron, from 
state k to the state k’ and, for the molecule, from 
m’ is then proportional to 


the 
the 
the 


state /, m to the state J’, 
quantity 


Usk’, 1’, m’) 


f | sindday, mio ?) 


(3d k—k’! cos@)} vu,m'(G,Q@), (2 


(k, 7, m 


XCO 
in which V,,,(0,@) are normalized spherical harmonics 
and in which (k—k’) has been chosen as the Z axis of 
the internal coordinates of the molecule, as is permitted 
by the principle of spectroscopic stability. The elec- 
the 


integers in 


eigenfunction of Oy» is antisymmetric in 


this limits 7 to odd 


tron 
nuclear coordinates; 
order that the total eigenfunction be symmetric in the 
nuclear coordinates. For calculation of the total cross 
section (i.e., both coherent and incoherent), we must 
sum the squares of the matrix elements over the final, 
and average over the initial degeneracies in the magnetic 
quantum number to obtain for the differential cross 
section (via the Born formula), in the center-of-mass 
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system of neutron and molecule, the expression: 
dow, 1:4’, fu 


(4) 


k, J, m! M‘\k’, 1’, m’) | 2dQ, 


in which « is the reduced mass of neutron and oxygen 
molecule and d2Q=sinOd@d® is the element of solid 
angle of the sphere of scattering. Because of the 
orthogonality of the V,,, in @ and the ¢-independence 
of our operator, the sum over m’ of the squares of 


expression (2) reduces to 


(ee m M 2 mi 


ff sinsaor (cos) 


id k—Kk’ 
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«KOO cos) P (cos@) 


in which P,,,(cos#) are the normalized é-dependent 
parts of V_,,(0,¢). The total for the 
transition k, / to k’, l’! becomes 


M dQ 

! {- 
f sinddOP 1 mPv.» 

k : 


cross section 


a(p, 1); l 


A COS id k k’ cosé) ; 


in which k'/k (prt 2uAE)? p and p kh denotes the 
initial neutron momentum, and AE is the energy change 
of the neutron which is positive for hyperelastic and 
negative for inelastic transitions. The strength factor 
has the value of 15.84 barns. 

removed 


}-4ara"(u/m 
Since the 
beam per unit time is invariant with respect to Galilei 


number of neutrons from the 
transformations, we have, for our case of a gas target in 
which the neutron has initial laboratory velocity v 
and the molecule initial laboratory velocity u, the 
following expression for the cross section at a given gas 


temperature for the above transition: 


fo u /v.\(u)a(p, /) 


in which p=u v—u and .\(u) is the normalized 
Maxwell velocity distribution in u. This Doppler cor- 
rection is an average, with multiplication by the factor 
v, over all p’s. For a given laboratory neutron 
the cross section at a given gas 


v= 
wavelength \=// mv, 
temperature will be an average over / of expression (6). 
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3. ELASTIC TRANSITIONS 


Our procedure is to calculate o(p, /) of expression (5) 
for the various types of transitions as a function of 
p=u v—u_ and then to perform the Maxwell aver- 
aging as indicated in (6). We obtain the elastic cross 
section by setting /=/' and k=’. It should be empha- 
sized that all of the result will not be coherent. Only 
transitions involving no change in the magnetic quan- 
tum number m are in this category. We will see, however, 
that the coherent part of the elastic scattering is large 
compared with the incoherent. Our caleulation proceeds 
by expanding cos(}d|k—k’!|cos@) to the fourth power 
in cos@. The validity of this expansion is justified by 
the long wavelengths considered. It should be remarked 
that the fourth-power contributions are significant in 
the range 5 to 10A only because of an effective wave- 
length shortening due to the thermal motion of the 
molecules. Our calculation of expression (5) for the 
total elastic cross section (averaged over the thermal 
distribution in 7) leads to 


= 15.84[1—2 (kd)?+0.01682 (kd)! 
—9,00X 10~'(kd)®+ 2.08 10-*(kd)5]. (7) 


a(p, 1); 


The above formula is derived in the Appendix where 
also the Maxwell averaging is discussed. We have 
tabulated the total and coherent values for the elastic 
cross section at a gas temperature of 300°K in Table I. 
The distinction between coherent and incoherent elastic 
scattering, with formulas for the former, is presented 
in the Appendix. 


4. INELASTIC TRANSITIONS 


It will turn out that among the inelastic transitions 
only the hyperelastic are of quantitative significance in 
again use the 


the wavelength range studied. If we 


simplifications introduced in Sec. 3 of replacing the 
cosine operator by its power expansion, then obviously 
the first term gives no contribution on account of the 
orthogonality of the rotational eigenfunctions referring 
to /. The second term which is proportional to cos’ 
permits only transitions between rotational states / 
and /+2. The third term, proportional to cos‘#, has 
matrix elements for | Al) =2 and 4. We shall here only 
discuss transitions /-+/—2; the Appendix shows that, 
for all wavelengths, the quantitative contribution com- 
ing from transitions /~»/—4 is small. Expression (5) 


for the case /—>/—2 is 


dQ (p> 
a(p, l)s Uk’, L 15.84 f > 
tor 2/+-1 m 


p 4 f sinddéP, nm (COSA) 


2uAl) 


» m(cos@)| |. (8) 


ye os (4d k—k’! cos@)P; 


The essential difference occurring in (8) as compared 
5 
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TRONS BY O 


Pasce I. Total elastic and coherent cross sections in barns ¢ 


gas temperature of 300°K, 


d S.IA 7.5A 


11.01 
10.89 


10.04 
17.95 
17.84 


14.59 
14.46 


lotal elastic cross section 


Coherent cross section 


with the elastic is the appearance of the factor 
(p?+ 2uAE)!/p. It arises from the energy increase of the 
scattered neutron, which carries away some of the 
rotational energy of the Os molecules. This factor must 
not be confused with the factor | v—u! /» of expression 
(6), which is exclusively caused by the translational 
thermal motion of the O» molecules. 

The method of evaluation of (8) and its averaging 
over the various states of the O» molecules is shown in 
the Appendix. One sees from the results given in 
Table II that the hyperelastic transitions make a very 
substantial contribution to the total nuclear cross 
section. It is perhaps surprising at first to notice that 
the hyperelastic cross section increases slightly if the 
wavelength of the incident neutron increases from 5 to 
10A. One would have expected, from the expansion of 
the cosine operator in (8), that hyperelastic transitions 
The 


reason for the opposite behavior is to be found in the 


become less significant with longer wavelengths. 


energy acquired by the neutron in a_hyperelastic 


collision which is usually much larger than the original 
k—k’ 
(8), therefore, are not very much influenced by the fact 
that p decreases strongly if A increases from 5 to 10A. 
It is kept almost constant by the large value of p’ 
while the factors k’/k and | v—u_)/v of formula (6) in 
front of the cross section increase with decreasing 
neutron This qualitatively — the 
quantitatively obtained increase of the hyperelastic 


energy of the incident neutron. The factors in 


velo ity. explains 


cross section. 
5. DISCUSSION OF SOME CORRECTIONS 


The treatment given so far is incomplete, since 
inelastic transitions accompanied by an energy loss of 
the neutron have not yet been included. We shall here 
refrain from presenting in detail the quantitative 
justification for the omission. They can obviously be 
calculated in perfect analogy with the hyperelastic 
collisions which were treated in detail, but one sees 
almost by inspection that their contribution to the 
cross section will be small. 

One finds easily that, for the wavelength range studied, 
inelastic transitions can only occur as far as /=5. These 
first rotational states are not very strongly occupied. 
Furthermore, the factor k’/k in front of any inelastic 


TABLE II. Total hyperelastic cross section in barns 


at a gas temperature of 300°K. 


10.0A 


1.38 
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cross section is considerably smaller than 1. One can 
so readily believe the result of a closer calculation which 
makes the inelastic cross‘section less than 1 percent of 
the total. 

We should here also mention the justification of our 
treatment of vibrational At room 
temperature, most QO, molecules will be in the lowest 
vibrational state and transitions to a higher state are 
energetically impossible. Taking the vibrational motion 
into account means eventually an increase of the square 
of the interatomic distance, as it occurs in the matrix 
elements, by about one percent. The small diminution 
of the elastic scattering thereby occasioned is about 
balanced by the equally small addition of the inelastic 
transitions. This was observed to be the case for 5.1A. 
At longer wavelengths the percentage influence of both 


eigenfunctions. 


these effects is still less. 


6. MAGNETIC TRANSITIONS 


Having thus determined the total nuclear cross 
section (see Table III), we now have to add the contri- 
bution due to the magnetic interaction. No calculations 
are required for this, since the result is contained ina 
general form in reference 2. We only have to comment 
on the transfer of the expression 5.41 of that paper, 
which was derived under the assumption of a free 


Total nuclear cross section in barns at 
a gas temperature of 300°K. 


TABLE III 


7.5A 10.0A 
5.81 19.33 


5.1A 
2.12 


1 


magnetic moment, to the case of Ov, where the electronic 
spin is coupled to the rotational momentum of the 
molecule. This procedure can be justified by referring 
to investigations by Van Vleck® and Kramers,’ who 
first determined the coupling energy for the present 
case. It turns out that this coupling energy is small 
compared to the energy of the slowest neutron (§ of 
the average neutron energy at 10.0A and 300°K); it 
therefore seems correct to use the results of reference 2 
as if the electron spin would be completely free. We 
must correct for our case of a free target the result 5.41 
calculated for a rigidly bound target. We give below 
the corrected form for the differential magnetic cross 


section, 


do (magnetic) 


(u/m)?(2 3) {sis +1)Le’y/mC2PFdQ, (9) 


in which S is the total spin of the molecule; e, m., c are 
electronic charge and mass, and light speed in absolute 
units; and y is the magnetic moment of the neutron in 


®Van Vleck, Electric and Magnetic Susceptibilities (Oxford 
University Press, London, 1932) 


7H. A. Kramers, Z. Physik 53, 422 (1927). 
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nuclear magnetons. The differential form factor F is 


f exp(i(k—k’)-r)p(r)dr 


in which p(r) is the distribution function of the mag- 
netically active electrons which is so normalized as to 
give unit form fector in the limit of long wavelengths. 

The only remaining problem then is given by the 
expression of the form factor; i.e., the distribution of 
the magnetically active shell which leads us back to 
the starting point of the whole investigation. It will, 
of course, be necessary to establish experimentally the 
dependence of the total magnetic cross section on the 
wavelength of the incident neutron. One can then 
empirically obtain an expression for the form factor 
due to the distribution of the magnetic moment. 

To assist such future evaluations, we are here pre- 
senting form factors as functions of the incident wave- 
length under the undoubtedly arbitrary assumption 
that the magnetic shell is very thin and thus essentially 
characterized by its radius. If the description on this 
basis should, as we expect, not be quite satisfactory 
one can always obtain a better one by the superposition 
of a number of such shells. 

It is shown in the Appendix that the integral form 
factor (in the mass center system) for a shell of radius 
d'/2 can be given rigorously by the expression 


free 4dr 


= (kd’)~*[ log, (2kd’) — Ci(2kd’)+0.5772], (10) 


in which 


sf 


Ci(z)= -f (cost/t)dt. 


z 


For our wavelength range (A>5.1A), the laboratory 
form factor can be expressed with sufficient accuracy 
by the formula given in Table VI of the Appendix. 


7. GENERAL DISCUSSION 


There exist two groups of observations the 
scattering of slow neutrons by Op». In the experiments 
of Fermi and Marshall,® the scattering cross section of 
0» was found to be in excess of 16 barns; the wavelength 
was not sharply determined but was stated to be 
closely centered near 5.1A. 

Later experiments by Melkonian® extend 
large wavelength range up to about 5.3A. The points 
of longest wavelength should undoubtedly fall within 
the range of our theory. Melkonian’s value is about 2 
barns smaller than that of Fermi and Marshall. No 
explanation is given for this experimental disagreement. 
Since, according to our formulas (see Table III), the 
total nuclear cross section at 5.1A amounts to 12.12 


on 


over a 


® E. Fermi and L. Marshall, Phys. Rev. 71, 666 (1947). 
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barns, the experiments give widely different values for 
the residue, which is interpreted by us as the magnetic 
cross section. It seems clear that no successful determi- 
nation of the size of the magnetic shell can be attempted 
under these circumstances. We would be somewhat 
inclined to think that the effective wavelength in the 
experiment of Fermi and Marshall has been underrated. 
If their value should be correct the magnetic form 
factor would be about 80 to 90 percent, which would 
mean that the magnetic shell is essentially contained 
within the sphere described by the molecular radius. 
This result seems to us somewhat unlikely, but we prefer 
to refrain from any quantitative discussion until future 
experiments have established more accurate values for 
the total scattering cross section. 

It should be mentioned that the method here used 
can be equally applied to the treatment of paramagnetic 
NO. In this case, the calculation will be more compli- 
cated. In computing the contributions coming from 
inelastic transitions, one will have to remember that all 
rotational states will be present in NO. Furthermore, 
the active magnetic moment as shown by Van Vleck® 
is due to a complicated super position of quantum 
states. It does not seem doubtful, on the other hand, 
that a similar analysis will lead to interesting informa- 
tion concerning the active magnetic shell in NO. 

It will equally be possible to extend the line of 
reasoning here presented to an analysis of the magnetic 
scattering by solid Op. 


APPENDIX 


The following discusses our procedure of evaluation 
of the various integral form factors. For the nuclear 
scattering, we require 


dQy 1 |e" 
f | Zz J sinddéP, m 
4a t2/4+-1 m | Jo 


Xcos(4d k- 


k’ COS9) Pi m | 


from formula (5) for the elastic scattering, 


dQ) 1 (p+ 2yAE)'| @ 
f | > f sinddaP, m 
del Q+1m pd 


Xcos(4d k—k’! cosd) Pro m| (12) 


from formula (8) for /-+/—2, and a similar factor for 
l—+l—4. The magnetic form factor, under our assump- 
tion of a thin shell distribution, is 


| 2 
fos 4dr) fdresplith—k) 16-40) 4dr), (13) 


where 6(r—}d’)/4r is the appropriately normalized 
p(r). We first calculate the total elastic form factor 
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(11), then average over the molecular velocity according 
to (16). In the second part, the coherent elastic and the 
magnetic form factors are shown to be equal except for 
differences in the shell diameter, and the magnetic form 
factor (as a function of d’ and X) is obtained from the 
coherent expression. Finally, the hyperelastic form 
factors are calculated. 


(a) Elastic Form Factors 


In formula (11) we set |k—k’| =2k sin(@/2) and 
expand the cosine to the fourth power in its argument 
to obtain 


dQ 1 a ] 1 Oy" 
f 4 ps f sinédé(P, 2) — («« sin ) 
4rlU+1 mJy 2 2 
1 4 ‘| 
X cos*6+ kd sin cos? : 
it z] | 


Representing 
f sinddé(P;,m)? cos’@ by (1, m|cos*0 1, m), 


0 


(14) 


and so forth, we have 


dQ 1 \° 
f 5| 1- (1 sin ) (1, m!cos’0| 1, m) 
4r(2/+1 m 2 
1 -)\4 
+ (4 sin ) (1, m!cos’6 1, m)? 
4 2 
1 -)\4 
+ (1 sin ) (1, m'cos*é 1, m) 
12 2 


1 fy 6 
-- (4 sin (1, m' cos*6 1, m) (1, m' cos*é | 1, m) 
4 2 


2: 


1 2 > ' 
t ( ) (4 sin ) (1, m| cos‘! 1, ml}. (15) 
24 2 


The averages over the sphere of scattering are given by 


dQ (-) 1 
f sin?” ; 
dor 2 n+i1 


so that our formula becomes 


1—43(kd)*((1, m|cos?0| 1, m))m 
+ (1/12) (kd)*¢ (1, m! cos’ 1, m)*) 
+ (1/36) (kd)*((l, m| cos‘? 1, m))m 
— (1/96) (kd)®( (1, m| cos’é 1, m) (1, m| cos’? 1, m))m 


+ (1/5) (1/24)?(kd)*( (1, m! cos*| 1, m)*)m, (16) 


)m denotes the m average, [1/(2/+1) ]}> nm. 
The terms ((/, m|cos’@ 1, m))m and ((1, m|cos‘@!1, m))m 
are 4 and }, respectively. The other terms require the 


in which 





874 O. HALPERN 


AND 


G so APPLETON 


TABLE IV. Cosine matrix element factors for elastic and hyperelastic form factors. Except where noted, the arguments for the functions 


A, B, and C arel and m 
300°K. The hyperelastic values are for /=15. 


following evaluation procedure. By successive appli 


cation of the expansion formula, 


» m( COSO) 


+C(l, m)P, 


cos"OP, »,(cos) 1(1,m) Pu, 
{ b 1, m)P, m (COSA) 


om(cos#), (17) 


in which 


one obtains algebraic expressions in /. For example, 


(1, m|cos?0! 1, m)?=[B(L, m) P. 


Hence, ((1, m'|cos’0| 1, m)*)m [ 1/(2/+1) bae B?, All 
such expressions are reduced to algebraic functions of / 
by means of the formulas for the sums of even powers 
of the integers in terms of the upper limit. 

The matrix factors are given as 
functions of A, B, and C in Table IV. Terms appearing 
in the hyperelastic form factor are included, The num- 
bers for the elastic terms are averages over the thermal 
distribution in / for a gas temperature of 300°K. The 
first two elastic factors are exact, but the third is in 
error by about 20 percent. Since this latter appears in 
the eighth power term of the form factor expansion, it 
introduces negligible error into the cross section. The 


cosine clement 


form factor now appears as a power series in (kd), 


formula (7) of the text: 


1— 2 (kd)*+-0.01682 (kd)! 
—9 OO 10-4 (kd)®+ 2.08 10° (kd )*. 


The numerical values in the elastic case are averages over the thermal distribution in / 


for a temperature of 


> B 0.1352 


m 


~ (4°B+ B?+CB] 0.0864 


0.063 


We transform (kd) to laboratory quantities. Since \=/ 

mv, k may be expressed as k= (1/h)u) v—u_ (h/mzd) 
which gives kd= (24du/md)( v—u_ /v). This form facili- 
tates the Maxwell averaging procedure and the numer- 
ical evaluation. We detine A(A)=(2rdu/mX) and 
te v—u "/o", Formula (11) now appears in abbrevi- 
ated notation as 


1—(4?/.+0.01682A4f, 
9.00X 101 ® fe-+2.08 XK 10° Sf, 


If we denote by f, the Maxwell average over u of 
v—u "/o", then the effective form factor of expression 
(6) reads 

fi—L Af, +0.0108244f 


9.00% 10-44 ®f;+ 2.08% 10-A Sf, (19) 


in which, of course, the 


average over / has already 
been performed. 

We now develop formulas for the <. 
odd 2, in terms of the dimensionless variable @ defined 
by a?=Mv?/2kT, in which M is the mass of Og and 
T is the temperature. One has the integral 
S dun (u)) v—ul"/2", in which .V(u) is normalized 
by the condition S dun (u =] to be (M/2rkT)} 
Xexp(—M1v?/2kT). Our integral under the transfor- 
mation’ u= v-+w becomes 


M \) ¢ ' 
2ekT) J, Jy 


—M v+w 


expressions for 


gas 


X] exp (20) 


Zee 


® These integrals can be done in u space without this transfor- 
mation, but then one must reduce by partial integrations integrals 
of the form 9! exp(—a*x*)x"dx and fi\* exp(—a?x*)x?dx for 
higher powers of x than are required by the method described. 
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Choosing the Z axis along v and using the transfor- 


formation «= —cos@, one gets 


M a w" Mi? Mw 
20( ) f wie ( ) exp = - ) 
2rkT ST oY; vy” 2kT) kT 


; 2Mrwa 
xf om Jax 
1 \ 2T 
which equals 


( M \igkT any ss w" 
2rkT M o N\vw v" 
Mi? Mwv'\f 2Mrw 
xexp/ ~ _ )[2sinn( )I (22) 
2kT 2kT 2kT 


Introducing a’ defined above and the new variable 
y=w/v, we reduce the integral to 
r 


(a vo2f exp[— a?(y?+ 1) ] sinh(2ya*)y"*"dy, 


or 


(a vof {exp = a (y— 1)? } 


—exp[ — a? (y+ 1)" ])y"tldy. 
Separation of the integral and the transformations, 
x=y—1 and x=y+1, applied to the respective parts 
give 


(a ve) f [exp (—a?x*) ](x+1)"*dx 


— f Cexp(-eex'y a -1)"tdx>~. (24) 
1 


In the interval [—1, 1] for the first integral, only the 
even powers in x contribute, so that one gets, for the 


TABLE V. Formulas for f,, the average over Maxwellian distribution in u, at the temperature 7, of the quantity | v 
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even powers, terms of the form 


1 


(la Vn) f exp ax" 


e 


in which (p, #+1) is the appropriate binomial coeffi- 
cient. In the interval [1, © ] for both integrals, the 
even power terms are canceled, and one gets, for odd m, 
terms of the form 


. m 
(2a/% nf exp(— ax") em ax. 
1 n+1 


Our notation is m for odd powers and p for even powers. 
We define 


1 


E(p) 2f exp | —~a’x")x"dx, 


L 


G(m) 2 f exp(— a®x")amdx. 
1 


The latter are quite easily evaluated. In the p terms, 
the transformation “= ax and partial integration give 
the recurrence relation 


E(p)=- [exp(—a*) |/a+[(p—1)/2e? JE(p—2), 
and for p=0, 


(25) 


(26) 


(27) 


E(0)= (2 a) f exp(—u°?)du= (4/m/a) erf(a), (28) 


in which erf(a@) is the error function of a defined as 


x 


(2/4 nf exp(—u*)du. 
{ 


With tables of £ and G for m=1 through 9 and p=0 
through 10, we have obtained formulas for f, for n=1 
through 9 by substitution in the appropriate (m+ 1) 


u/"/v" as a function 


of a= My*/2kT, in which M is the molecular mass. The numerical values are for a gas temperature of 300°K, 


S.A Pas A =10.0A 


1.1295 1.4702 


1.8283 4.7154 
3.7338 


9 Q998 


295.4, 2954). 
joe ) 25.66 890.1 


a a” 


2.495 
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binomial formula. For example, 


Is = (a ‘\ r)/ E( }) +4G(3 
+6E(2)+4G(1)+E(0) }. (29) 


The f, formulas are given in Table V. We have included 
fe, which appears in our treatment of the hyperelastic 
form factor. 


(b) Coherence and Incoherence 


The distinction between coherent and incoherent 
parts of the elastic form factor appears in the treatment 
of the matrix element in the Born formula. For the 
total elastic cross section, the square of the matrix 
element given in formula (2), in which the Y,,,(60, ) 
summed over m’ and 


averaged over m, since, in this case, we did not specify 


are the eigenfunctions, was 
the transitions between the degenerate states. Pro- 
ceeding more generally, let us represent an internal 
1 state of our rigid rotator by the linear combination 
of eigenfunctions, >> (Cy, Vim), with the normalization 
condition, >>» (Cim*Cim) = 1. 

The matrix element for a transition from this state 
to some other is proportional to 


f do f sinddol (3° Cun*V on™) 
{ 0 m 


Xcos(hd k—k’ c0s9) (> Cv, me 


™m 


Py wt) |, (30) 


where >) ,,(Cy. m’ Vv.) is the eigenfunction of the final 
with the normalization condition. Tor 
coherence, we examine a diagonal matrix element 
(Cim’=Cim in above). The square of this matrix 
element enters the Born formula for the coherent 
transition from state C to state C. The orthogonality 
of the V;,,, in @ and our ¢-independent Hamiltonian 


state same 


reduce this matrix element to 


sinddé cos ( Sd k—k’| « os8) (>° ( ‘tin A tain ie te P 


m 


Equal a priort probability for the m’s demands that 
the Cy,*Cy, be the same for all m so that the matrix 
element is now proportional to 


if sinddé cos (3d k k’ cosf), 
* 
since 


Dak Pes ee af m) (2/ +-1)/2 and Cut ‘im ™ 1 (2/4 1). 


The integral coherent form factor then is the expression 


r ) 
2 } sinddé cos | ld k k’ cost. (31) 
Jy 


Let now consider the magnetic form factor of 
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formula (13). 


fase tn)| f drlo(—10" An | 


< [cos(k—k’)- r+ sin(k—k’)-r] (32) 


With Z axis along (k—k’), we see that the sin factor 
gives zero in the @-integration over r space. Thus, the 
magnetic form factor is 


\2 
fas tr) sf sinddé cos (4 k—k’ d’ cos8)| P (33) 


which is the same as the coherent nuclear factor except 
for the shell diameter. Aside from this trivial difference 
these factors become 


f= k—k’'d/2)7 
bir k- k’ d 2 
which can be evaluated to give formula (10) of the text: 


(1/kd)*[log.(2kd) — Ci(2kd)+0.5772 ]. (34) 


The procedure is as follows. Since the collisions are 
elastic, |k—k’| is equal to 2k sin(@/2). In terms of the 
variable y=2kdsin(@/2) our integral form factor 
becomes 


2khd 
(kd) f (1—cosy)/ydy. 


This integral is expressed in terms of Euler’s constant 
and the cosine integral as given above. 

Since the exact form factor of expression (34) does 
not permit an easy Maxwellian averaging, we have 
evaluated (31) by expansion of cos(}!/ k—k’!d cos). 
For the proper choices of shell diameter, the resulting 
expression gives both the coherent and magnetic form 
factors. 

Formula (31) becomes in our approximation: 


dy 1 Oy\?1 1 O\‘1 
f 1 - (1 sin ) { (1 sin ) . (35) 
br 2 27 3 24 t¢ 3 


One gets upon squaring, in a way similar to that used 
in the total elastic case, the following power series in 
(kd) for the coherent nuclear form factor: 


1— }A*fo+0.014814*f,—6.944 XK 10-4 8 f, 


+1.389X 10~°A fs. (36) 


The effective coherent form factor is obtained in the 
same way as for the total elastic case. 

In Table VI we give the form factor formulas and 
strength factors for the total elastic, coherent, and 
magnetic cross sections at a gas temperature of 300°K. 
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TABLE VI. Strength factors (in barns) and form factor formulas for the various cross sections, for a gas temperature of 300°K 


Strength factor 
barns) 


Type of 


scattering Form factor formula 


f,—0.1667.42f,+0.016824 *f,—9.00X 10-4 f+ (2.08) X 10-4 8fy 
f:—0.1667A2f;+-0.014814 *f;— 6.944 10-44 ®f;+ 1.389 10-54 Sf, 


Total elastic 15.84 
Coherent 15.84 


Magnetic 


c) Hyperelastic Form Factors 


The hyperelastic formulas require evaluation of 


1 k'| ¢* 
( yz f sinddOP 1-2 mP tm 
+1) ml kl dy 


Xcos($ k—k’ | d cos@) 


; (37) 
and a similar term for /-+/—4. Upon expansion of the 
cosine to the fourth power in its argument we obtain 
with the aid of the selection principles implicit in the 


expansion formulas of the Legendre functions (see 
paragraph 4): 


1 k’ 1 d\? 
( )z| [- ( k—k’ ) (1, m| cos’@'1—2, m) 
2/+-1 k 2 2 


9 


1 d\4 ‘ 
+ ( k—k’ ) (1, m| cos’ | 1—2, | | (38) 
24 2 


for the /—+/—2 transition, and 


1 (kei. d\4 
(sa) = taba ¥5) 
21+-17 mt kt24 2 
x (1, m cov |t—4,m)| (39) 


for the /—+/—4 transition. Upon squaring we have 


1 k't isd! 
( yz ( ) k—k’|4(1, m! cos’@!1—2, m)? 
21+17 mt kl4X\2 
1 d 6 
- ( ) k—k’! 6(/, m! cos’@|1—2, m) 
24\2 


; 1 27d\ 8 
x (1, m' cos*é | 1— 2, n)+( ) ( ) 
24 2 


x |k—k’ | 3(/, m| cos | 1—2, ml, (40) 


and 


(FdetG)G)*" 


x (1, m' cos? | I— i.m|t (41) 


4.53 f,—0.1667A 2%; (d’ /d)?-+0.01481.4 *f,(d’ /d)*—6.944 X 10-44 8f, (d’ /d)®+ 1.389 10-54 8fy(d’/d)9 


which must be averaged over the sphere of scattering. 
The angular dependence is contained only in the |k—k’ 

factors. We require { (dQ/4r)| k—k’|" for n=4, 6, 8, 
which are represented as 


(1 ns f sin@d@) p p 


in which p?= p’+2uAE and © is the angle between p 
and p’. Let us denote 2uAE by s°. We need s? for 
transitions /—>/— 2 and /-+/—4. One expands | p— p’| "as 
even powers of the squared magnitude (p*—2pp’ cos@ 
+p’) and then substitutes for p’-as above. One then 
has to average the even powers of cos@ and to discard 
the odd powers in the final expression. For example, 


p—p' ‘= p'+4p*p” cos*O+ p" 
= 4p p’ cose) — 4pp’ cos)+- 2p’p”. 


In the average over ©, cos’? becomes } and the terms 


linear in cos® vanish, to give 


fue tr) p—p'' 


pi+ (10/3) p?p?+ p” 
p+ (10/3) p?(p?-+ wWAE)+ (p+ WA)? 
In briefer notation the result is 


fs tz) | k—k’!! 


(1/h)‘[ (16/3) p*+ (16/3) p’3?+B8"], (42a) 


and for the sixth and eighth powers 


fue tr) k k’ . 
(1/h)' lop" t 
fos 


The powers of 


24 p'3’+ 10p734+-8"), (42b) 


tr) kK—k’ *= (1/h)°(41p54+ 81p'3? 


+ 57 pi3*+ 16p’8°+p°].  (42c) 


k—k’ 


fourth, sixth, 


will be used to specify the 
respective terms and eighth order. We 
take the dominant (fourth-order) term to illustrate our 


calculation procedure: 
pt+eB 


2, m)*)m(1 


)} Pp (1, m cos’é | 1)(d 2)! 


x (1/h)L (16/3) p'+- (16/3) p*8?+-8"]. (43) 


In the elastic case the form factor was expressed in 
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TABLE VII. Effective hypere! 


4th order 
4 


6th order ; 


24 
1 8 


Sth order 
) 


terms of A(A) and | v—uw_ /v to facilitate the averaging 
over u and the numerical evaluation. To achieve a 
similar expression here, we substitute 4! v—u! for p 
and multiply by unity in the form (u2/yv)* to obtain 


(1, m!cos’6|l—2, m)?)m 


(u?| v—u|?+ 67)! 171 (F 4 


giv 1\2 h 


16u')v—ul* 16 uy?! v—u!’s? 
x 
4 pirt 


The notation introduced in the elastic case is supple- 
mented by the characteristic hyperelastic parameter, 
a*(A, 1) ="(1)/(uv)*. These parameters are given as 
functions of / in ‘Table LX. Formula (43) now reads: 


(u?| v—u|?+?)! 1/A\4 
((1, m|cos’@ | 1— 2, m)*)m 
ul v—ul| 


16 | v—ul* 16|v—ul? 


x 1 ° : a’+ a‘ (44) 


The sixth- and eighth-order terms have a similar 


expression as a polynomial in even powers of | v—u) /v 
and a, multiplied by the square root factor. These are: 


m) (l,m, cos?) l1—2, m))» 


<¢((1, m| cos’é| 1—2, 


16 


41 


AND 


astic form factor formulas, in our notation, for the /—l 
the 8th-order term except for a different cosine factor and that the a? factor refers to a larger energy change. 


1/A\* ¢ 
( r) (l, m|cos*#|1—2, m)*)m lor 
2 3 


1 /A\* 
( ) (l, m|cos*9'l—2, m) (1, m;cos@ 1 
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The |-1—4 term is identical with 


2 transition. 


16 


yFs(l)a*(l) +Fo(at(l 


4 


2, m))m{16F 6(l) +24F «(Da2(1) + 10F 2(Ia‘(l) +a8(l) Fo(l) 


) (l, m|cost|1—2, m)*),[41Fs(1) +-81F (1a? (1) +57F (Dat) 4 16F s(Da®(I)+Foll 1°(1) ] 


The characteristic term to be averaged over the 


molecular velocities is 


9 


lv—ul (u2}v—u ?+ 87)! | v—u 


, (47) 
uiv—u v™ 

with m taking on even values 0 through 8. This expres- 
sion simplifies to (| v—u)?/c?+a?)4| v—u|™/o", whose 
Maxwell average we denote as F,,(/). We can proceed 
in the same way as in the evaluation of the f, formulas 
for the elastic form factor in part (a) of the Appendix 
up to the integration over the magnitude of w. The 
representation of F,,(/) as a quadrature over the 
variable y=w/v as defined in the f, evaluation is 


tL 


(2a/ vn f exp[ — a?(y’"+ 1) ] 


X sinh (2a*y) (y’-+a®) by""dy. 


F,, (1) = 
(48) 


For a=0, F,(l) reduces to fngs. [See formula (23). ] 
Table VII contains the form factor formulas in terms 
of the functions F,,(/) and a?(/). Both these quantities 
increase monotonically with \. These formulas show 
clearly the quantitative details of the qualitative argu- 
ment of paragraph 4 regarding the relative independence 
of wavelength of the hyperelastic cross section. The 
coefficients A(A) in front decrease with increasing 
wavelength while F,,(/) and a?(/) increase, with the 
effect of maintaining the form factor approximately 
constant. The slight increase with increasing \ comes 
about from the competition between the positive fourth- 
order and the negative sixth-order terms. 

The / dependence of F,,(/) and a’ is a very important 
factor in the evaluation. Since a? varies directly as 
(2/—1), it can be accounted for exactly in averaging 
the form factors over the thermal distribution in /. It 
is necessary to approximate the /- and \-dependence of 
the F,, (1) factors for purposes of averaging, because the 
combination of these with the a? quantities which 
appear in the formulas make impossible the choice of 
some average / value at which all quantities could be 
evaluated. Our choice of an approximation was deter- 
mined by the following factors: (1) the fourth-order 
term is by far the largest and determines the order of 
magnitude of the cross section, (2) the sixth-order 
term is still sufficiently large and very important 
because of the negative sign. We chose an approximation 
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TABLE VIII. Results of calculation of the hyperelastic form 
factors at 300°K, itemized according to the two transitions and 
the various terms. 


7.5A 


5 0.152 
5 0.087 
0.009 
0.003 


0.077 


Term 5.1A 10.0A 


0.158 
0.081 
0.006 
0.004 
0.087 


Transition 
Il-]1—2 4th 0.17 
l—l—2 6th 0.12 
l—l—2 8th 0.015 
ll—4 8th 0.005 

Total 0.070 


which is very good for Fp through /, and then applied 
corrections. Our approximation is 


F (J) =[1+a2(l)/fo} fn 41. 


The motivation for this choice is indicated by formula 
(47) in the form: 


(1 +? (1) /y?| v—u_”))( v—u! m+1 /ymt1) 


(49) 


(50) 


In our notation the Maxweli average of |v—u!? is 
vf. In treating the square root factor in this way we 
are using the k’/k factor for the collision in which the 
squared magnitude of the relative velocity has its mean 
value and then incorporating the Doppler correction in 
the p terms of the form factor. In terms of the integral 
(49) this approximation amounts to approximating 
that integral as 


F,, (I) = (Qa f/m) [1+ a?(D) (y?) wv}? 


xf exp[ — a?(y’+ 1) ] sinh(2a*y)y™**dy. (51) 
0 


We have taken (y*), to be fr. Formula (51) shows that 
our approximation expressed in formula (49) is poor for 
the higher m values since (y*)s4, should increase with m. 
For large m the peak of the integrand moves toward 


TABLE IX, Numerical values for parameters defined 
in the calculation. 





Parameter A=5.1A A=10.0A 


A(\)=2rdu/ms 1442 —0.9806 0.7354 
at(h, T)=Me/2kT 3.857 1.783 1.003 
a?(d, 1) =2pAE/(us)? 0.1176(20—1) 0.2543(21—1) 0.4522(21—1) 
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higher y values where y’><a*(/). The (y’+<a")! of (48) 
then is approximately y and F,,(/) is more nearly fn41. 
However, the thermal distribution in / peaks at 1=9 
and, for all terms, the most probable / values occur 
between /=9 and /=15 where a*(/) is sufficiently large 
to affect the values of F,,(/). Thus the effectiveness of 
the approximation is better than the above examination 
of formula (51) would seem to indicate. Numericai 
integrations of (48) at /=9 and /=15 established the 
corrections for the F,,(/). The net effect of these cor- 
rections for the various terms of the form factor (each 
of which involves several of the F,, factors) were 
negative and of magnitudes: 2 percent for fourth order, 
10 percent for sixth order, and 40 to 60 percent for 
eighth order. The magnitudes of the correction were 
larger for larger wavelengths. 


TABLE X. Rotational distribution in percent at 300°K. 





Occupation Occupation 
No. : 


4.1 
8.8 
12.2 
14.0 
14.0 
12.8 





One further approximation was made in treating the 
l-dependence of the cosine matrix element factors 
appearing in front of all the terms of Table VII. This 
factor was treated exactly for the fourth-order term 
since the / dependence was quite simple. The other 
terms varied very slowly in the / interval of consequence 
and were taken to be constant at their values for /= 15. 
(See Table IV.) 

The accuracy of this calculation is largely determined 
by the error in the sixth-order terms, as Table VIII 
shows. We estimate then the error to be about 10 
percent of the hyperelastic cross section, which intro- 
duces an error of definitely less than 2 percent into the 
nuclear cross section. Table IX contains numerical 
values for the parameters introduced, and Table X 
gives the rotational occupation numbers in percent at 
300°K. 





PHYSICAL REVIEW 


VOLUME 90, 


NUMBER 5 JUNE 1, 


The Scintillation Response from NaI(T1) Crystals Under Bombardment 
with Positive Ions of Energies 60-600 kev 


SAMUEL K. ALLISON AND HARVEY CAsson* 
Institute for Nuclear Studies, University of Chicago, Chicago, Illinois 
(Received January 29, 1953) 


The scintillations of NaI(Tl) under ion bombardment have been investigated, using monoenergetic H, 
D, He, and Ne ions in the kinetic energy range 60-600 kev. The light output caused electrical pulses in a 
photomultiplier tube (Type EMI 5311), which were then sorted in magnitude by means of a single channel 
pulse height analyzer. Single peaked pulse-height distributions were observed for each ion energy. The most 
probable pulse height was found to increase linearly with energy for each of the ions. The pulse height (most 
probable) versus energy lines for H, D, and He were found to extrapolate through the origin, with an experi- 
mental uncertainty of perhaps 10 kev in the energy intercept. The slopes of these lines, giving the relative 
scintillation efficiencies, were observed to be in the ratios 1:0.96+0.03:0.75+0.05:0.54+0.03 for the H, 
D, He, and Ne ions, respectively. It is concluded that the response of NaI (TI) to pretons is approximately 
the same as for electrons of the same energy, since an extrapolation of the proton pulse-height curve to 661 
kev gave the same pulse height as was observed for the photopeak of the Cs'’?7 gamma-ray of that energy. 
The importance of “hard” (i.e., nuclear) collisions, which may not produce scintillations, is brought forward 
as a factor which may enter into the explanation of the lowered scintillation efficiency for the heavier ions 


INTRODUCTION 


HE introduction of scintillating crystals with 

photomultiplier tubes to pick up their light 
pulses marked an important step forward in the detec- 
tion and analysis of gamma-rays because of the high 
detection efficiency, much greater than that of the 
ionization chamber at ordinary pressures, or the Geiger 
counter. Thus there have been many investigations of 
the response of such scintillators to gamma-rays. 

In the detection of heavy positive ions the crystal 
detector does not necessarily have the advantage of 
greater efficiency in the sense of counting a larger 
fraction of the particles incident on it, but has other 
advantages such as simplicity and reliability. The visual 
observation of scintillations, such as those of activated 
ZnS crystals under alpha-particle bombardment, has 
been known for many years, but it was the relatively 
recent development of photomultiplier tubes giving a 
sensitive, objective, and quantitative electrical response 
to the light pulses of the scintillator which has stimu- 
lated the current interest in this method of detection. 

Several investigators have measured the pulse height 
(i.e., peak of the pulse-height distribution curve) versus 
particle energy using natural alpha-particles which were 
varied in energy by being slowed down in various path 
lengths of air.’ Because of straggling effects and uncer- 
tainties in the range-energy relation, the measurements 
could not be extended with any great accuracy below 
kinetic energies of 1 Mev. In the years 1948-1951 a 
number of such papers were published, but only three 
of them (Johansson, Michaelis, and Lovberg) employed 


* Present address: Argonne National Laboratory P. O. Box 299, 
Lemont, Illinois. 

1]. Broser and H. Kallmann, Anr. Physik. 3, 317 (1948); S. A. 
E. Johansson, Arkiv. fys. 2, 171 (1950); E. G. Michaelis, Helv. 
Phys. Acta 23, 155 (1950); J. B. Birks, Proc. Phys. Soc. (London) 
63, 1294 (1950) ; Harding, Flowers, and Eppstein, Nature 163, 990 
(1949); B. Collinge and E. J. Rolbins, Nature 166, 1109 (1950) ; 
R. H. Lovberg, Phys. Rev. 84, 852 (1951). 


Nal(TI) as the scintillator. These investigations showed 
that the organic scintillators as a group give a nonlinear 
response to energy expended when bombarded with 
alpha-particles, but for organic crystals the light is 
more nearly directly proportional to the particle energy. 
In 1951 the work of Frey ef al.? using protons in the 
energy range 0.4 Mev to 3.7 Mev showed that anthra- 
cene, for instance, has a nonlinear response. 

The recent work of the Princeton investigators* in 
bombarding NaI(Tl) with protons of energies between 
5 and 18 Mev has indicated a strictly linear response, 
which furthermore extrapolated to the origin (zero 
pulse height at zero energy) within the limit of their 
experimental error. The University of Illinois group,‘ 
bombarding NalI(Tl) with protons having energies 
above 3 Mev, and with deuterons and alpha-particles 
of similar energies, observed a linear response for 
protons and deuterons, but detected deviations from 
linearity for the helium ions. 

In seeking a suitable particle detector for use in con- 
nection with a new spherical electrostatic analyzer the 
authors concluded that NaI (Tl) might be useful for the 


TABLE I. Constants of the spherical analyzer. 


25.5806+0.0003 cm 
25.1628+0.0003 cm 
0.4178+0.0005 cm 
0.5159+0.001 cm 
0.4167+0.001 cm 


radius of outer sphere 

radius of inner sphere 

gap width of analyzer 

outer radius of beam limiting annulus 

inner radius of beam limiting annulus 

projection of width of target annulus 
on sphere diameter 

width of annular opening at detector 


0.0992+-0.002 cm 
0.10 +0.01 cm 


? Frey, Grim, Preston, and Gray, Phys. Rev. 82, 372 (1951). 

3 Franzen, Peelle, and Scherr, Phys. Rev. 79, 742 (1950), J. G. 
Likely and W. Franzen, Phys. Rev. 87, 666 (1952). 

‘ Taylor, Remley, Jentschke, and Kruger, Phys. Rev. 83, 169 
(1951); Jentschke, Eby, Taylor, Remley, and Kruger, Phys. Rev 
83, 170 (1951); Taylor, Jentschke, Remley, Eby, and Kruger, 
Phys. Rev. 84, 1034 (1951). 
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Fic. 1. Schematic diagram of the spherical electrostatic analyzer showing the scattering target and the detector crystal 


detection of low energy (down to 50 kev) particles in 
view of the relatively large light output and the indica- 
tions of linear response to energy expended. The hygro- 
scopic property of the material is a disadvantage, but 
the construction of an air-tight housing, which can be 
closed in a dry-box after the crystal has been mounted 
in place, and then opened in vacuum for bombardment 
purposes, has enabled the crystals used in this work to 
be maintained without deterioration indefinitely. 

The present paper gives the results of bombarding 
two Nal(Tl) crystals with monoenergetic ions focused 
on their surfaces by the electrostatic analyzer. 


II. APPARATUS 


The equipment used in this work may be divided into 
the following categories: (A) the low voltage arc ion 
source; (B) the Cockcroft-Walton accelerator, with 
magnetic deflection through 15° used to select the type 
of ions desired; (C) the beam stop and the thick target 
which scattered the ion beam, producing a continuum 
of energies; (D) the electrostatic analyzer which selected 
from the continuum a small number of relatively mono- 
energetic ions and focused them on the detector; and 
(E), the NaI (Tl) scintillation detector and its associated 
electronic circuits. 

A. Ion Source 


The ion source was of the capillary are type with a 
perforated probe using accelerating voltages of 1-5 kv 
to extract the ions.® The source operated satisfactorily 
on the various gases used, namely H2, De, He, and Ne. 
Changing from one gas to another took perhaps fifteen 
minutes, and thus several ion types could be compared 


5S. K. Allison, Rev. Sci. Instr. 19, 291 (1948) 


during a run. As each new ion type was tested for its 
scintillation response, it was at once compared with 
responses from protons. An appreciable number of 
doubly charged neon ions were found in the beam when 
neon was fed into the low voltage arc ion source. These 
Net* ions could thus be accelerated up to 1-Mev kinetic 
energy in the accelerator. 


B. Cockcroft-Walton Accelerator 


The Cockcroft-Walton circuit was of the voltage 
sextuplet type operating in the range 0-500 kev. Either 
a 60-cycle or 540-cycle input supply voltage could be 
used. 

C. Beam Stop and Target 


Figure 1 shows, somewhat schematically, the ar- 
rangement for bombarding NalI(Tl) crystals. The 
conical target (3) and the cylindrical detector crystal 
(4) were mounted at opposite ends of a diametral shaft 
which extended through the analyzer and were coaxial 
with the direction of the incoming ion beam. The beam 
stop (5) served as an annular slit to define the primary 
beam before scattering. After passing through the beam 
stop, the beam particles about to impinge on the target 
were moving longitudinally in a cylindrical shell of 
approximately (see Table I) 0.5-cm mean radius and 
Q.1-cm thickness. The angle of the target cone was 90 
degrees. Scattered particles, degraded in energy, left 
the target and those emitted in the proper range of 
angles (mean angle= 85°16’ with respect to the beam 
axis) and with energy appropriate to the charge of the 
analyzer, were focused upon the crystal detector. Both 
thick gold and thick beryllium targets were used during 
the course of the work. A beryllium target was used in 
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the experiments in which the disintegration deuterons 
from the Be*(p,d) reaction were focused on the crystal. 

The scattering of the beam produced a continuous 
distribution in energy of the scattered particles, the 
energies lying below an upper limit, Emax, which is 
approximately 


Esux=E(M —m)/(M+m), 


where M and m are the masses of the target and pro- 
jectile nuclei, respectively, and Ep is the beam energy. 

Although the presence of doubly charged scattered 
ions could be detected, the analyzer was always operated 
in a region in which only the singly charged ions would 
be focused. 

When neon was used in the ion source, an appreciable 
number of ions were accelerated in the doubly charged 
state and could be magnetically deflected onto the 
target. After scattering from the target, however, these 
neon ions were found to be mostly in the singly charged 
state and were focused by the analyzer as such. The 
upper energy limit for neon ions scattered at 85° from 
a gold target is approximately 80 percent of the beam 
energy before scattering. This provided a means of 
studying the scintillation response of neon ions of 
energy greater by a factor of about 1.6 than the energy 
attainable for protons. 


D. The Spherical Electrostatic Analyzer 


The deflecting electrostatic field of the analyzer was 
located in a spherical shell between the outside surface 
of an inner, hollow metallic sphere (1) and the inside 
surface of two outer covers in the form of hemispherical 
shells (2). The focal properties of such an analyzer have 
been calculated by Purcell® and others. 

The analyzer was always operated with the outer 
covers at ground potential and the inner sphere charged 
negatively. If we neglect the fringing electric field at 
the 5.08 cm diameter apertures where the diametral 
shaft pierced the spherical surfaces, we may write 


W=k|V|=[nre/(r2—r2)—4):|V I, 


for this type of charging of the analyzer. W is the energy 
in kev of the particle of charge ze selected by the ana- 
lyzer when the potential in kev of the inner spherical 
surface is —|V|. 7; and ro are the radii of the inner and 
outer spheres, respectively. From the dimensions given 
in Table I, we obtain 


k= 29,861 + 0.043. 


The homogeneity in energy of the scattered beam 
after passing through the detector slit can be estimated 
as follows. The maximum variation in orbit diameter is 
0.2 cm when the effective target and detector slit 
widths are each equal to 0.1 cm. The orbits in the 
inverse square law field between the spheres are ellipses, 


® FE. M. Purcell, Phys. Rev. 54, 818 (1938); Browne, Craig, and 
Williamson, Rev. Sci. Instr. 22, 952 (1951). 
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and the energy content of a Keplerian elliptic orbit is 
proportional to its major axis. Thus the maximum 
spread in energy is 


AW/W =0.2/(2X 25.37) =0.39 percent. 


E. The NalI(T1) Crystal Detector and 
Associated Apparatus 


Two crystals of NaI(Tl) were used. They were 
cylindrical in form, approximately 1.27 cm in diameter 
and 1.27 cm high. The photomultiplier tube, an EMI 
5311 tube, was enclosed in a brass housing and inserted 
through the vacuum wall of the analyzer into the dia- 
metral shaft. The end of the brass housing carried a 
quartz window, against which the crystal was pressed 
by a spring. The crystal was separated from the spring 
by a brass cap which was lined with shiny aluminum 
foil to improve the light collection. The presence of the 
reflector produced an increase of almost a factor of 2 
in the pulse heights. Optical contact between crystal 
and quartz and between quartz and photomultiplier 
tube was improved by films of silicone grease. 

The large brass cap (6) surrounding the crystal, 
reflector, and spring assembly, served two purposes. 
(a) The cap could be raised without breaking the 
vacuum in the analyzer by removing the photomultiplier 
tube from its housing and, with the aid of two special 
screwdrivers, rotating the two screws indicated in the 
drawing. These screws threaded into the cap, and by 
means of them it could be rasied or lowered, thus 
changing the width of the annular aperture through 
which the particles passed before striking the crystal. 
The cap thus served as the movable part of a slit which, 
together with the annular beam aperture previously 
described, determined the resolving power of the 
analyzer. Furthermore, if the crystal had to be removed 
from the analyzer, the cap could be pulled down against 
a rubber gasket in the photomultiplier housing. Thus 
the crystal, which is hygroscopic, could be protected 
from the moisture in the air while the assembly was 
being carried to and from the dry box. 

The two cylindrical crystals of NaI(Tl) used in this 
work were purchased at different times (approximately 
two years apart) from the Harshaw Chemical Company. 
It was expected that if there were serious differences 
between the specimens, such as different thallium 
content, this would become evident in the relative 
response to ion bombardment. 

Since the heavy ions we used are stopped very near 
the surface of the crystal (i.e., within 10~4 cm) it was 
important that the surface be cleaned and kept in good 
condition. Chemical methods were avoided in pre- 
paring the surfaces for ion bombardment. The crystals 
were polished in a dry box, with various grades of emery 
paper used in the early stages, and the final stages of 
polishing carried out with felt. A small motor-driven 
turn-table was installed in the dry box and either 
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allowed the crystal to be rotated while the brasive 
was applied to the cylindrical surface, or permitted the 
emery paper or felt to be rotated while the crystal was 
held fixed. 

The electronic circuit inte which the pulses from the 
photomultiplier tube were fed has been briefly dis- 
cussed elsewhere.’ The photomultiplier output was fed 
into a preamplifier, which in turn fed into a Los Alamos 
Model 500 linear amplifier. The pulses from the ampli- 
filer were analyzed using a single channel discriminator. 


RESULTS 


By repeated determination of the pulse-height dis- 
tributions for various proton energies, it was ascertained 
that the proton pulse height versus energy curve for 
each NaI(T1) crystal did not deviate significantly from 
a straight line extrapolating to the origin. The curve for 
protons was then chosen as the standard, and a curve 
for protons was also taken whenever a run was made 
using one of the other ions, D, He, or Ne. In some cases, 
proton points were taken both before and after a run 
on another ion. In this way, it was possible to compare 
directly the scintillation response of each ion with that 
of protons, and to minimize possible errors due to drifts 
in the electronic equipment. 

The results of a typical run using protons and deu- 
terons on Nal(T1) crystal No. 2 are plotted in Fig. 2. 
The results of typical runs using helium ions and neons 
ions are also shown. The latter curves were normalized 
to bring all the corresponding proton slopes to the same 
value. The normalization factor in each case differed 
from unity by less than 10 percent. 

The curves were all found to be linear in the regions 
investigated. Within the limits of error, the proton, 
deuteron, and helium ion curves extrapolated through 
the origin, having an energy intercept of less than 10 
kev. For neon, however, a positive energy intercept 
was observed which was different for the two crystals. 
It was about 30 kev for Nal crystal No. 2 and about 70 
kev for No. 1. 

Table II gives the average relative values of the 
slopes, referred to as values of dL/dE, observed on 
crystals No. 1 and No. 2. The proton slope has been 
assigned the value unity. 

For comparison with light pulses caused by electrons 
liberated inside the crystal we measured the pulse- 


TABLE IT. Relative values of the slope (€Z/dE) of the pulse height 
versus energy curve. 


(dL/dE)/(dL/dE)y 


Crystal Crystal 
No. 1 No. 2 


Energy range 
investigated 


Incident 
particle 


H 60-400 kev 
D 60-630 
He 80-360 
Ne 180-525 


1.00 
0.98 
0.70 0.79 
0.53 0.55 


1.00 
0.94 
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Fic. 2. Observed scintillation pulse heights from NalI(TI) as a 
function of ion energy. 


height distribution caused by the absorption of the 
661-kev gamma-ray® of Cs'*7. In order to make the com- 
parison meaningful, it was necessary to use the same 
geometrical and optical arrangement as for counting 
particles. The photomultiplier tube was slipped out of 
its housing and replaced after a thin source of Cs"? had 
been taped to its front face. The source was attached to 
the periphery of the tube where the light path from the 
crystal into the photomultiplier was not affected. 
Pulses from the complete absorption of the 661-kev 
gamma-ray in the crystal were compared with those 
from protons striking its surface without disturbing the 
arrangement and during the same run. 

The geometry was however not well suited to the 
measurement of gamma-rays. The crystal was too small 
and the presence of the heavy metal walls of the 
spherical analyzer near the crystal caused it to be 
bombarded with many secondary electrons degraded in 
energy below the maximum of 661 kev. Thus the photo- 
peak was not well separated from a continuous dis- 
tribution of pulses on its low energy side. The high 
energy side of the peak was sharp, however, and its 
position could be located to about 10 percent in pulse 
height, as is plotted in Fig. 2. 

The fact that the rather inaccurate point from Cs!'*’ 


*I.. M. Langer and R. D. Moffat, Phys. Rev. 78, 74 (1950). 
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falls, within its limits of error, on the extended proton 
curve indicates that electrons and protons are approxi- 
mately equal in efficiency as measured by the output of 
light per unit of energy expended in the crystal. 


Resolving Power of the Crystal Detector 


As is well known, the energy resolution attainable in 
a crystal spectrometer depends on the particular photo- 
multiplier tube used and may be different for different 
crystal specimens. I’igure 3 shows the resolution, which 
is defined as the full width at half-maximum of the 
pulse-height distribution from monoenergetic ions, 
expressed as the percentage of the pulse height asso- 
ciated with the peak of the distribution. Energy reso- 
lutions applicable to helium ions and protons are shown. 
In the range of our investigations the resolution varies 
roughly as #°’, but this result is probably not of 
general significance. 
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Fic. 3. Resolving power of the crystal-photo 


multiplier combination 


DISCUSSION 


A quantitative explanation of the linearity of the 
curves of light output versus energy, and of the varia- 
tions of dL/dE for the different particles cannot be 
given at present. However, we may make the following 
comments. In the first place, the fact that the proton, 
deuteron, and helium ion curves extrapolate to the 
origin indicates that there is not a “dead” or non- 
scintillating layer at the crystal surface. 

Furthermore, we see that if a certain amount of energy 
dE is liberated in the crystal from a moving proton, 
there is approximately twice as much response from 
the photomultiplier tube as is the case when the same 
amount of energy is abstracted from a moving neon 
ion. Various hypothetical explanations at once suggest 
themselves. 

A. The specific ionization from the heavier ions is 
great enough to partially saturate the ability of the 
crystal to respond, hence the efficiency of response 
decreases. 

B. The spectrum of the light excited by the heavier 
ions differs from that of electrons and protons, and the 
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energy is shifted to a region in which the photomultiplier 
tube is relatively insensitive. 

C. In the case of the heavier ions the direct transfer 
of momentum to the atoms of the crystal becomes of 
importance in the degradation of ion energy and does 
not result in the excitation of scintillations. 

It seems demonstrable that hypothesis A, alone, is 
not capable of explaining the observations. Our labora- 
tory is now measuring the stopping power of gases for 
various ions, including helium and neon ions, and we will 
anticipate here some of the results which will be 
published in detail elsewhere. The stopping powers in 
gases were measured in a beam geometry such that if 
an ion suffered a deflection of angle greater than about 
5X10~ in the gas, it would not pass through the 
analyzing slits, and hence its energy loss would not 
contribute to the measured result. This affects the 
interpretation of the results on dE/dx for neon ions, and 
will be discussed later. The data on the stopping power 
of gold for helium ions, which are included with the gas 
data in Table III, were recalculated from the results 
published by Wilcox.’ Although Wilcox’s values as 
originally published for helium ions in gold are now 
known to be in need of a correction factor, we are for- 
tunately able to compute that factor, because Wilcox 
published the stopping power of this same foil for 
protons. Using more recent values for protons in gold,! 
we are able to compute the effective thickness of the 
gold foil from the proton data. The correction thus 
indicated for Wilcox’s gold data has increased his dE/dx 
values about 14 percent. 

Taking the values of dE/dx for helium ions between 
100 and 400 kev in argon and in gold as indicative of 
the variation that would obtain in NaI(TI), it is found 
that in this energy range the values of dE/dx for helium 
ions in the crystal will probably change by a factor 
between 1.5 and 2. The approximate linearity of the 
light pulse response curve from helium ions throughout 
this region of energy indicates that these relatively 
large changes in dE/dx are not followed by commen- 
surate changes in dL/dE, and hence if saturation effects 
are operating, we are in a relatively insensitive portion 
of the saturation curve. 

On the other hand, turning to the results for neon 
ions, we find that the values of dE/dx for them will not 
pe much different from the values for helium ions of the 
same energy. The geometry in which the measurements 
in the gases were made is such that only energy transfers 
to individual electrons, resulting in electron ionization, 
excitation, or exchange contributed to the measured 
stopping power (see the following discussion of hypoth- 
esis C), and the results show that the losses due to this 
type of interaction were approximately 15 percent 
greater in neon than in helium ions of the same energy. 
The scintillation efficiencies for the two ion types are 

9H. A. Wilcox, Phys. Rev. 74, 1743 (1948). 

0S, D. Warshaw, Phys. Rev. 76, 1759 (1949); D. Kahn, Phys 
Rev. 90, 503 (1953). 
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TABLE III. Atomic stopping powers due to the summation of 
events which have deflected the particles through angles less than 
1073 radian in argon and in gold. Units: { (ev cm?)/atom} X 10" 


Kinetic erngy Hin A Hein A 
in key gas gas 


He in Au Nein A 
(metal gas 


50 33 
100 32 
150 28 
200 
250 


309 
350 
400 


however markedly different; (dL/dE)n.=0.7(dL/dE) tte. 
Thus, although this semiquantitative argument by no 
means excludes the possibility of saturation effects in 
scintillation, it indicates strongly that other factors 
must enter. 

Hypothesis B is capable of a straightforward spectro- 
scopic test, but we have not carried out such an inves- 
tigation. 

Rough calculations concerning hypothesis C can be 
made using a formula due to Bohr," which estimates 
the loss of energy due to “hard” collisions, and was 
evolved in the attempt to interpret the low energy end 
of the fission fragment range-energy curve. This formula 
is 
erg cm? 


di:| tre'Z °Z 
M.V? 


M\M. ay." 
y? 
M,i+M, Z,Z.e71 atom 


log 


dx hard 


where Z,, Z, are the atomic numbers of the moving par- 
ticle and of the stopping nucleus respectively; M,, M2 
are respectively the atomic masses of particle and 
nucleus; V is the velocity of the particle in cm/sec, and 
d,2*°" is the distance between particle and nucleus when 
the electronic screening has set a limit to the action of 
the nuclear charges. The quantity a).°° may be calcu- 
lated with sufficient accuracy from 


a2? = hel 1Z.)+(1/Zs) |/(4°me?), 


in which m is the electronic mass. 

Using collisions in argon as examples of collisions in a 
medium of atomic weight intermediate between sodium 
and iodine, the values listed in Table IV have been com- 

UN, Bohr, Phys. Rev. 59, 270 (1941 
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puted. The computed values for “hard” collisions of 
neon in argon show that in the total stopping process 
collisions ef this type play an appreciable role. How- 
ever, Bohr,” in his discussion of this matter, has shown 
that the “hard” scattering which results in angular 
detlections jess than an angle @,’ can be neglected in its 
contribution to dE/dx. The angle in question is given by 


' : 
A, = Simin ay." if 


where Sin is the closest approach of the two nuclei in a 
head-on collision and is given by 


Simin (22,2 2€") ‘uV?, 


where u is the reduced mass of the two bodies. For neon 
ions of 400-kev kinetic energy in argon we compute 
that 0,/=6.310-*. Since an angular deflection greater 
than 510-4 would throw the ion out of our detecting 


TABLE IV. Estimate of the ratio of ene rgy loss in hard collisions 
to that in electronic collisions in argon gas (estimates at 400-key 
kinetic energy) 


ix 
Observed Ratio ot 
‘ dx trom hard” to 
atom ‘lectronic electronic 


encounter losse 


Moving “vy om?) 
particle ‘ x10" 


H 5.¢ 0.02 16 0.12 
D 5 0.04 25 0.2 
He 2 0.25 79 0.3 
Ne 82 15.0 87 17.2 


system, contributions to our gas absorption measure 
ments from losses in hard collisions were negligible, 
and we must ascribe the measured dE/dx values to that 
part of the total stopping arising from electronic 
encounters. 

lor moving ions as heavy as neon, Table IV indicates 
that in our energy range the stopping by hard collisions 
in the crystal constitutes a considerable portion of the 
total energy loss; due to the high atomic number and 
mass of iodine the fractions will be considerably greater 
than the estimates given here for argon, which is chosen 
merely as a moderately heavy stopping medium in which 
some experimental data on neon ions is now available. 
If such collisions are ineffective in causing scintillations, 
they may play a considerable role in the observed 
lowering of the scintillation efficiency for heavy ions. 

2N. Bohr, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd 
18, 8 (1948), p. 20, Eq. (1.4.3); and p. 47, Eq. (2.3.6 
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The Disintegration of Sc*’ 
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The radiations accompanying the disintegration of Sc? have been investigated with a lens spectrometer 
and a scintillation spectrometer. The beta-spectrum is complex and consists of two components of allowed 
shape with end-point energies, 0.622+0.005 Mev and 0.435+0.008 Mev. A gamma-ray of energy 0.185 

+0.007 Mev has been found. The 0.435-Mev beta-ray is in coincidence with the 0.185-Mev gamma-ray. 


HE assignment of the 3.43-day activity to Sc” 

was definitely confirmed by bombarding various 

enriched ‘Ti samples with deuterons. Aluminum absorp- 

tion measurements showed a beta-ray with an end-point 
energy of 0.61 Mev and an associated gamma-ray.' 


I. ABSORPTION MEASUREMENTS 


For the present investigation about 10 mg of enriched 
Ti®, which contained Ti*, ‘Tit’, Ti’, Ti’, and Ti® in 
abundances of 2, 1.5, 17, 78, and 2 percent, respectively, 
was bombarded with 10-Mev deuterons.” All measure- 
ments were started two days after bombardment without 
any chemical separation. Aluminum absorption meas- 
urements of the beta-rays showed two end-point 
energies, 0.62 Mev and 0.43 Mev. Lead absorption 
measurements showed two gamma-rays of energies 
1.1 Mev and 0.2 Mev. The 0.2-Mev gamma-ray as 
well as the beta-rays decayed with a half-life of about 
3.4 days, while the 1.1-Mev gamma-ray decayed with 
a much longer half-life. It is thus expected that the 
beta-spectrum of Sc‘? is complex and an associated 
gamma-ray of energy about 0.2 Mev is present. The 
subsequent investigations were made with the use of a 
lens spectrometer and a scintillation spectrometer. 


2 days after bombardment 
vn 3 doys ofter bombardment 
5 Gays offer Dombordmert 


vets) 


Fic. 1. Negatron spectrum of Sc*?. A conversion electron line 
of 0.183 Mev is shown and end points at 0.435 Mev and 0.622 
Mev are suggested. 


'N. L. Krisberg and M. L. Pool, Phys. Rev. 75, 1693 (1949). 

* Supplied by the Y-12 plant, Carbide and Carbon Chemicals 
Corporation through the Isotope Division, Atomic Energy 
Commission, Oak Ridge, Tennessee 


II. BETA-RAY SPECTRUM 


The resolution of the lens spectrometer was 3 percent. 
Figure 1 shows a plot of the counting rate versus 
momentum in three consecutive sets of measurements. 
The beta-spectrum as a whole decayed with a half-life 
in the neighborhood of 3.4 days. The long-lived activ- 
ities of V** and Sc** prevented the counting rate to 
drop to zero beyond 0.622 Mev as shown in Fig. 1. 
It is observed that besides the continuous beta-spectrum 





” 
MOMENTUM DISTRIBUTION CURVES 
OF Sc? 


4352 0.008 Mev 


Fic. 2. (a) Fermi plot of negatron spectrum of Sc*’. The end- 
point energies are 0.435 Mev and 0.622 Mev. (b) Momentum 
distribution curves of Sc*? which show the relative abundance of 
the two spectra 


a conversion electron line of kinetic energy 0.183 Mev 
is present. The small rise in counting rate at 0.130 Mev 
just falls outside the range of statistical fluctuation, 
which is 5 percent. 

A typical Fermi plot is shown in Fig. 2. The end-point 
energies are 0.622+0.005 Mev and 0.435+0.008 Mev. 
By extrapolation of the Fermi plots back to the low 
energy region it is possible to construct the momentum 
distribution curve for each continuous spectrum and 
then to estimate the relative intensities of these two 
spectra. Thus the ratio of the intensity of the 0.622-Mev 
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spectrum to that of the 0.435-Mev spectrum has been 
estimated to be 34+4 to 66+4. 


III. GAMMA-RAY SPECTRUM 


Since the sources used were too weak to allow the 
gamma-ray spectrum to be measured in a lens spectrom- 
eter, a scintillation counter with a NaI(Tl) crystal was 
therefore used. Figure 3 shows five sets of measurements 
of the gamma-spectrum. The energy of the gamma-ray 
has been determined as 0.185+0.007 Mev. The 0.134- 
Mev gamma-ray of Ce, the 0.084-Mev, the 0.330-Mev, 
and the x-rays of Ba’ were used for calibration. The 
value 0.185 Mev agrees very well with the vaiue of the 
gamma-ray energy, 0.188 Mev, determined from the 
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Fic. 3. Gamma-spectrum in scintillation counter of 0.185-Mev 
radiation from Sc’ measured at different times during the decay. 


conversion electron line observed in the beta-spectrum. 
The peaks shown in Fig. 3 decayed with a half-life of 
about 3.4 days. 

An attempt to resolve the peak and a search for low 
energy gamma-ray did not give definite results. How- 
ever, a 0.51-Mev gamma-ray and a 1.04-Mev gamma- 
ray were observed to decay with a half-life about 20 
days. Also a 2.4-Mev gamma-ray with half-life of about 
2.2 days was observed. These gamma-rays were of low 
intensities and may substantiate the existence of the 
V"8, Sc#*, and Sc** mentioned above. 


IV. COINCIDENCE ABSORPTION MEASUREMENTS 


In order to learn the relationship between the 
0.185-Mev gamma-ray and the two groups of beta-rays, 


al 


Coincidence Counting Rote 
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Fic. 4. Coincidence measurements of the 0.185-Mev gamma-ray 
as a function of the absorption of the beta-rays. 


coincidence measurements were performed. The source 
was set between a Geiger counter and a scintillation 
counter. The latter was set at the properly determined 
voltage bias with a gate width of about 0.015 Mev. 
The pulses from the two counters were fed into a 
coincidence circuit, which had a resolving time of 1 
microsecond. With enough aluminum in front of the 
scintillation counter to stop all beta-rays, the beta- 
gamma coincidence counting rate was then measured 
as a function of the thickness of aluminum absorbers 
in front of the Geiger counter. After correction for 
chance coincidence the result is shown in Fig. 4. It is 
seen that the beta-gamma coincidence rate drops 
practically to the gamma-gamma coincidence rate 
background beyond 110 mg/cm? of aluminum, which 
corresponds to 0.39 Mev. This indicates that the 
0.435-Mev beta-ray is followed by the 0.185-Mev 
gamma-ray, while the 0.622-Mev is not. 


V. DISCUSSION 


The results of the present study can be summarized 
in the following proposed decay scheme shown in Fig. 5. 
The nuclear shell theery would predict the configuration 
fzj2 for the ground states of Se‘? and of Ti’. From the 
momentum distribution curve shown in Fig. 2b an 
estimate of the total conversion coefficient of the 
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Fic. 5. Proposed energy level diagram for the 
disintegration of Sc*’. 
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0.185-Mev gamma-ray can be made by comparing the 
area under the conversion peak and that under the 
momentum distribution curve of the 0.435-Mev beta 
spectrum. The result is (3.6+0.9) K10°%. The theoret- 
ical K conversion coefficients for electric dipole radiation 
and for magnetic dipole radiation of the 0.185-Mev 
are a;=4.0K 10-4 3.5X10-*, re- 
Although the experimental 
seems to fit the theoretical 
dipole radiation best, the 


gamma-ray and p, 


spectively.’ conversion 
coefficient conversion 
coefficient for magnetic 
assignment cannot be made definitely. However, the 
nuclear shell theory would predict the two beta-spectra 
in the proposed scheme to be of different order of 
forbiddenness if an electric dipole is assigned to the 
gamma-ray. The predicted relative intensities of these 

3 Rose, Goertzel, and Perry, Oak Ridge National Laboratory 


Report ORNL-1023 unpublished 


PHYSI¢ VOLUMI 


AND M 


90 Nt 


POOL 


two beta-spectra would then not be consistent with 
that observed. Furthermore, the log ft values of the 
two modes of disintegration of Sc? can be estimated.4 
The log ft values of the 0.435-Mev and the 0.622-Mev 
beta-spectra are thus found to be 5.2 and 6.0, respec- 
tively, which indicate that both spectra belong to 
allowed transitions.® Thus the assignment of fs/2 to 
the excited state of ‘Tit? seems reasonable. If the excited 
state of Ti’ is a f5/2 level, then the 0.185-Mev gamma- 
ray is a magnetic dipole radiation. 

Thanks are due Mr. Brock Dale and Mr. Staney] 
Fultz for their scintillation spectrometers. 
Grateful acknowledgment is made for the support 
received from The Ohio State Development Fund. 


use of 


4 E. Feenberg and G. Trigg, Revs. Modern Phys. 22, 399 (1950) 
5 Mayer, Moszkowski, and Nordheim, Revs. Modern Phys. 23, 
315 (1951). 
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The 24-minute isomer of Ag® was produced by the (y,n) reaction on metallic silver. A conversion line 
of a 512-kev gamma-ray was found. The activity has a positron group of energy 1.96 Mev, a weak lower 
energy positron, and a possible weak negative beta-group. An upper limit of 0.1 percent is placed on the 
positron component in the 8-day isomer of Ag'®®. Previously unreported conversion lines of 66-minute half- 
life were found in silver following bombardment of Pd by deuterons. 


I. INTRODUCTION 

Ag'®, decaying by 
has been studied 
previously with a spectrometer by other 
workers. However, investigations have been reported 
using cloud chambers and other methods.' This isotope 
is produced in quite pure form by the (y,#) reaction on 
Ag"? The competing Ag’ activity, produced by the 
(y,n) reaction on Ag'”, decays quickly. It was felt 
that the equipment available in this laboratory made 
a further study of this activity worth while. 


short-lived isomer. of 


emission of positrons, not 


magnetic 


Il. APPARATUS 


The sources were irradiated with x-radiation from 
the 22-Mev University of Illinois betatron, usually at 


t Aided by the joint program of the U. S. Office of Naval 
Research and the U.S. Atomic Energy Commission. The Atomic 
Energy Commission is also to be thanked for the radioisotopes 
Na” and Cs’, employed in this work. 

t This work is part of the Ph.D thesis of W. L. Bendel. 

* U.S. Atomic Energy Commission Predoctoral Fellow. Now 
in the Nucleonics Division, Naval Research Laboratory, Washing- 
ton 20, D.C. 

§ Now at the 
New York. 

| National Science Foundation Predoctoral Fellow. 

1K. Way et al., Nuclear Data, National Bureau of Standards 
Circular 499 (1950). Also three semi-annual supplements. 


Brookhaven National Laboratory, Upton, 


about 22-Mev and for about an hour. The probe tech- 
nique’ was employed. While the earlier work* employed 
a 180° magnetic spectrometer, the results reported 
here were obtained with a double-focusing spectrometer 
of 15-cm orbit radius. The magnet of this instrument is 
of the double-mushroom type. It is quite similar to 
that of Kurie ef al,‘ but differs in that the pole pieces 
extend over only 270°. Unlike the instrument of Kurie 
et al., the magnet is not part of the vacuum chamber. 
A resolution of 0.33 percent has been obtained utilizing 
the maximum transmission of 0.22 percent. The 
magnetic field is controlled, stabilized, and measured 
by an electronic system essentially the same as that 
employed with the 180° spectrometer.® The scintillation 
spectrometer is described elsewhere.® 


III. 24-MINUTE RADIATIONS 


Sources were in the form of sheets of silver, 0.0001 
inch to 0.020 inch thick. The initial 24-minute activity 
was about 2 to 7 millicuries per gram. The half-life of 

2R. A. Becker, Rev. Sci. Instr. 22, 773 (1951). 

3 Bendel, Shore, and Becker, Phys. Rev. 83, 677 (1951). 

‘ Kurie, Osoba, and Slack, Rev. Sci. Instr. 19, 771 (1948). 

® Brown, Bendel, Shore, and Becker, Phys. Rev. 84, 292 (1951). 

6 Shore, Bendel, Brown, and Becker, (to be published). 
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Ag'’® was measured several times with an end-window 
Geiger counter. In addition, the decay of specific 
radiations was studied. Positrons of various energies 
and the gamma-radiation were found to decay with a 
24-minute half-life. Electrons of various energies and 
gamma-gamma coincidences at 180° decay with half- 
lives of about 24 minutes. It is concluded that all of 
the radiations have a common half-life of (24.04+0.2) 
minutes. 

A weak conversion peak was found corresponding to 
conversion of a (512+3)-kev gamma-ray in the A shell 
of Pd. Data on Na” do not exhibit a peak of comparable 
size, thus showing that the observed peak is primarily 
due to radiation other than annihilation radiation. 
The peak is interpreted as representing the 512-kev 
transition in Pd'*, previously found in the decay of 
Rh® by Alburger? and others,'! and in the decay of 
8-day Ag'’® by Hayward’ and others.’ 

The positron spectrum was synthesized from informa- 
tion obtained with many sources, each about 7 mm wide 
and 17 mm long, and employing a 1.5 percent resolution. 
A point near the peak of the spectrum was chosen as a 
standard. In the case of each of the 0.1-mil sources, 
data were taken at this reference point and three other 
points. 

A Kurie plot of the positrons is shown in Fig. 1, 
a small empirical correction for source thickness having 
been applied. The points shown with x’s were obtained 
with }-mil sources; the others were obtained with 0.1- 
mil sources. The analysis, indicated by the lines in the 
figure, was made assuming components separated by 
512 kev. The data are seen to be consistent with this 
assumption but inadequate to determine the energy of 
the second component. The energy adopted for the 
high-energy positron component is (1.96+0.02) Mev. 

A weak negative electron activity was found, amount- 
ing to 1.5 percent of the positron activity and with 
an apparent end point at 0.36 Mev. An electron compo- 
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Fic. 1. Kurie plot of positrons from 24-minute Ag'®. Results 
are consistent with separation into two groups 0.5 Mev apart 
in end point. 
7—. E. Alburger, Phys. Rev. 88, 339 (1952). 
’R. W. Hayward, Phys. Rev. 85, 760A (1952} and private 
communication, February 1952 
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nent of slightly less relative intensity was found in 
Na™. It is concluded that the negative electron activity 
is at least partially due to scattering of positrons and 
photons. More will be said of this later. 

The gamma-radiation was observed with a scintil- 
lation spectrometer. A large peak appears at 0.51 Mev, 
representing both the annihilation radiation and the 
512-kev gamma-ray. The counting rate 
rapidly as the energy is increased, but levels off more 
quickly than in the case of Ba'*’. The high-energy 
region Was investigated with up to 30 g/cm® Pb between 
the source and the Nal crystal. A continuous distribu- 
tion of pulse heights appeared. As no peak can be 
detected, the high-energy photons may be attributed, 
at least partially, to the bremsstrahlung accompanying 
the emission of high-energy positrons. 

The amount of A radiation was determined by use 
of the scintillation spectrometer. The A-to-y ratio is 
based upon a A conversion coefficient of 0.097 for the 
Ba!’ transition.’"” The ratio of holes in the palladium 
K shell to 0.51-Mev quanta was found to be 0.28-+0.08. 


decreases 


IV. 8.2-DAY RADIATIONS 


The gamma-ray spectrum of the long-lived isomer of 
Ag'’®, as observed with the scintillation spectrometer, 
is consistent with the work of Hayward.* Coincidence 
experiments indicate that a large number of gamma- 
rays are in series. 

An attempt was made to detect an 8-day positron 
activity, employing coincidences at 180°. A weak 
positron activity is difficult to detect because of the 
many cascade gamma-rays and because of internal 
and external pair formation accompanying the 1.55-Mev 
transition. In the present case, a weak positron activity 
of shorter half-life, perhaps 1.7 days, was observed. 
This was attributed to an impurity. It is concluded 
that positive beta emission occurs in less than 0.1 
percent of the decays of long-lived Ag!*. 


V. 66-MINUTE SILVER ACTIVITY 


Palladium foil was irradiated with 12-Mev deuterons 
from the Illinois cyclotron. Silver was then chemically 
separated from the palladium. The source did not add 
any definite information on Ag'®, but did exhibit 
additional conversion lines which were attributed to 
other silver isotopes. Three of these lines occurred at 
530, 550, and 740 kev on two runs (with the same 
source) about 2.4 hours apart. The half-life of the first 
line was measured as (66+-6) minutes, the third as 
(66+10) minutes. This is probably the (73+10)- 
minute activity reported by Enns'' and assigned to 
silver 102 or 104. 

Assuming conversion in palladium, the first two 
conversion lines correspond to conversion of a (554+4)- 

9M. A. Waggoner, Phys. Rev. 82, 906 (1951). 

” Rose, Goertzel, Spinrad, Harr, and Strong (privately com- 


municated tables) and Phys. Rev. $3, 79 (1951). 
"T. Enns, Phys. Rev. 56, 872 (1939). 
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Fic. 2. Tentative partial decay scheme of 24-minute Ag", 


kev gamma-ray with a A/(L+M) ratio of 4 to 7. 
The third line would correspond to Pd K conversion 
of a (764+-6)-kev transition. 


VI. DISCUSSION 


It was judged that a reasonable value for the relative 


intensity of the positron components would be 89 
percent for the 1.96-Mev component and 11 percent 


for the 1.45-Mev component. After correction for 
K capture” and L capture,'® the decay is as shown in 
Fig. 2, where € represents the total of A and L capture. 
The log ft values, determined with the aid of the 
graphs of Feenberg and Trigg,” are 4.90 for decay to 
the ground state and 5.2 for decay to the 512-kev level. 
On the basis of these values, both transitions are 
allowed."4 

The spin and parity of the ground state of Pd'®, an 
even-even nucleus, is expected to be 0+; the first 
excited state is expected'® to be 2+. Experimental 

2E. Feenberg and G. Trigg (privately circulated graphs) 
and Revs. Modern Phys. 22, 399 (1950). 

13M. E. Rose and J. L. Jackson, Phys. Rev. 76, 1540 (1949). 


4. W. Nordheim, Revs. Modern Phys. 23, 322 (1951). 
16M. Goldhaber and A. W. Sunyar, Phys. Rev. 83, 906 (1951) 
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data support these assignments.’:*'® Employing the 
shell model,!? logical choices for the unpaired nucleons 
in Ag® are a gg/2 proton and a g7/2 neutron. They would 
be expected to couple to produce a 1+ state, as 
required by the beta-decay results. 

The decay scheme yields a Ay ratio of 0.24, in 
agreement with the experimental value. 

Employing {-mil and }-mil foils as sources, and the 
decay scheme of Fig. 2, the A shell internal conversion 
coefficient of the 512-kev transition was measured as 
(2.7+0.9) KX 10-*. This value is less than the theoretical 
value” of 4.9X10-%. Alburger?’ has measured this 
value as (3.5+1)10°*. Employing the Rh" decay 
scheme of Alburger’ with the measurements by Metz- 
ger,'® the authors have found the value (3.4+1)K10™%. 
The small value reported in the present experiment is 
attributed to source thickness and the neglect of a 
low-energy ‘‘tail’’ on the conversion peak. 

Mass spectrographic results by Halsted'* indicate 
that the ground state of Cd'®* is (2.83+0.22) Mev above 
the ground state of Pd'’®. Assuming the Cd* ground 
state to be a 0+ state, an allowed beta-transition from 
the 1+ state of Ag'®® should occur with an energy of 
(0.15+0.23) Mev. Although the observed 24-minute 
electrons are partially due to instrumental effects, it is 
not unlikely that an appreciable part arises from a real 
negatron spectrum. However, the shape of the Compton 
electron distribution from the quanta in this activity 
is such that the energy of the beta-spectrum is probably 
less than the apparent value of 0.36 Mev. The decay of 
Ag!”® by this branch is less than 1 percent. 

The 8-day level of Ag'®® is about 3.1 Mev above the 
Pd'* ground state, as determined by Enns." The limit 
of 0.1 percent positron decay and the energy available 
for positron decay to the ground state and first excited 
state of Pd'”® indicate that the spin of the 8-day isomer 
of Ag'®® is at least 4. The absence of positrons indicates 
that the decay of the long-lived isomer of Ag'® to the 
short-lived isomer is small. If the energy available for 
such a transition is about 100 kev or more, the spin of 
the 8-day state must be at least 5. 

16M. Goldhaber and R. D. Hill, Revs. Modern Phys. 24, 179 
(1952). 

17M. G. Mayer, Phys. Rev. 78, 16 (1950). 

18 F, Metzger, Phys. Rev. 79, 398 (1950). 

4 RE. Halsted, Phys. Rev. 88, 666 (1952). 
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The average multiplicity (vy) of neutrons emitted from a nucleus which has absorbed a «~ meson has been 


determined for several materials: (v 
for Al. From (v), 
to be about 20 Mev for all the nuclei studied. 


= 2.14+0.13 for Pb, 2.32+0.17 for Bi, 1.54+0.12 for Sn, 0.95+0.17 
by using compound nucleus theory, the average excitation given the nucleus was found 


The «~ meson interactions were classified according to the number n of neutrons observed per event and 


from the observed distributions in m some properties of the functions /(v), 


which give the probability of 


events in which exactly »-neutrons are emitted, have been determined. The results indicate higher values 
of neutron multiplicity and excitation energy than have been calculated by Tiomno and Wheeler, and 
Rosenbluth but are consistent with the assumption that a large part of the rest energy of the w~ meson is 


carried out of the nucleus by a light neutral particle 


INTRODUCTION 


N experiment has been performed to study the 

emission of neutrons resulting from the nuclear 
interaction of u~ mesons at rest in Pb, Bi, Sn, and Al. 
The mean value (v) of the multiplicity of neutrons 
emitted in such an interaction has been measured. The 
spread in the distribution of multiplicities » about the 
mean value, which is given by the standard deviation 
a=((v?)—(v)?]', has also been determined from the 
data. 

The experiment was performed in a tunnel under 
about 2000 g cm™ of shale.'! This depth was chosen in 
order to reduce the uncertainty in the identification of 
the charged particles which were observed to enter the 
apparatus and stop in the absorber. The 2000 g cm™? 
above the apparatus was sufficient to reduce to a negli- 
gible value the intensity of .V-component particles in- 
cident from above the earth’s surface, so that it could 
be assumed that the charged particles studied were p- 
mesons or their secondaries. 








BF , Counters-+ 





ae 


Fic. 1. Geometry of experiment. 


* Now at the Brookhaven National Laboratory, Upton, New 


York. 
1 Genesee black shale: 60 percent SiOz, 15 percent Al,O;, 25 
percent Ca, Fe, and Mg oxides; density 2.65 g cm™. 


I. APPARATUS 


The experimental arrangement is shown in Fig. 1 
(a and b). A, B, and C were trays of Geiger counters 
forming a coincidence telescope which included a solid 
angle of 0.14 steradian; D was a tray of Geiger counters 
operated in anticoincidence with A, B, and C. 

The Pb filter © between A and B was 172 g cm™ 
thick. The absorber S was 4 in. thick (dimensions 4 in. 
X 6 in. X18 in.) and consisted of 113 g cm of Pb, 99.5 g 
cm? of Bi, 74.0 g cm™ of Sn, or 27.4 g cm” of Al. 

S was surrounded by a paraflin moderator in which 
were imbedded 18 enriched BF; proportional counters 
for detecting thermal neutrons. The eighteen counters 
were connected in parallel, and the group of counters 
operating together had a plateau about 150 volts long, 
with a slope of about 5 percent per 100 volts. The con- 
struction and filling procedure and the operating char- 
acteristics of these counters have been described in 
detail elsewhere. The spacing of the counters in the 
moderator was such as to give a high efficiency for 
counting neutrons thermalized in traversing } in. 34 in. 
of paraffin. Thus, the neutrons detected were those of 
moderate energy, about 1-10 Mev, which are evapo- 
rated from excited nuclei. 

The requirement was made that one and only one 
channel in each of trays A, B, and C, and none in 
tray D be discharged. Events which satisfied this re- 
D, which 
was delayed by 5 microseconds after the Geiger counter 


quirement gave rise to a master pulse, ABC 


telescope discharge. 

The anticoincidence tray D was designed to have 
a high efficiency. This tray consisted of a double layer 
of counters below S and rows of counters extending up 
the sides of S, as shown in Fig. 1. Thus, tray D covered 
a large solid angle and had almost no gaps caused by 
counter walls or interstices between counters. Also, 
whenever a pulse occurred in tray D, a gate was 
promptly generated which prevented the recording of 


2 Tongiorgi, Hayakawa, and Widgoff, Rev. Sci. Instr. 22, 899 


(1951). 
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TABLE 


\ BC 


Material 


Pb 12.06% 10*4 

Bi 8.94% 10" 

Sn 14.03 x 10** 

Al 14.55 10** 
No absorber 


(S=0) o1iKiG™ 


any ABC—D pulse for 400 microseconds after the 
pulse in D. This gave the counters in tray D time to 
recover from each pulse, so no spurious anticoincidences 
caused by the missing of pulses in D during counter 
dead time could be recorded. The use of the 400-micro- 
second suppressing gate introduced an inefficiency in 
the apparatus of about 1 percent for counting true 
events ABC—D. This inefficiency did not affect the 
results; it simply meant that the counting rate was 
reduced by this small amount. Because of the geo- 
metrical arrangement and the artificial dead time, the 
efficiency of tray D was at least 99.7 percent and was 
more likely about 99.9 percent. 

The master pulse ABC—D triggered a 320-micro 


second sweep and intensifier in a five-inch cathode-ray 
tube. Neutron counter pulses which occurred during the 


duration of the sweep, i.e., between 5 and 325 micro 
seconds after an event ABC— D, were displayed on the 
sweep,’ which was automatically photographed. The 
BF; proportional counters had essentially no dead time, 
and multiple pulses could be distinguished on the sweep 
with a resolving time of about two microseconds. 

The events studied thus were the interactions of 
single charged particles which were able to traverse 
the 2000 g cm? of earth above the apparatus, 172 g 
cm? of Pb and 26 g cm? of parattin, and which were 
stopped in the absorber S. 


II. OBSERVATIONS 


The numbers of events ABC and ABC—D were re- 
corded. For each event ABC — D, the number » of neu- 
trons detected in coincidence with the master pulse was 
found from the photograph of the oscilloscope trace, so 
that the distribution in » of the events, as well as the 
total number .V of neutron coincidences, was obtained. 


Tase II. Distribution of uw” interactions with regard to 
the number » of observed neutrons. 


Material n=O 


Pb 1557 

Bi 964 : 1 

Sn 1423 0 0 
Al 427 0 0 


§Cocconi, Tongiorgi, and Widgoff, Phys. Rev. 79, 768 (1950). 


I. Measured and corrected numbers of interacting uw 


mesons and neutron coincidences. 


N 
(total number 
Vf of neutrons re- 
number of w~ mesons corded in co 
undergoing nuclear incidence with 
interaction) \ BC D) 


303 


ABC DD 
corrected 


4175 
2620 
3623 
1661 


ABC D 
uncorrected 


4823 
3112 
4399 
2453 


1837 
1153 207 
1594 182 
457 30 


501 4&6 0 


Corrections to the measured rates ABC—D and A 
for chance events and for background without absorber 
(i.e., with S=0O) The chance anti- 
coincidence rates were obtained with account taken of 
the contributions of unrelated events in A, B, and C, 
and related events such as a true double coincidence 
in chance coincidence with a count in the third tray. 
The chance anticoincidence rate was found to be less 
than 1 percent of the observed rate ABC — D except for 
S=0, 
rate. Chance coincidences of neutrons with the trigger 
ABC—D constituted 0.1 percent of all coincident neu 
trons for Pb, Bi and Sn, and 0.3 percent of all coincident 
neutrons for Al. The rates ABC—D were actually cor- 
rected for chance events, but the corrections to .V were 


were calculated. 


in which case it was 3 percent of the observed 


considered negligible. 

The correction for background was made by measur- 
ing the rates of events ABC—D and V with S=0 and 
subtracting these from the rates observed with absorbers 
in S. The events ABC— D recorded with S=0 included: 
(1) side showers which discharged A, B, and C, and not 
D, (2) counts caused by the inefficiency of tray D 
which resulted from counter dead time and gaps be- 
tween counters, (3) mesons which were scattered in L 
so that they discharged A, B, and C, but missed D, 
(4) chance events, (5) knock-on electrons produced in 
the apparatus which discharged the telescope trays 
missed by their parent u-mesons, and (6) mesons which 
stopped in the residual material, such as the counter 
walls. The subtraction of this background is not en- 
tirely justified a priori, since some of the contributing 
effects changed when an absorber was present. The cor- 
rections for chance events were made separately for the 
background rates and for the rates with absorbers before 
subtracting the background. An analysis of the other 
effects indicates that the systematic uncertainty in the 
number M of interacting u-mesons which is introduced 
by subtracting the background amounts to about 5 
percent for Pb, Bi and Sn, and about 10 percent for 
Al. The numbers of events ABC—D corrected for 
chance events and for background with S=0 are given 
in column 5, Table I. The rate of V with § 
found to be zero. 

It was necessary to reduce the corrected number 
ABC— D to the number of negative mesons stopping in 
S and further to correct this number for those which 
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Fic. 2. Distribution in m of w~ meson interactions in Pb. 
underwent spontaneous decay, since only mesons which 
interact with nuclei can lead to the emission of neu- 
trons. Owen and Wilson‘ have measured the ratio of 
positive to negative u-mesons at sea level, as a function 
of momentum. The ratio is not very sensitive to the 
momentum in the range 2-10 Bev,/c; for mesons of 
about 4 Bev/c they found wt/w = 1.263+0.019. It was 
mesons of such energy that were able to penetrate the 
2000 g cm™* above the apparatus and that were then 
stopped in the absorber. Thus, of all the mesons stopped, 
44.2+0.7 percent were negative. 

For Pb, Bi, and Sn, the probability of spontaneous 
decay of uw mesons is negligible. However, 40+3 per 
cent of the uw 

Except in the case of Bi, for which the data were 


mesons stopping in Al decay.° 


obtained in a single run, two separate runs were taken 
with each material, and the background was measured 
in six separate runs in order to check that the apparatus 
gave consistent results over the long period of time 
during which it was in use. The good agreement be- 
tween runs made at rathe® widely separated times 
showed that the system did behave in a consistent 
fashion. 

Table I gives the numbers of events ABC and 
ABC—D, the number M of »™ mesons undergoing 


4B. G. Owen and J. G. Wilson, Proc. Phys. Soc. (London) 
A64, 417 (1951). 

5 Keuffel, Harrison, Godfrey, Reynolds, Phys. Rev. 87, 942 
(1952); H. K. Ticho, Phys. Rev. 74, 1337 (1948); G. E. Valley 
and B. Rossi. Phys. Rev. 73, 177 (1948). 
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nuclear interaction in S, and the total number .V of 
neutrons observed in coincidence with events ABC — D. 

Table II gives the distribution in » of the u~ capture 
processes, where m is the number of neutrons cbserved 
per event. These data are also plotted in Figs. 2-5. 


III. CONSIDERATION OF PROCESSES, OTHER THAN 
u- MESON ABSORPTION, WHICH MIGHT HAVE 
CONTRIBUTED TO THE ANTICOINCIDENCE 
RATE 


Some of the events included under M may be nuclear 
interactions involving phenomena other than uw ab 
sorption. Such extraneous interactions would give a 
different distribution in » from that which arises from 
the nuclear capture of « mesons at rest. The following 
processes were considered: (1) Interactions of N-com- 
ponent particles (neutrons, protons, m mesons) which 
penetrated the 2000 g cm? of earth above the appara- 
tus, in addition to the paraffin and the absorber 2, and 
stopped in S. (2) Interactions in flight in the apparatus 
of u-mesons which failed to discharge Tray D. (3) Inter- 
actions of .V-component particles produced locally by 
interactions in flight of u-mesons. 
the 
processes could not be made on account of uncer- 


IExact calculations of contributions of these 
tainties in the available data concerning such inter- 
actions and difficulty in evaluating the efliciency of the 
experimental arrangement for detecting such events. 
The experiment was designed to give a small proba- 
bility for detecting events other than u-meson absorp- 
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tions, by the choice of the depth underground, by the 
use of the filter 2, by requiring that one and only one 
particle discharge trays A, B, and C, and by making 
the anticoincidence tray D of high efficiency. The dis- 
crimination of the apparatus against the extraneous 
phenomena listed above is indicated by the following 
considerations: (1) N-component particles from above 
the earth’s surface had only a very small probability 
of reaching .S, since they have an absorption mean free 
path of 160-200 g cm™ in materials of low Z.° Of those 
that do penetrate the 2000 g cm~ of earth above the 
apparatus, only about 2 percent are charged particles, 
capable of discharging A, B, and C. 

(2) A w-meson in flight could give a master pulse 
ABC—D only by going through A, B, and C, un- 
accompanied by any charged particles, and by failing 
to discharge D, either on account of the small ineffi- 
ciency of D or because it underwent in ¥ or S an inter- 
action’ resulting in large angle scattering so that it 
missed tray D. This would have required a scattering 
in S of more than 30°, which is improbable according to 
the available evidence.’* 

(3) Consider now the N-component particles pro- 
duced locally by energetic u-mesons: it is very unlikely 
that any protons were produced above the apparatus 


*G. D. Rochester and W. G. V_ Rosser, Repts. Progr. Phys. 
14, 227 (1951). 

7E. P. George and J. Evans, Proc. Phys. Soc. (London) A63, 
1248 (1950). 

§G. Cocconi and V. Tongiorgi, Phys. Rev. 84, 29 (1951). 

9 EF. Amaldi and G. Fidecaro, Helv. Phys. Acta 23, 93 (1950). 


which were capable of penetrating far enough from their 
point of origin to reach S, since a proton would have 
needed to have an energy of about 500 Mev to cross 
> and about 200 Mev to penetrate the paraffin above 
S, even if it escaped nuclear interaction in crossing 
these absorbers. An event initiated by a neutron could 
have been detected only if the neutron happened to be 
accompanied by a single charged particle which gave 
a pulse ABC—D. In order for a m-meson interaction in 
S to be detected either (a) the must have come from 
above the apparatus unaccompanied by its parent u or 
other charged particles and have gone through ¥ with- 
out multiplying or being absorbed, or (b) a wu must 
have discharged trays A and B and interacted in 
flight in 2, producing a w which went through tray C 
alone and was captured in S. 

The effects of all the above processes were further 
limited by the anticoincidence requirement, since only 
events of fairly low average neutron multiplicity, 10 or 
less per event, could be detected with reasonable proba- 
bility because of the fact that events of higher neutron 
multiplicity also yield appreciable numbers of charged 
particles which would have had a high probability of 
discharging tray D. 

Estimated upper limits for the effects calculated in- 
dicated that they would certainly have a negligible 
influence on the distribution in of observed events 
for n<2 and would be too small probably by an order 
of magnitude to account for all events observed with 
n>3. The largest contribution is that of the locally 
produced m-meson secondaries of u-mesons interacting 
in flight. Because of the uncertainty of the calcula- 
tions, it is impossible to rule out completely the possi- 
bility that at least some of the high » events observed 
were due to the extraneous processes considered here; 
however, most of them were more likely due to w 
meson capture. No correction has, therefore, been 
made for the contribution of the other processes. It 
should be pointed out that such corrections, even if the 
estimated upper limits were used, would have a small 
effect, about equal to the statistical error, on the values 
of (v), the average neutron multiplicity, and hence on 
the mean excitation energy. The effect on o, or the 
width of the neutron multiplicity distribution function, 
is small also, since this quantity, as well as (v), is deter- 
mined mainly by the events with n<2. Thus, the effect 
of the corrections is important chiefly in calculating 
the tail of the distribution in neutron multiplicity, which 
cannot be obtained from*the data with any statistical 
accuracy anyway. 


IV. EFFICIENCY OF THE NEUTRON DETECTOR 


To obtain from the data of Table I, the average 
multiplicity of neutrons emitted after the absorption 
of w~ mesons in each of the four materials studied, and 
from this, to deduce the average excitation energy given 
the nuclei, one needs to know the efficiency of the neu- 
tron detector. From the efficiency and the distribution 
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in m of observed events, given in Table II, one can 
obtain some information about the shape of the dis- 
tribution functions /(v), giving the probability of events 
in which exactly v neutrons are produced. It should be 
emphasized that » is the number of neutrons observed 
in an event, while v is the number of neutrons emitted. 

The efficiency E can be written: E= E;k, where E; 
is the probability that a neutron produced in S will 
enter a BF; counter and give rise to a pulse and k is 
the probability that the neutron pulse will occur while 
the oscilloscope sweep is on. 

The time distribution of the recorded neutrons was 
obtained from the sweep photographs. The data fit an 
exponential curve, which gave a mean life for thermal 
neutrons in the apparatus of r= 160+ 10 microseconds. 
The duration of the sweep was 320 microseconds, and 
its start was delayed by 5 microseconds from the dis- 
charge of the Geiger counter telescope. Then & is 


given by 
325 dt 
n= f e~ #/160___ = ().85, 
5 160 


The factor Z,; was measured experimentally by find- 
ing the counting rate r(x, y,z) produced in the BF; 
counter arrangement by a calibrated source of neutrons. 
The source was placed at various points (x, y, z) in S, 
with the absorbing material in place. The functions 
r(x, y, 2) were thus obtained with Pb, Sn, and Al in S, 
and with S=0. If R is the known intensity of the source, 
the average efficiency of the system for detecting neu- 
trons is given by 


1 
E=kE,=k - fr, y, 2) f(x, y, z)dxdydz, 
RY 


with 


fac y, 2)dxdydz= 
s 


‘ 


The function f(x, y, z) gives the spatial distribution in 
S of stopped mesons, which were the neutron sources 
in the experiment. This function depends on the angular 
distribution of the particles which stopped in S, the 
thickness of absorbing material above the apparatus 
for various directions of incidence, and the varying 
effective area of the counter telescope for rays of dif- 
ferent directions. For the apparatus shown in Fig. 1, 
only the variation in the z direction need be considered, 
since the extension of S in the x and y directions was 
small. E was evaluated from the measured r(x, y, 2) 
and the calculated f{s) by numerical integration. 

The value of the efficiency which is thus obtained is 
that for detecting neutrons of the same energy as those 
emitted by the standard source. It is to be expected 
that the efficiency of a given counter arrangement will 
depend on neutron energy, because of the dependence 
of £; on energy. 

A theoretical estimate was made, for each material 
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studied, of the distribution in energy of neutrons 
evaporated from a compound nucleus which was as- 
sumed to have an excitation of 20 Mev."’ The calculated 
energy distributions were compared with the measured 
energy distribution of neutrons from a RaaBe source." 
Except in the case of Al, the neutrons resulting from uo 
absorption are expected to have energies substantially 
smaller than RaaBe neutrons: the calculated distribu- 
tions indicate that most of the evaporated neutrons 
have energies between 0 and 3 Mev, while the RaaBe 
neutrons have an energy range between 1 and 11 Mev, 
with a peak between 3 and 5 Mev. 

In order to investigate and to take account of the 
energy dependence of the efficiency, measurements were 
made with two sources: a one-mC RaaBe source which 
was calibrated at Cornell by comparing it with a 10-mC 
RaaBe source calibrated within +5 percent at the 
Argonne National Laboratory, and a MsThyBe source 
constructed at Cornell which gives neutrons whose 
average energy is 0.827+0.030 Mev.” The yield of the 
latter source was known with an accuracy of +25 
percent. 

The neutron detecting system was found to be in- 
sensitive to neutron energy in the energy range covered 
by the two sources, within the accuracy of their cali 
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© J. M. Blatt and V. Weisskopf, U. S. Office of Naval Research 
Technical Report No. 42, ONR (NR-026-001) (unpublished). 

" H. L. Anderson, Preliminary Report No. 6, Nuclear Science 
Series, NRC, 1949 (unpublished). 

2 A. OQ. Hanson, Phys. Rev. 75, 1794 (1949). 
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TABLE III. Efficiency of the neutron detector (measured with 
the RaaBe source). The efficiency for evaporated neutrons from 
Pb and Sn may be up to 20 percent higher than the value given in 
the table, while the value given for Al is probably an overestimate 
by a small amount 


Material 
Pb 
Sn 
Al 


No absorber 


Efficiency (%) 


brations. It was decided that the values of efficiency 
obtained with the RaaBe source should be used, since 
there was less uncertainty in the RaaBe calibration. 
A systematic uncertainty of about 20 percent must be 
assumed, on account of possible energy dependence. 
Since the system is thought to be more efficient for 
low energy neutrons than for high energy ones, this 20 
percent uncertainty is taken to mean that the efficiency 
for measuring the evaporated neutrons may be up to 
20 percent higher than the efficiency for measuring 
RaaBe neutrons, except in the case of Al, for which the 
value of / measured with RaaBe neutrons is probably 
an overestimate. 

The values of efficiency which have been used are 
listed in Table III. The efficiency for Bi was assumed to 
be the same as that for Pb. 


V. AVERAGE MULTIPLICITIES AND MULTIPLICITY 
DISTRIBUTION FUNCTIONS 


Functions f(z), giving the expected number of 
events with a given m, are related to the multiplicity 
distributions /(v) by the expression 


En(1— EF)", 


f(n)=M Xv) 


n 


The first moment of /(v) is (v) and is given by the 
expression 
dX nf(n) 
x" — N (mn) 
(v)=>> vI(v) =—=—, 
r=) ME ME E 


where (7) is the average number of neutrons observed 
peru capture. 

The width of the main part of the multiplicity dis- 
tribution is determined by the standard deviation which 


is found from the data by using the expression 


1 
~[{n?) 


E 


o=[<v?)—(v)?}! (n)?— (n)(1—F) }}. 


Higher moments and their differences are required to 
determine the high multiplicity tail of the distribution. 
The values of (v) and o obtained from the data are 
given in Table IV, with their statistical errors. (v) is 
determined mainly by events with »=1 and o mainly 
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by events with = 2. The large errors in o arise because 
only 9 to 15 events with n=2 were observed for each 
absorber, except in the case of Al, where none were 
observed. The value of o given for Al is an upper limit 
obtained by assuming a statistical error of t in the 
number of events with n= 2 and a negligible statistical 
error in the number of events with n> 2. Since Pb and 
Bi are quite similar, the data for these two were com- 
bined to give (v) and o with smaller statistical errors. 

Higher moments depend entirely on events with 
n> 2, of which there were no more than three with any 
given absorber. Thus, the tails of the distributions are 
not determined by the data. However, the efficiency for 
recording two specific neutrons in an event is about 
1/200, while, for Pb and Bi, two or more neutrons were 
observed in about 1/90 of the meson absorptions, which 
implies that three and more than three neutrons are 
frequently emitted. 

Several other authors have reported measurements of 
the neutron multiplicity resulting from w~ capture in 
Pb. The values of (v) and (v*) obtained in this experi- 
ment agree within the statistical errors with those of 
Crouch and Sard,"* who have obtained, in a similar ex 
periment, (v) = 2.15+-0.15 and (v*)=5.34+1.9. The value 
of « from the Crouch and Sard data is not statistically 
significant, so these data do not give any information 
on the shape of the distribution function. Groetzinger, 
Berger, and McClure,’ by using a magnetic lens to 
select u~ mesons, have measured (v)= 1.96+0.72 (prob- 
able error). Conforto and Sard," also using a magnetic 
lens, obtained a considerably lower value, (v)= 1.47 
+0.13. The last-named experimenters are inclined to 
attach more weight to the measurements of Crouch and 
Sard, since their experiment was designed to give rela- 
tive, rather than absolute, values of the average multi 
plicity. Neither of the two magnetic lens experiments 
gave values for (v*) or a. 

Conforto and Sard also reported preliminary results 
on neutron multiplicities for Ca and Mg which indicate 
values smaller than that for Pb by about a factor of tive 
They stated that the average multiplicity is almost 
certainly less than half that for Pb. Because of the pre 
liminary nature of their results, it is difficult to make a 
comparison with our measurement of (v) for Al. Also, 
at values of Z below about 20, one might expect to find 
rather large variations in neutron multiplicity because 


Taste IV. First moments and standard deviations of the 
multiplicity distributions /(v), calculated from the data of 
Tables I and II. 


Pb Bi 
dv) 2.1440.13 2.3240.17 
o 1.80+-0.51 1.83+0.54 


Pb +Bi Sn Al 
2.224010 1.5440.12 0.95+40.17 
1.81+0.38 1.39+0.32 0.2 bay 


13M. F. Crouch and R. D. Sard, Phys. Rev. 85, 120 (1952). 
4 Groetzinger, Berger, and McClure, Phys. Rev. 81, 969 (1951). 
168A. M. Conforto and R. D. Sard, Phys. Rev. 86, 465 (1952). 
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of the effect of proton competition.'® However, the ab- 
sorption of a 4 meson leads to a decrease in charge in 
the target nucleus, so there will, in general, be an excess 
of neutrons in the compound nucleus, and the average 
multiplicity from Mg and Ca should not be much less 
than that found for Al. 

In addition to the values of (vy 
this experiment, some other informaticn about /(v) is 
available. First of all, 7(v) must be such that the emis- 
sion of zero neutrons is possible, in which case the ex- 
citation energy of the nucleus is carried off by gamma 
rays or protons. One can also set an upper limit for v. 
If the whole rest mass of the meson went into exciting 
the nucleus, about 12-16 neutrons could be emitted, 
though it is unlikely that so many would be, since there 
would be considerable competition from proton emission 
at this high excitation energy. The upper limit must be 
at least five, since five neutrons were observed in one 


and o measured in 


case. Thus an upper limit between 5 and 12 is reasonable. 

Within the limits given above, many forms of the 
function /(v) can be found which fit the data, but they 
are all somewhat similar. As an example, let us assume 
a rectangular distribution as follows: 


I(v)=a for v=0,1; 
I(v)=b 
I(v)=c 


I(v)=0 


for v=2,3; 
y=4, 5,6, 7,8; 


v>8&, 


for 
for 


where a, 6, and ¢ are constants determined from the data 
by using (v) and (v?) and normalizing /(v). The values 
thus obtained for a, b, and c are given in Table V. 

The data for Al can be fitted equally well by assuming 
either that one neutron is emitted in every case, i.e., 
T(1)=1, or that /(v) is the same for v=0, 1, 2 and zero 
for v>2, i.e., 7(0)=4, 7(1)=4, and /(2)=4. A linear 
combination of the two functions would, of course, also 
give a good fit; in fact, any function which has a maxi- 
mum at v= 1, equal values for y=0 and 2, and which is 
practically zero for y>2, would fit the data. 

We have insufficient data to obtain /(v) in more 
detail. The third moments are determined only within 
+70 percent, so that, if the assumed expression for 
I(v) has more than three arbitrary parameters, these 
parameters cannot be determined from the data with 
any significance. 

Although many other forms of /(v) may be found 
which fit the data, any reasonable form, having one 
maximum and becoming negligible rapidly for »>8, 
gives a probability of about 3 to } for events with »>3 
for Pb, Bi, and Sn, and a probability of about 3 for 
events with v> 2 for these materials. These results may 
be contrasted with the predictions made in Sec. VII 
from the calculations of Tiomno and Wheeler, and 
Rosenbluth. 


16 J. Heidmann and H. A. Bethe, Phys. Rev. 84, 274 (1951) 
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VI. AVERAGE EXCITATION ENERGIES 


A calculation was made, by using compound nucleus 
theory,’ of the average number (m(&)) of evaporated 
neutrons expected, as a function of excitation energy 6. 
The quantity (m(&)) was calculated for each isotope 
of the elements considered, and the results were aver 
aged with account taken of the relative isotope abun 
dance 

The probability of proton emission was considered to 
be negligible. In the case of Al, where proton emission 
is more likely than in the heavier elements, the effect 
of taking proton emission into account is to reduce (m) 
by less than 5 percent. The calculation with proton 
emission taken into account was done by following the 
method of Heidmann and Bethe.'® 

Experimentally determined values of the mass dif- 
ferences were used for the energy required to change 
the target nucleus (4, Z) to its isobar (A, Z—1) and to 
obtain neutron binding energies in the nucleus (A, 
Z—1)."7 The emitted neutrons were assumed to follow 
an energy distribution given by the function: 


g(e)de= const Xa, exp[ —e/7T(W,) |de, 


V. Multiplicity distribution functions /(v) obtained 
by fitting the data to the assumed form (1) 


TABLI 


Parameter Bi Sn 


0.27 
0.21 
0.0069 


a 0.16 
b 0.28 
ri 0.024 


where ¢ is the kinetic energy of the emitted neutron, 
o, is the cross section for neutron capture in the in- 
verse process, W’,, is the energy available to the emitted 
neutron, and 7(W’,) is the nuclear “‘temperature,”’ re 
lated to W, by the expression 7(W,,) = (W,,/a)*. Values 
for a, which depend on A, are given by Blatt and 
Weisskopf.'” 

Figure 6 gives the curves (m(&)) vs & for the natural 
isotopic mixture of each element studied, 

The abruptness of the threshold 6, for single neutron 
emission is caused by neglecting gamma-ray emission. 
If this were taken into account, (m(&)) would be smaller 
than the curves indicate at least near the threshold, 
but this effect is small. The multiple steps near 6, for 
Pb and Sn are caused by the presence of several isotopes 
with different thresholds. 

From these curves, one can find the average nuclear 
excitation (&) needed to give the average multiplicities 
observed. By using for (m) the values of (v) given in 
Table IV and repeated in column 2 of Table VI, one 
obtains for (&), from Fig. 6, the values in column 3 of 
Table VI. In column 4 are given values of (v,), the 

17 Nuclear Data, National Bureau of Standards Circular 499 
and Supplment 1 to NBS 499 (1950-1951); J. A. Harvey, Phys. 
Rev. 81, 353 (1951); Kinsey, Bartholomew, aud Walker, Phys. 


Rev. 83, 519 (1951); H. A. Bethe, Elementary Nuclear Theory 
(John Wiley and Sons, Inc., New York, 1947). 
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average multiplicities calculated on the assumption that 
the efficiency of the neutron detector for the evaporated 
neutrons from Pb, Bi, and Sn is 20 percent higher than 
for RaaBe neutrons (Sec. IV). The values given for 
(v_) are considered to be lower limits for the average 
neutron multiplicities, and the values of (6) are the 
corresponding excitation energies. The uncertainties 
»in Table VI arise 
the average 


given with the values of (&) and (8, 
from the uncertainties in 
multiplicities. 

The curves (m(&)) vs & for Sn, Pb, and Bi are found 
to be very similar, if the thresholds 6, are superposed. 
This indicates that the results are not very sensitive to 
the details of the calculation and that the values of (6) 
are probably reliable, even if the specific assumptions 
made in the compound nucleus calculation are some- 
what in error. It is found, in fact, that the values of 
(&) obtained by using for (m(&)) vs & a simple step 
function calculated by assuming that the neutrons are 
emitted with zero kinetic energy are almost equal to 


statistical 


those given in Table VI. 

These values of the average excitation energy, which 
are low compared with the 107-Mev rest energy of the 
uw, indicate that a neutrino, or some other light neutral 
particle, carries a large part of the meson rest energy 
out of the nucleus when a « meson is captured. The 
emission of such a light neutral particle in the case of 
uw capture is also indicated by comparing stars produced 
mesons stopping in emulsions'* * and by 


by» anda 
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Fic. 6. The average number of evaporated neutrons from Pb, 
Bi, Sn, and Al as a function of excitation energy, as calculated 


from compound nucleus theory (see reference 10). 


18 FE. P. George and J. Evans, Proc. Phys. Soc. (London) A64, 
193 (1951) 
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TABLE VI. Experimental average neutron multiplicity (v) and 
average excitation energy (&) resulting from the capture of a 
w-meson. (vy) and (&,) were obtained by assuming a maximum 
value for the efficiency of neutron detection. (viheor) Was calculated 
from the theory of Tiomno and Wheeler, and Rosenbluth (Sec. 
VII). 

Ma &) (1) 


terial £7 Mev) (VL) (Mev) (Vtheor) 


18+1 0.98 
wots 1.43 


1 
19+1 0.78 
— 0.76 


1.71+0.10 
1.86+0.14 
1.23+0.10 


23+1 
21+1 


20+1 
9<§<25 


Ph = -2.14+0.13 
Bi 2.32+0.17 


Sn 1.54+0.12 
Al 0.95+0.17 


comparing neutron multiplicities resulting from the 
nuclear capture of ~ mesons at rest”! with those re- 
sulting from w~ capture. 


VII. COMPARISON WITH NUCLEAR THEORY 


Tiomno and Wheeler” and Rosenbluth® have calcu- 
lated the probability ?(&)d6& that a nucleus will receive 
an excitation energy between & and &+d6 in capturing 
a uw meson, on the assumption that the interaction is 


p+ PN-+». (A) 


If the proton in this interaction were free and at rest, 
only one neutron of 4.8 Mev could be emitted. The 
possibility of higher excitation arises from the fact that 
the nucleons in the nucleus have momentum and also 
from correlations between nucleons in the nucleus which 
make higher momentum transfers to the nucleus pos- 
sible. The theory of the participation of more than one 
nucleon in the interaction with the uw has not been 
worked out. In the calculations considered here, the 
nucleons in the nucleus are assumed to constitute a gas 
of free particles, which follow a Fermi distribution in 
momentum, and it is assumed that energy and mo- 
mentum are conserved among the four particles of the 
interaction (A). 

The resulting distribution in excitation energy has 
a maximum at about 16 Mev and drops quickly to zero 
at 23 Mev. The average excitation energy expected is 
13 Mev. 

From this energy distribution function and the com- 
pound nucleus theory, one can calculate the average 
multiplicity (vineor) to be expected, and also the ex- 
pected distribution in 1, ftheor(7), of w capture events. 
The values of (viheor) are given in column 6, Table VI, 
for comparison with the experimental values; the func- 
tions ftheor(m) are the dashed curves plotted in Figs. 2 
to 5 for comparison with the data. Each of these dis- 
tribution functions was calculated for a total number 
of events equal to the experimental value. 


19 H. Morinaga and W. F. Fry, Phys. Rev. 87, 182 (1952). 

” F. L. Adelman and S. B. Jones, Phys. Rev. 75, 1468 (1949). 
2 VY. Tongiorgi and D. A. Edwards, Phys. Rev. 88, 145 (1952). 
2 J. Tiomno and J. A. Wheeler, Revs. Modern. Phys. 21, 153 


(1949). 
%M.N. Rosenbluth, Phys. Rev. 75, 532 (1949). 
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It can be seen that the theory leads one to expect 
fewer neutrons than were observed; it predicts too few 
events of n=2 by one order of magnitude and too few 
events of n=3 by at least two orders of magnitude 
(except for Al). It should be noted that the data indi- 
cate that the probability of having v>3, or 62 22 Mev, 
is about } to 3 for Pb, Bi, and Sr, while according to the 
calculations of Tiomno and Wheeler, and Rosenb‘uth, 
P(&)=0 for &>23 Mev, and the probability of events 
with v> 3 is negligible. 

The theoretical maximum excitation energy &= 23 
Mev, which is inconsistent with the experimental re- 
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sults, comes from the assumption that the nucleons in 
the nucleus constitute a Fermi gas with a maximum 
energy of 20 Mev and from neglect of the interactions 
between nucleons. These interactions permit the mo- 
mentum and energy to be distributed to more than one 
nucleon in the capture process and thus give rise to 
higher nuclear excitations. 

The author wishes to thank the Ithaca Gun Cem- 
pany for the use of its tunnel. It is a pleasure to thank 
Professor Kenneth Greisen, Professor Giuseppe Cocconi, 
and Professor Philip Morrison, and Dr. Vanna Cocconi 
Tongiorgi for many helpful discussions. 
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Proton-Proton Scattering from 1.8 Mev to 4.2 Mev* 


H. R. Wortuincton, J. N. McGruer,t AND D. E. Finpteyt 
University of Wisconsin, Madison, Wisconsin 
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Measurements of the scattering of protons by protons have been made at six energies in the range from 
1.8 Mev to 4.2 Mev. At each energy, the differential cross section was measured as a function of angle from 
6° in the laboratory system up to 45° or higher. In the angular range above 20°, the cross sections are deter 
mined to within +0.3 percent. Below 20°, the uncertainties become larger, approaching +0.6 percent at 6°. 
Departures from pure S-wave scattering are observed at all energies . These deviations are larger than can be 
explained by the experimental uncertainties. They closely resemble the effect of a negative P-wave phase 


shift of approximately 


I. INTRODUCTION 


NUMBER of excellent surveys of experimental 

results on proton-proton scattering and_ their 
theoretical interpretation have appeared in the past 
few years.'* It is generally concluded that the presence 
of higher phase shifts has not been established, and the 
need for improved accuracy in experimental data is 
strongly indicated. 

In the present experiment the scattering of protons 
by protons is re-examined in the energy range from 1.8 
Mev to 4.2 Mev with fractional percent accuracy. 
Information about the form of the interaction potential 
is sought through a more accurate determination of the 
S-wave phase shifts. By a closer inspection of angular 
distribution and by extending angular distribution 
measurements to smaller angles, the effects of higher 
angular momenta are sought. 


II. GENERAL FEATURES OF SCATTERING CHAMBER 


Details of the chamber design are shown in Figs. 1 
and 2. The beam enters the chamber from the large 


* Supported by the U. S. Atomic Energy Commission and the 
Wisconsin Alumni Research Foundation. 

t Now at University of Pittsburgh, Pittsburgh, Pennsylvania. 

¢t Now at North American Aviation, Inc., Downey, California. 

1 Yovits, Smith, Hull, Bengsten, and Breit, Phys. Rev. 85, 540 
(1952). 

2J. D. Jackson and J. M. Blatt, Revs. Modern Phys. 22, 77 
(1950). 


—0.1° at 4 Mev and exhibit a reasonable energy dependence 


collimating tube at the right, it traverses the chamber 
and is collected by a Faraday cup at the rear. Hydrogen 
gas at a pressure of 8-mm Hg fills the entire cylindrical 
chamber and provides the target. Scattering occurs 
everywhere along the path of the beam, but only that 
from a small region at the center of the chamber can 
reach the detector through the narrow slits of the 
analyzer. Details of the analyzer slit system can be seen 
in Fig. 3. The defining slits are mounted on dovetail 
slides in such a way that any one of three slit sizes may 
be selected by varying the vertical positions of the 
slides. Manipulating rods in the top cover of the 
chamber enable the slits to be changed without inter- 
ruption of operation. 

The analyzer and detector are mounted on a large 
angle-wheel which can be rotated to any position within 
+100° of the forward direction. This wheel is rim 
supported and rim driven. It was originally the meridian 
circle of an astronomical telescope and has near its 
rim an angle scale 50 cm in diameter graduated at 
2-minute intervals of arc. On division marks, angles 
can be set within about 0.001°. As index marks, two 
fine quartz fibers are used, one in each of the two 
backward 45 
frames close above the scale and are viewed by tele- 


positions. They are mounted on open 


scopes mounted in the lid. 
A proportional counter with a thin nickel window 
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hic. 1. Vertical cross section of chamber 
serves to detect scattered protons. The counter gas 
may be either argon or hydrogen at pressures up to 
one atmosphere. The gas connection for the counter is 
provided by the same line that serves as a high voltage 
coax and as a low capacitance signal lead. This conduit 
is equipped with a vacuum-tight rotary joint on the 
axis of the wheel. Electrical continuity is maintained in 
this rotary joint by means of a thin torsion wire. 
Details of the collimator tube are seen in Fig. 1. The 
defining apertures, A; and A,, are 1.5 mm in diameter 
and are spaced 1 meter apart. Aperture A» is 2 mm in 
diameter and serves as a baffle to shield the diaphragms 
behind it from the beam. These diaphragms and those 
behind apertures A, and A, are not a part of the col- 
limating system proper and are not exposed to the 
beam. They form a series of capillary constrictions for 
the differential pumping system. A hydrogen flow of 
18 atmospheric liters per hour maintains a pressure of 


rt] 


Mra: 


McGRUE 


k, AND PINDLEY 





TO OF FUSION PUMP 
300 UTERS PER SEC 


with analyzer slit assembly at zero-angl 


8-mm Hg in the chamber. Pressures in successive stages 
of the flow system are then 0.2-mm Hg, 2X10 4 mm Hg, 
and high vacuum. With this system no foil window is 
needed and no appreciable amount of gas is present 
between the defining apertures of the collimator. Thus, 
the uncertainty as to the energy loss at the entrance of 
the chamber is made negligible and the spreading of 
the beam by scattering is so slight that the beam may 
be collimated to +6 minutes without appreciable loss 
of intensity. 

The collector cup is recessed in the rear wall so that 
the analyzer assembly may be rotated freely through 
zero. A 1/20-mil nickel window isolates the evacuated 
region around the collector cup from the chamber. This 
window is 1.67 inches in diameter to insure a high 
efficiency in beam collection despite the spreading of 
the incident beam in the gas of the chamber. Sup- 
pression of secondary electrons from the window foil 
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Fic. 2. Scale diagram showing cross section of principal components in the plane of scattering 
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and from the cup is accomplished by means of both 
magnetic and electrostatic fields. 

In the lid of the chamber is a fixed counter which 
serves to monitor the purity of the gas. Protons scat- 
tered from hydrogen at 90° have zero energy, whereas 
those scattered from any other gas have appreciable 
energy. Thus, the 90° counter responds only to scat- 
tering from contaminant gases. 

A movable shield (8) is shown in the drawings. This 
shield is so devised that it is always interposed between 
the exit oritice of the collimator and the entrance slit 
of the analyzer. It thus obstructs the most probable 
path by which protons could reach the counter without 
first having been scattered in the gas. This shield also 
serves to protect the counter from the direct beam as it 
passes through the zero angle. 


III. SCATTERING GEOMETRY 
G Factor 


The yield of scattered protons is given by the ex- 
pression 


VY = Nno(0)G/sin8, (1) 


where .V is the number of incident protons, n is the 
number of target atoms per unit volume, and G is the 
so-called G factor of the analyzer slit system. In the 
notation of Fig. 4, 

G=2b,A/Roh, (2) 


where A = 2b)/ is the area of the rear aperture. In the 
present experiment the quantity o(@) csc# could vary by 
a factor of 600 in a single run. Three different G factors 
were therefore needed to maintain the counting rate 
within a factor of ten. The values were chosen so that 
a beam current of 0.25 microampere and a hydrogen 
pressure of 1-cm Hg would give counting rates between 
100 and 1000 counts per second. 

Detailed features of the geometry were chosen to 
maximize the angular resolution and minimize geo- 
metrical errors. The rear aperture was made in the 
form of a long narrow rectangle since angular resolution 
is less sensitive to slit height than slit width. In the 
region of low angles the error due to slit height is 
negative, while that due to slit width is positive. By a 
suitable choice of slit proportions these errors may be 
made to cancel. With Ro= 31.8 cm and h= 18.8 cm, the 
optimum proportions were found to be 6;=6.=6 and 
(1/2b)=5.1. These relationships were obtained using a 
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detailed expression for the geometrical errors in the 
yield given by Breit, Thaxton, and Eisenbud.’ The 
Rutherford cross section and its derivatives were sub- 
stituted into the error expression along with the ap 
proximation cos’@= 1, both of which are good approxi- 
mations at small angles. The error expression was then 
set equal to zero to obtain the conditions for cancellation 
of errors. With the above proportions, the geometrical 
errors vanish independently of energy, angle, and slit 
size in the region of low angles, where such errors are 
significant. Identical proportions were used in each set 
of slits. The slit widths corresponding to the three 
G factors are 25=1 mm, 2 mm, 4 mm. These widths 
are used hereafter to identify the three different slit 
systems. The half-angles of the systems are 18’, 36’, 
and 1°13’, respectively. 


Angular Accuracy 


The accuracy of low angle measurements depends 
most critically upon the accuracy of angle setting. With 
the angle scale previously described, angles could be 
set within about one-thousandth of a degree on the 
division marks. For alignment purposes, the same degree 





Fic. 4. G factor dimensions and method of construction of 
rectangular apertures. Slit jaws were ground by Gaertner Scien 
tific Corporation. Edges were finished by a “liquid lapping” 
process. Side jaws are made of stellite and spacers of hardened 
stainless steel. 


* Breit, Thaxton, and Eisenbud, Phys. Rev. 55, 1018 (1939). 
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of accuracy is not required. By making supposedly 
symmetrical readings to the left and to the right of the 
beam, one may eliminate the first-order alignment errors 
in the average. The second-order terms which remain 
are about two orders smaller in numerical magnitude; 
e.g., an asymmetry of +1 percent between the left- 
right readings corresponds to an error of about 0.1 
percent in the average. A great advantage is thus ob- 
tained by using the average of “symmetrical” readings, 
and the ultimate accuracy is made to depend upon 
the accuracy with which the interval 209 is known rather 
than upon the accuracy of the zero alignment. In the 
presence of simultaneous misalignments of various 
kinds, the relationship between the asymmetry and the 
error in the average becomes less favorable. For this 
reason the specifications for alignment were based 
upon the requirement that the asymmetry introduced 
by any single error should not exceed +3 percent at 10°. 
The corresponding error in the average yield should 
then be negligible. In terms of angular alignment this 
amounted to a tolerance of +0.01°. Corresponding 
linear tolerances were deduced for the various com- 
ponents of the system. In general, those tolerances were 
of the order of one-thousandth of an inch. 


Method of Alignment 


Alignment of the components of the chamber was 
accomplished by means of an optical projection system, 
making use of the fact that the images of colinear 
objects are also colinear. The analyzer was set at the 
zero angle of scattering, where all critical apertures 
should be centered on a common line passing through 
the axis of rotation. This axis was marked by means 
of a vertical fiber. A lens was set up in the approximate 
position of the collector cup so that it could project 
images of the apertures into the open space behind the 
chamber. Optical resolution was maintained for each 
image by removal of intervening apertures. All aper- 
tures were designed to be accurately replaceable. The 
series of images were checked for alignment by means 
of a cross-hair which was arranged to move in a straight 
line approximately parallel to the image line. At each 
position, the lateral distance between the image center 
and the cross-hair was measured by means of a traveling 
microscope. The displacements of the images from the 
line of motion of the cross-hair were then used to cal- 
culate the displacements of the objects from a corre- 
sponding straight line in the chamber. 

Results of the final alignment are shown in Fig. 5, 
where slit positions are plotted with respect to the axis 
of the collimator on a lateral scale that is enlarged 200 
times. The 1-mm slits are seen to be aligned within ten 
seconds of arc and within 1 mil. The 2-mm and 4-mm 
slits are less accurately aligned but are quite satis- 
factory. In the vertical plane the alignment was checked 
by the same method and was found to be correct within 
one mil. 
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Fic. 5. Plot showing the alignment of the three analyzer slit 
systems relative to the incident beam. The lateral scale is expanded 
200 times. 


IV. COMPENSATION FOR MULTIPLE SCATTERING 


The accuracy of scattering experiments using gas- 
filled chambers is dependent upon the existence of 
compensation processes whereby particles that are 
scattered out of a beam are replaced by particles scat- 
tered into it from surrounding regions. Such processes 
are inherent in the scattering geometry and are very 
effective. As much as 5 percent of the flux in the scat- 
tered beam may be exchanged before reaching the 
detector, whereas the introduction of an uncertainty of 
more than 0.03 percent by this effect was considered 
undesirable. A careful analysis of the compensation 
processes was necessary to determine the degree to 
which they are intrinsically effective and to establish 
criteria for the design of baffle systems. Formulas were 
obtained whereby the errors due to baffles were made 
negligible, and the errors inherent in the compensation 
process were shown to be so small that corrections were 
scarcely necessary in the range of energies and angles 
covered. 

Figure 6 illustrates the principal mechanism of com- 
pensation, which involves an envelope of flux surround- 
ing a central beam. A wedge-shaped beam from a line 
source is taken as an example. There is an envelope 
above and below the beam which extends the illu- 
mination beyond the edges of the slit, as indicated by 
shading. A pair of compensating scattering events are 
shown by the arrows. If the scattering conditions are 
completely symmetrical for this pair of events, the 
probability of compensation is unity. It can be shown 
by simple qualitative arguments that compensation is 
provided for any scattered particle which strikes the 
plane of the slit within the area illuminated by the 
envelope. A net loss results only from scattering which 
falls outside of this area. Thus, if the envelope is made 
sufficiently thick, only single-scattering events of rela- 
tively large angle will be important in the loss and the 
error may be computed quantitatively on that simple 
basis, using the Rutherford cross-section values. The 
fractional error due to the limited size of the envelope 
in Fig. 6 is given by the expression 

pp 
ae (3) 


ae 
41° Xo 


The term (e/E)? comes from the Rutherford cross 
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section for proton-proton scattering. For E=1 Mev 
and m corresponding to 1-cm Hg, the error is 
Ls 
= 0.6X 10-*§— -(cm~') percent. (4) 
xP—x¢ 
If the error is equal to a few tenths of a percent, the 
assumptions involved in the formulz are valid. If the 
error is a few percent, the assumptions should be checked 
by referring to detailed expressions for the multiple 
scattering distribution.*° 

The above formula may be applied directly to the 
problem of multiple scattering in the vertical plane of 
the analyzer. In that plane, the scattered beam is defined 
by the rear aperture of length / at a distance Ro from 
the incident beam. The top and bottom ends of the 
front slit serve as baffles and are spaced widely enough 
apart to permit a scattering envelope to exist above and 
below the beam. From the vertical extent of the illu- 
mination pattern on the plane of the rear slit one can 
calculate the error using Eq. (3). This formula also 
applies to scattering inside the analyzer in the horizontal 
plane (see Fig. 3). In that application each element of 
width of the front slit may be regarded as a source of 
flux; the wall baffles limit the size of the envelope and 
give rise to an intensity pattern on the plane of the rear 
slit similar to that shown by the shaded area in Fig. 6. 
From the width of that illumination pattern and the 
width of the rear slit, one can calculate the error. 

It is clear that the flux required to form the envelopes 
inside of the analyzer must come from various parts of 
the main beam. Care must therefore be taken to see 
that shields and baffles outside of the analyzer do not 
conceal any part of the main beam that is required to 
supply flux for these envelopes. 

The scattering envelope is not the only mechanism 
of compensation required in the system, but it is found 
that baffles and shields which are properly designed to 
meet the requirements for effective compensation by 
means of scattering envelopes will satisfy the require- 
ments for compensation in other respects as well. The 
baffles in the present analyzer are so designed that their 
effects at 1 Mev and 1-cm Hg pressure are less than 0.2 
percent. 

The intrinsic effectiveness of the compensation for 
multiple scattering depends not upon the details of the 
geometry but upon the degree of symmetry which 
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Fic. 6. Diagram illusirating the process of compensation for mul- 
tiple scattering by means of a scattering envelope 


‘FE. J. Williams, Phys. Rev. 58, 292 (1940). 
5G. Molliere, Z. Naturforsch. 3a, 78 (1948). 
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exists between the scattering events which cause loss 
of flux and those which provide compensation. At small 
angles, the variation of intensity with angle is so great 
that the compensation process becomes unbalanced 
and an error results. The error is found to depend 
mainly upon the second derivative of the cross section. 
It is important only at small angles and is positive in 
sign there. It depends also upon the mean-squared 
deviation of the gas-scattering distribution and derives 
its energy dependence and pressure dependence mainly 
from that quantity. The error is essentially independent 
of the slit width but does depend somewhat upon the 
relative lengths of the paths in various parts of the 
chamber. For example, the scattering which occurs in 
the path between the collimator and the target tends 
to offset the effect of the scattering which occurs 
between the target and the first slit. The final expression 
for the intrinsic error due to multiple scattering in the 
present experiment is 

€=0.01 cot’6(PE*) percent, (5) 
where P is the pressure in cm Hg and E is the energy in 
Mev. This expression is based upon the Rutherford 
cross section and is applicable only at small angles. The 
error was evaluated for E=2 Mev and P=1-cm Hg 
according to the multiple-scattering distributions of 
Williams.* The dependence (PE-*) is introduced as a 
convenient approximation. The largest error according 
to this formula occurred at 7°, 1.855 Mev, and was 
+0.15 percent. 


V. COUNTING EQUIPMENT AND PROCEDURES 
The Counter 


The proportional counter consisted of a cylinder of 
2-in. i.d. and 2}-in. effective length with a 3-mil molyb- 
denum wire displaced 7/16 of an inch from the axis. 
It was large enough to accommodate the divergent flux 
from the largest analyzer aperture, which was about 
20 mmX4 mm. Windows of two different thicknesses 
were used according to the scattering conditions, with 
a 1/20-mil nickel window for high pressure and high 
energy operation, and a 1/50-mil nickel window for 
low energy operation. The strength of the foils was 
utilized effectively by shaping the mounting surface so 
that the foil assumed the form of a segment of a cylinder 
} of an inch in diameter. A 1/20-mil nickel foil of this 
form could withstand pressure differentials up to 25 psi 
across an opening 1 in. 0.28 in 


Pulse-Height Distribution 


Counter performance was most favorable at moderate 
gas pressures, such that protons lost only a fraction of 
their energy. Ideally the pulse-height spectrum should 
consist of a narrow group of pulses completely separated 
from background noise, whereas, in actual practice, a 
spectrum such as that in Fig. 7 was obtained. A low 
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hic. 7. Typical distribution of pulse heights. The spread in the 
main group of pulses (solid curve) is due mainly to scattering in 
the counter gas and in the counter window. The curve here repre 
sents the performance for 3-Mev protons with argon at 7-in. Hg 
in the counter and with a 0.00005 inch Ni window. The distri- 
butions of electrons and low energy protons are qualitative 


tail extends from the main group of pulses down to the 
x-ray noise. 

During all yield measurements, two scalers were 
employed, one (8) with a discriminator set at 0.2 of 
the height of the main group and one (A) set at 0.4 of 
this value. The difference between the readings will be 
referred to hereafter as the (B-A) difference. This 
difference gives information in regard to the pulse 
spectrum and also provides a check upon scalar per- 
formance. During normal operation, its value was 
below 0.1 percent. Abnormally high values called atten- 
tion to troubles. Only a minute percentage of the 
normal distribution falls below the level of discriminator 
(B) and is lost. Such low pulses appear to result from 
scattering in the counter window and in the counter gas 
and must be due in part to protons which scatter widely 
enough to strike the counter walls. At angles above 45°, 
the proton energies become quite low, and such scat- 
tering effects become appreciable. Analysis of a number 
of pulse-height curves, such as that in Fig. 7, showed a 
very good correlation between the percentage of de- 
graded pulses in the (B-A) channel and the percentage 
in the extrapolated distribution below level (B). It was 
therefore possible to construct a correction curve in 
which the percentage correction for counter performance 
is given as a function of the percentage (B-A) differ- 
ence. These corrections were insignificant below 45° and 
reached 0.7 percent only at the extreme angle of 60°. 


X-Ray Background 


A small background was observed in the (B-A) 
channel at low angles in every run. It was satisfactorily 
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identified as being due to the superposition of electron 
pulses upon each other and upon the long exponential 
tails of the proton pulses. This correction was negligible 
above 12.5° and reached 0.2 percent at only seven data 
points. 


Resolving Times 


At high counting rates counts may be lost either 
because of the finite recovery time of the counting 
circuits or because of superposition of pulses. In the 
present work the pulse width was made the controlling 
factor. The “resolving time,” which was approximately 
3 microseconds, could then be determined at any time 
from information obtainable on the oscilloscope. The 
resolving time of the fast scalers (A and B) was made 
less than 1 microsecond for double pulses and less than 
7 microseconds for triple pulses. Scales of 128 were 
used to maintain reasonable output counting rates. The 
mechanical registers could handle output rates up to 
15 counts per second without introducing losses. The 
scaler for high pulses (C) was an ordinary scale of 64 
operating at very low counting rates. 

In calculating the counting loss resulting from super- 
position of proton pulses, one may safely assume that 
all of the pulses are of the same shape and height. It is 
easy then to determine the resolving time from the 
shape of the single pulses appearing on the oscilloscope. 
Resolving times were measured for each level of dis- 
crimination (A and #8) using a ¢alibrated oscilloscope 
sweep, and they are considered accurate to +10 percent. 
It may be noted that the resolution is not the same for 
the (B) and (A) discriminators and that consequently, 
the (B-A) difference must be corrected for counting 
loss. The counting loss at any level is given by the 
ratio of the resolving time at that level to the average 
time between pulses. With a steady beam the average 
time is calculated from the total running time and the 
total number of counts. The counting losses were 
generally less than 0.2 percent and rarely reached 0.4 
percent. 


VI. CORRECTIONS 
Slit-Edge Scattering 


The penetration of slit edges by protons results in 
a continuous distribution of low energy protons. Such 
protons were studied as high pulses in the present ex- 
periment. Figure 8 shows pulse size as a function of 
proton energy with argon at 7-in. Hg in the counter. By 
analysis of yield as a function of the setting of dis- 
criminator (C), the distribution of low energy protons 
can be determined. 

For example, at a setting of 1.2 on the pulse-height 
scale of Fig. 8, discriminator (C) registers pulses from 
protons between 0.8 Mev and 2.7 Mev in energy. At a 
setting of 2.5, it will detect only those between 0.9 Mev 
and 1.3 Mev in energy. Such measurements do not 
give unambiguous information about the distribution 
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of protons, however, because the energy interval 
changes at both its upper and lower limits and the 
variation in yield may be due to the change in either. 
This difficulty was overcome by repeating the measure- 
ments at several different counter pressures. 

Not all of the high pulses are due to low energy 
protons; some are caused by superposition of regular 
proton pulses. The percentages of such pulses were cal- 
culated and deleted from each of the high pulse obser- 
vations. In each case investigated, the distribution of 
low energy protons was found to be uniform over the 
observable energy range. The solid curve of Fig. 9 shows 
results obtained at 3.5 Mev with the 1-mm slits set 
at 8°. 

Some high pulses are caused by the superposition of 
electron pulses upon those due to protons. These pulses 
are less than 1.2 in height and confuse the measure- 
ments below that level of discrimination. Thus, the 
protons in the upper 20 percent of the energy range 
could not be observed. The scattering by slit edges can 
be calculated theoretically, provided the energy lost in 
the process is small compared to the total energy.® The 
results of such a calculation for protons losing less than 
20 percent of their energy are shown by the dashed 
lines in Fig. 9. Values are higher than one might expect 
from the experimental data but are not unreasonable, 
and they were accepted as the best available estimate 
for the upper 20 percent of the energy range. The com- 
bination of observed and calculated yields in Fig. 9 
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Fic. 8. A typical plot of pulse-height vs proton energy. Yield 
measurements are based upon the reading of discriminator (B). 
The channel between (A) and (B) is used to monitor counting 
conditions. Discriminator (C) is used to study the high pulses 
from low energy protons. Such curves are obtained by observing 
pulse height as a function of @ and applying the relation 
E= Ey ce Ss. 

6 FE. D. Courant, Multiple Scattering Corrections for Collimating 
Slits (Princeton University Press, Princeton, New Jersey, June 5, 
1951). The formulas in this paper apply only for conditions such 
as those found at rear aperture of the analyzer where the a 
ceptance angle for scattered flux is unrestricted. Approximate 
formulas for the other slits were obtained using information from 
B. Rossi and K. Greisen, Revs. Modern Phys. 13, 267 (1941); 
and using the results of the analysis of compensation for multiple 
scattering. 
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Fic. 9. Distribution of low energy protons trom edges of 1-mm 
slits at 8°, 3.5 Mev. Such protons are observed as high pulses 
(see Fig. 8). 


gives an error of 0.79 percent in the total yield at 3.5 
Mev with the 1-mm slits set at 8”. 

Measurements giving the percentage of protons scat- 
tered by slits were also taken at 1.855, 1.858, 3.527, 
3.899, and 4.203 Mev with 1-mm slits. Corrections for 
other energies and the other slits were computed from 
these values using calculated relationships, and from 
these values the correction curves of Fig. 13 were con- 
structed. An uncertainty of +25 percent is assigned 
uniformly to all corrections for slit penetration. Within 
such limits the corrections are independent of the quan- 
titative accuracy of the theoretical calculations. 

Contributions of the various slits to the yield of 
slit-edge protons are best known from theoretical calcu- 
lations. They show that the front slits contribute about 
two-thirds of the yield. The second important con- 
tribution to the yield of slit-edge protons comes from 
the rear slits of the analyzer, which contribute about 
one-third of the total. Another possible source of low 
energy protons is the last defining aperture of the col- 
limator (A;, Fig. 1). That aperture is strongly illu- 
minated by the main beam, but it is followed by a 
narrow capillary which intercepts most of the scattered 
flux. The calculations show that the distribution of 
scattering from the steel edges of that aperture is so 
broad that less than 5 percent of the scattered flux 
emerges from the exit orifice. The net effect is neg- 
ligible. 


Special Slit-Edge Correction at 3.9 Mev 


The (B-A) differences at 6° and 7°, 3.9 Mev, gave 
(B-A) counting rates that were not consistent with the 
x-ray electron background. High pulse data at that 
energy also showed the presence of a strong group of 
pulses corresponding to protons of low energy. These 
pulses could conceivably have been the result of pene- 
tration of a baffle slit at some unsuspected thin spot, 
since the nominal limit for the baffles was only 4.3 Mev, 
with the stopping power of the counter window in 
cluded. This explanation is uncontirmed, but, since the 
spurious yield was directly observed, a correction was 
applied. That correction is —0.38 percent at 6° and 7°. 
The uncertainty assigned to the correction is +100 
percent. 

At 4.2 Mev, a similar effect was observed in the 





906 WORTHINGTON, McGRUER, AND FINDLEY 


(B-A) data at 6°, 7°, and 8°. The counting rates in 
excess of x-ray electron background were nearly three 
times as large as those observed at 3.9-Mev. A cor- 
rection similar to that applied at 3.9-Mev is implied, 
but, in this case, the high pulse data did not include per- 
tinent information. No correction was therefore at- 
tempted. Instead, large uncertainties were assigned to 
the 6°, 7°, and 8° points. Those uncertainties were suf- 
ficient to include the various possible values of error 
that had been deduced on the basis of reasonable 
assumptions concerning the origin of the observed 
excess (B-A) differences. 


Special Correction for Neutrons 


At 3.04 Mev with a hydrogen-filled counter at 8° 
a neutron background was observed. It was eliminated 
by changing to an argon filling, the 8° data were 
repeated, and corrections of —0.52+0.18 percent and 
—().664-23 percent were applied, respectively, to the 
6° and 7° data. 


Gas Contamination Correction 


Yields from the 90° contamination counter (Fig. 1) 
were taken for every data point. Corrections for con- 
taminant gases were only appreciable below 25°, where 
all scattering cross sections approach Coulomb values. 
To compute corrections, values are needed for the 90° 
ratios to Rutherford of the contaminants. The energy 
dependence of the 90° contaminant yield was well 
established because of the practice of taking check data 
at 1.855 Mev. Values for the ratios to Rutherford at 
90° were obtained by observing scattering yields as a 
function of angle from gases which accumulated in the 
evacuated chamber when hydrogen was not being 
admitted and by observing the effects of air admitted 
in the presence of hydrogen. Such data served to deter- 
mine the ratios to Rutherford within +30 percent. An 
uncertainty of this magnitude applies to each correction 
shown in Fig. 12. 


VII. MEASUREMENTS 
Proton Energy 


The energy of the incident beam was defined by a 90° 
electrostatic analyzer’ set for an energy resolution of 
+0.1 percent. It was calibrated three times during 


the scattering work against the Li’(p,2)Be’ threshold 
using the value of 1.882+0.002 Mev (abs), as deter- 
mined by Herb, Snowdon, and Sala.* Threshold values 
were reproducible to +0.02 percent on the average, 
which is well within the uncertainty of +0.1 percent 
that is quoted for the threshold value. 


G Factor 


Slit dimensions were measured by means of an im- 
provised traveling microscope employing a_ ruling 
engine screw which had been calibrated against a 
standard meter bar. Observations of the slit-edge posi- 
tions were reproducible within 0.5 micron, which is 
consistent with the optical resolution employed. The 
lengths (k) and (Ro—h) were measured by means of 
spacer bars which were compared with those distances 
directly and were then measured with the travelling 
microscope. Results for the three slit systems are pre- 
sented in Table I. 


Temperatures 


Both uniformity and stability of temperatures in 
the chamber were fairly well insured by the good 
thermal conductivity and large mass of the aluminum 
housing which weighed approximately 1200 lb. The 
bottom of the base plate of the chamber was insulated 
with polystyrene foam against the heat of the diffusion 
pumps beneath it and the room temperature was held 
constant within a few tenths of a degree. Incoming 
hydrogen was passed through a heat exchanger in 
contact with the base plate before being admitted to 
the chamber. Three mercury-glass thermometers gradu- 
ated in tenths of a degree were placed in oil-filled wells 
at various points on the base plate and cover plate to 
measure chamber temperature. They were calibrated 
at the ice point and at the sodium-sulfate point 
(32.384°C). The effect of the proton beam upon the 
temperature of the hydrogen .gas was computed and 
was found to be negligible. An over-all uncertainty of 
+().02 percent has been assigned to the measurements 
of gas temperature. 


Pressure 


Hydrogen pressure in the scattering chamber was 
measured by means of an oil manometer containing 
Octoil-S diffusion pump oil. The heights of the oil 


TABLE I. G-factor dimensions. 


Slit Width of front slit 
system mm (mm) 
4mm 3.9932+0.013 percent 
2mm 1.9986+0.025 percent 
1 mm 1.0090+-0.050 percent 

Ro=317.867 mm+-0.006 percent 
h= 187.934 mm+0.005 percent 


? Warren, Powell, and Herb, Rev. Sci. Instr. 18, 559 (1947) 
® Herb, Snowdon, and Sala, Phys. Rev. 75, 246 (1949) 


Width of rear slit (2b2) 


3.9893-+0.012 percent 
1.9987 +0.025 percent 
1.0047+0.050 percent 


Length of rear slit (1) G = (4bibal) /Roh 
mm) (cm X10) 


545.580 +0.04 percent 
68.130 +0.08 percent 
8.6643+0.14 percent 


20.4593 +-0.008 percent 
10.1886+0.015 percent 
5.1057+0.030 percent 





p-p SCATTERING 


FROM 


1.8 MEV TO 4.2 MEV 907 


TABLE II. Systematic uncertainties. The symbol (+) is omitted wherever the sign remains constant for all three slit systems. 


Uncertainty (percent 


) 


i-mm slits 2 


Source of error mm slits 


0.10 
0.10 
0.04 
0.02 
0.33 max 
0.12 max 
+0.08 percent 
0.03 max 


0.10 
0.10 
0.04 
0.02 
0.30 max 
0.25 max 
+0.14 percent 
0.07 max 


Energy 

Proton current 
Capacitance 

Oil density 

Gas contamination 
Slit edge scattering 
G-factor 

Multiple scattering 


columns were compared to a calibrated precision scale 
placed between the arms of the U-tube. A precise 
cathetometer located 1.1 meters from the manometer 
was used for this purpose. Its accuracy was limited by 
the optical resolution of its telescopes, and the re- 
sulting uncertainty in the height of the oil column was 
+0.02 percent. The pycnometer method was used to 
determine the density and temperature coefficient of 
the oil and gave for the density in grams per cm’, 
d=0.9104+4-0.00072(25.0°C—#) with an uncertainty of 
+0.02 percent. 


Current Collection 


The proton beam was collected through an aperture 
4.2 cm in diameter after traversing a path of approxi- 
mately 64 cm length in hydrogen at 8-mm Hg pressure. 
The efficiency of beam collection was determined experi- 
mentally by inserting diaphragms of various sizes in 
front of the collecting aperture, while monitoring the 
yield of protons at a fixed angle. From the variation 
of yield with aperture diameter, it was possible to deter- 
mine an upper limit for the collection loss. The col- 
lection loss at 1.85 Mev was concluded to be less than 
0.03 percent. This effect should vary as (E~*). 

For suppression of secondary electrons, a ring-shaped 
permanent magnet provided a uniform field of 164 
gauss in the space between the window and the cup. 
This ring was electrically insulated from the housing 
and was maintained at —900 volts to provide, in addi- 
tion, an electrostatic barrier. The effectiveness of the 
electron suppression was determined by varying each 
suppression field in turn while monitoring the proton 
yield at a fixed angle. The intensity of suppression field 
was increased until a saturation of the effect was shown 
in the measured yield. The uncertainty assigned to 
electron suppression is +0.1 percent, which is the 
statistical uncertainty in the monitoring yield measure- 
ments. Pressure in the collector cup housing was main- 
tained at 2X10~-§ mm Hg. 

The condenser in the current integrator was a 4-micro- 
farad polystyrene condenser made by the John E. Fast 
Company. This condenser had been used by Ralph*® 
in 1947 and had been calibrated with +0.1 percent 
accuracy by a current-time method. A new calibration 


9D. C. Ralph, Ph.D. thesis, University of Wisconsin (1949) 
(unpublished). 


4-mm slits Approximate energy dependence 


Constant in percentage 
Smooth variation within +0.1 percent 
Cenastant 
Constant 
(See Fig. 12) 

0.06 max Approximately linear in E (see Fig. 13) 
+0.04 percent Constant 

0.01 E* 


0.10 
0.10 
0.04 
0.02 
0.3 to 0.0 


with the Maxwell bridge method” gave an accuracy of 
+0.02 percent for the conditions prevailing in the 
bridge, i.e., for charging and discharging times of the 
order of 1/100 sec. The phenomenon of “soak-in” 
increased the effective capacity by (0.20+0.03) percent 
for charging cycles of ten seconds and longer. The 
capacitance measurements, including temperature de- 
pendence and soak-in, are considered accurate to +0.04 
percent. The new value of capacitance agrees with the 
old value given by Ralph within the probable error. 

The current integration cycle was the following: The 
condenser was charged at —10 volts for a period of 
30 sec. Collection of proton beam current was then 
begun simultaneously with the counting of yield. The 
run continued until the condenser was discharged to 
zero-volts as indicated by a balanced dc amplifier. At 
this point, the run was terminated automatically by 
a relay switch in the output of the de amplifier. In 
this operation, the proton current was diverted to 
ground but the condenser was not shorted. It remained 
connected to the de amplifier. Variation in the tripping 
time of the relay was held to a few hundredths of a 
percent, and a correction was applied for this error. 
A means of integrating the grid current from the input 
tube of the dc amplifier was incorporated in the circuit, 
enabling that effect also to be made negligible. The 
uncertainty introduced by the de amplifier is considered 
to be +0.01 percent. 

VIII. SUMMARY OF UNCERTAINTIES 

The uncertainties in the various corrections are 

divided into two categories according to their effect 
Taste III. Nonsystematic uncertainties 


Representative 
value of 
uncertainty 


Source (percent) Remarks 


+0.22 
+0.02 
+0.02 
+0.02 
negligible 
negligible 


100 N~4 
Limited by optics 


Statistics 

Height of oil column 
Gas temperature 
Counting losses 
Counter performance 
X-ray electrons 


Reaches +0.15 at 60° 
Reaches +0.04 
Reaches +0.2 percent 

at 7 points 
negligible 


Resolution (geometrical) 
negligible 


Beam size 


0H. L. Curtis, Electrical Measurements (McGraw-Hill Book 
Company, Inc., New York, 1937) 
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upon the interpretation of the data. An error is regarded 
as “systematic” if it is constant with angle or if its 
angular dependence appreciably resembles that of a 
P wave or D wave anomaly. Values of systematic 
uncertainties are listed in Table II. 

The “nonsystematic” uncertainties are listed in 
Table III. The second and third items, as well as the 
first, are considered statistical, since they were measured 
in each individual run and accuracy was limited by the 
sensitivity of the measuring devices. These three uncer- 
tainties are added quadratically. That resultant is then 
added linearly to the sum of all other nonsystematic 
uncertainties, including the uncertainties in special 
corrections not listed here. The total is tabulated with 
each value of the cross section in Table IV. 


IX. EXPERIMENTAL PROCEDURE 
Angular Distributions 


Angular distribution runs were usually preceded 
by a preliminary survey of counting conditions and of 


operating conditions in general. Then, before the 
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regular measurements were begun, standardization 
measurements were made at 1.855 Mev. The absolute 
cross section was measured at two points at that energy 
as a check on the reproducibility of results. After these 
so-called ‘‘check had been measured, the 
regular measurements were begun. 

Angular distribution measurements were usually 
made in the direction of increasing angle. Generally the 
l-mm slits were used from 6° to 10°, the 2-mm slits 
from 10° to 15°, and the 4-mm slits from 15° upward. 
Whenever conditions permitted, the measurements were 
extended beyond 45° in order to check the symmetry 
of the cross section about 90° in the center-of-mass, but 
no special efforts were made to obtain such data at all 
energies. At each angle, a total of approximately 200 000 
counts was accumulated. These were equally distributed 
between the measurements at the left and the right of 
the incident beam. Individual runs corresponded to the 
collection of 40 micro-coulombs of incident charge and 
varied in number between two and ten according to the 
magnitude of the yield. Care was taken to vary the 
sequence of left- and right-hand measurements so that 
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TaBe LV. Experimental values of the differential cross section in the center-of-mass system 


1.855 Mey 
(June 18 


1.858 Me 
July 10 


%e m 
barns) 


5.76721 
3.26649 
1.260017 
0.59828 
0.27778 
0.19675 
0.16732 
0.15590 
0.15958 
0.16416 
0.16737 
0.16775 


+-().27 
+(0).29 
+0.21 
+0.25 
+0.21 
+-0.26 
$0.20 
+0).23 
t0.21 
+().25 
+-0.24 
+-().28 


0.19750 
0.16763 
0.15594 
0.15992 
0.16420 
0.16753 
0.16793 


3.527 Mev 

(June 30) 

PLE 
percent 
+0.28 
+0.33 
+0.46 
+0.28 
$0.45 
+().21 
+0.25 
+0.20 
+021 
+0.25 
+0.26 
+0.24 
+0.28 
+0.28 
+£0.45 


Tem 
(barns) 
2.99318 
1.57734 
16 0.90700 
20 0.38055 
25 0.19410 
30 0.14090 
35 0.12442 
40 0.12056 
50 0.12139 
60 0.42526 
70 0.12769 
80 0.12925 
00) 0.12926 
100 0.12885 
110 0.12754 
120 


Pit 


percent 


+0.26 
$0.31 
+0.19 
+0.29 
+0.17 
+0.15¢ 
+021 
£0.17 
+0.12 
+().22 
+0.46 
+0.30 


%m Pi 
barns) 
2.44610 
1.28660 
0.74649 
0.32162 
0.17095 
0.12769 
0.11479 
0.11252 
0.11379 
0.11705 
0.11900 
0.12027 
0.12062 
0.12074 
0.11924 
0.11674 


3.037 Mey 
Tune 26 


2.425 Mev 

June 20, 23 
Tom P.E dem PLE 
barns percent barns) percent 
4.04698 
2.10501 
1.21101 
0.49519 
0.26680 
0.16286 
0.13868 
0.13160 
0.13203 
0.13615 
0.13832 
0.14067 
0.14084 
0.14060 
0.13953 
0.13579 


+0.30 
+0.33 
+0.40 
+0.30 
+0.35 
+0.49 
+0.29 
+0.20 
+0.25 
+0.26 
+0.28 
+0.23 
+-0.28 
+0.33 
+0.39 
+0.54 


+0.26 
+0.32 
+034 
+-(),22 
+().29 
+0.15 
+0).22 
+0.28 
+0.26 
+023 
+0.21 
+0.20 
+0).24 
+0,28 
+0.37 
+0.49 


6.41529 
3.33742 
1.89917 
0.75311 
0.37787 
0.20453 
0.16273 
0.14922 
0.14673 
0.15064 
0.15467 
0.15708 
0.15686 
0.15604 
0.15450 
0.15012 


4.203 Mey 
(July 5) 


3.899 Mey 
July 2) 
%m P.t 


percent barns) percent 


+0.47 
+0.60 
+0.34 
+0.35 
+0.56 
+0.27 
+0.35 
+0.19 
+0.31 
+0.33 
+0.36 
+0.29 
+0.26 
+0.25 
+0.36 
+0,.53 


2.10983 
1.10775 
0.64336 


+0.48 
+0.82 
+1.11 


£0.45 
+0.32 
+0.35 
+0.30 
+0.32 
$0.33 
+0.29 
+0).29 
+0.31 
+£0.34 


0.15415 
0.11882 
C.10825 
0.10652 
0.10815 
0.11104 
0.11316 
0.11403 
0.11420 
0.11400 


® Low pressure run, He at 6.12-cm oil. Pressure in other runs was 11.4-cm oil 


tb Only the ‘‘nonstematic’’ uncertainties are listed here (see Sec. VII) 
® This point obtained on June 23 
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TABLE V. Cross sections at 1.855-Mev check points. Cross 
sections are given in barns per steradian in center-of-mass system. 
Angles are in the laboratory system. In general the number of 
counts taken at check points was 600 000 at 15°, 350 000 at 17.5°, 
and 300 000 at 30°. 


Date (1$”) ( 3 (30° 


0.15973 
0.15942 


0.27840 
0.27771 
0.27786 
0.27899 
0.27876 
0.27873 


June 18 


0.16008 
0.15987 
0.15946 
0.16011 
0.15965 
0.15973 
0.16048 
0.15986 
0.16046 
0.16021 
0.15992 
0.15992 
0.21 percent 


June 20 
June 23 
June 25 


0.19675 


().27869 
0.27900 
0.27861 


June 

June. 

July 

July 

July ¢ 

July ; 

July 

Wid. average 
Rms deviation 


0.19722 
0.19649 
0.19643 
0.19656 
0.19745 
0.19673 
0.15 percent 


0.27824 
0.16 percent 


* These points were taken at 1.458 Mev. They have been adjusted to 
1.855 Mev for presentation here but are not included in the average 


an asymmetry could be distinguished from a time-de- 
pendent variation. At the conclusion of most runs, a 
check was made upon the constancy of the experimental 
conditions by repeating some measurement made earlier 
in the run. Occasionally the cross sections at 1.855 Mev 
were remeasured also. 


Check Points 


The cross sections at 15° and 30°, 1.855 Mev, were 
used for standardization of the measurements. These 
so-called “check points” served to establish the repro- 
ducibility of measurements, to monitor the over-all per- 
formance, and to separate the effects of certain of the 
variables. The 30° point served to check the absolute 
accuracy of the apparatus, since it is relatively insen- 
sitive to energy and angle and is practically free of 
influence from the spurious effects appearing at low 
angles. Changes affecting the pressure, temperature, 
current integration, or G factor are revealed there. The 
15° point, on the other hand, had nearly the maximum 
sensitivity to spurious low angle effects such as gas- 
contamination, and it is highly sensitive to the energy. 
An error of 0.1 percent in energy causes an error of 
almost 0.2 percent in the 15° cross section. The 15 
point had the disadvantage of a very high counting rate. 
Too frequently reduction of the beam current was 
required in order to meet the restrictions on counting 
rate. For that reason the 17.5°, 1.855-Mev point was 
chosen to replace the 15° point later in the experiment. 
The check point data are summarized in Table V. 


X. RESULTS 


Final values of the differential scattering cross 
section obtained in this experiment are listed in Table I. 
The uncertainties listed with the values of the cross 


section are the “nonsystematic’”’ uncertainties which 
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may affect the cross section irregularly from point to 
point. In Fig. 10, the data for the central range of 
angles are plotted together with the 1939 Wisconsin 
data" and the 1948 Minnesota data.” Agreement is 
satisfactory. The data are fitted with theoretical curves 
for a pure S-wave anomaly in the range from 25° to 45", 
and, at each energy, the S wave is seen te account 
adequately for the cross sections. At low angles, how- 
ever, there are definite departures from the pure S wave 
at all energies. These deviations are shown in Fig. 11 
where the percentage deviation from the theoretical 
S-wave cross section is plotted as a function of angle. 
Arbitrary curves have been drawn through the data to 
indicate the general trend of the low angle anomaly 
with energy and angle. It should be noted that the 
4.2-Mev data below 25° (12.5° lab angle) are of poor 
quality. The 20° point is missing entirely because the 
2-mm slits were accidentally set in the wrong position. 
The points below 20° are of little weight because of the 
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Fic. 10. A comparison of the present results with those of Herb, 
Kerst, Parkinson, and Plain (HKPP) and those of Blair, Freier, 
Lampi, Sleator, and Williams (BFLSW). The curves are calcu 
lated to fit the present data assuming a pure S-wave anomaly 
Only the nonsystematic errors are shown by the uncertainty bars 
since only that class of uncertainties may be used to account for 
random deviations from the smooth curves 


" Herb, Kerst, Parkinson, and Plain, Phys. Rev. 53, 239 (1938). 
2 Blair, Freier, Lampi, Sleator, and Williams, Phys. Rev. 74, 
553 (1948). 
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Fic. 11. Observed departures from cross sections calculated to 
fit the data assuming a pure S-wave anomaly. Uncertainty bars 
represent the nonsystematic uncertainties. 


large uncertainties introduced by the slit penetration 
effect noted earlier. 

The conspicuous feature of these low angle deviations 
is that they do have the general form of a repulsive 
P-wave anomaly, especially at the lower energies. The 
definite maximum between 20° and 30°, center-of-mass 
angle, and the sharp decline at lower angles are strong 
indications that the anomaly is of nuclear origin. No 
single systematic error has such a form. It is con- 
ceivable that a combination of errors might produce 
deviations of this form, but no admissible variation in 
the magnitudes of the applied corrections will remove 
the anomalies shown here. This can be seen in part from 
Figs. 12 and 13, in which the larger errors of the experi- 
ment are plotted on the same scale as the data of Fig. 11, 
These are actually plots of the applied corrections, but 
the ordinates are reversed in sign so that the errors 
which have been removed from the data may be com- 
pared directly with the anomalies which remain. Apart 
from the behavior at very low angles, both the gas- 
contamination error and slit-edge scattering error have 
somewhat the form of the low angle anomaly, and that 
is true also for errors due to energy, beam current, and 
G factor, which introduce the only other appreciable 
systematic uncertainties. Taking the linear sum of the 
uncertainties in all of these quantities, together with 
the linear sum of nonsystematic uncertainties, one 
should obtain a fairly generous estimate of the limit 
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Fic. 12. Percentage contribution from gas contamination. 
Applied corrections are negative and have an uncertainty of +30 
percent. Discontinuities in curve for 3.5 Mev resulted from 
momentary air leaks in slit-changing mechanism. 
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Fic. 13. Percentage contribution from slit-edge scattering. Ap- 
plied corrections are negative and have an uncertainty of +25 
percent. 
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of error in the data. The anomalies in Fig. 11 lie outside 
of such limits of error. Since the uncertainties are largely 
based upon experimental evidence and are considered 
to be reasonably conservative, the fact that the 
anomalies are larger than the uncertainties is considered 
significant. Even if one were to suspéct the accuracy of 
the uncertainty, estimates and were to speculate upon 
the effect of increasing the sizes of certain corrections, 
it would still be necessary to observe some restrictions 
as to the energy dependence of the errors. When that 
is done it is found difficult to eliminate the anomaly at 
one energy without causing a considerable deviation 
at some other energy. Thus, there appears to be little 
possibility that the low angle anomaly is due to any 
of the known sources of error. If unknown and un- 
suspected errors are the cause of the anomalies, it is 
almost certainly necessary that two different errors be 
present in order to cause deviations of the form ob- 
served. That possibility seems unlikely but it obviously 
cannot be excluded except by repetition of the experi- 
ment under a variety of conditions and by different 
persons. 

A theoretical analysis of these data has been made 
by J. L. Powell and H. H. Hall and is presented in the 
accompanying paper. For a central potential they find 


that a negative P-wave phase shift fits the data at each 


FROM 
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energy reasonably well within the limits of uncertainty. 
The phase shift varies fairly regularly from K y= —0.05° 
at 1.855 Mev to K,=—0.11° at 3.9 Mev. At 4.2 Mev 
however, the value falls to A,;= —0.07°. It is not sur- 
prising that the 4.2-Mev value should be irregular, 
considering the poor quality of the data there, but it is 
surprising that the uncertainties de not readily admit 
a continuation of the trend of the lower energy data. 
The effect may be real, but it seems more likely that 
the determination of A, at 4.2 Mev depends too strongly 
upon one or twoSdata points and is, therefore, much 
more susceptible to error than are the values at other 
energies. If any use is made of the 4.2-Mev low angle 
data, it should be done only with complete and cautious 
regard for the uncertainties in those data. 

The authors desire to express their appreciation to 
R. G. Herb for his guidance in this work. They are 
indebted also to D. C. Ralph, who originally proposed 
the large scattering chamber and gave much valuable 
help on design problems. They wish to thank H. A. 
Krueger, who performed the difficult task of condenser 
calibration, and the members of the departmental shop, 
who contributed to the design as well as the construction 
of the apparatus. Many other members of the depart- 
ment deserve sincere thanks for their valuableassistance. 
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The data of Worthington, McGruer, and Findley (WMF) on scatte-ing of protons by protons show an 
apparently real contribution to the cross section arising from scattering in the p state. Results of phase 
shift analysis of these data are presented in Table I and in Fig. 1. A satisfactory fit is obtained in terms 
of s and p waves only, and there is no evidence for a contribution from higher orbital angular momenta or 
from p waves of “noncentral’”’ character. The s part of the scattering anomaly is analyzed in terms of the 
f function, and substantial agreement with older results is obtained. The energy dependence of the p wave 
phase shift is consistent with the assumption of a Yukawa force of range 1.176% 10 cm, and its magnitude 


is accounted for tentatively in terms of a combination of “ordinary’ 


’ and “Majorana” potentials as repre- 


sented by the factor (0.4+0.6P,y) in the nuclear Hamiltonian. 


HE experimental work of Worthington, McGruer, 
and Findley,’ on the scattering of protons by 
protons, described in the preceding paper, is the first to 
cover an extended energy range with sufficient accuracy 
to exhibit clearly the effects of scattering in states of 
angular momentum greater than zero. The error of 
+0.3 percent in the differential cross section is small 
enough not to obscure the effect of p scattering, which 
appears to contribute about 1 percent to the cross 
section. Also, the observations have been extended 
through the range of small angles within which the 
relative contribution of p waves is largest. This paper 
is a summary of a detailed analysis of these data. 
Table I presents the results of phase shift analysis of 
the differential cross sections given in Table V of WMF. 
During the course of the experiments, preliminary 
analysis of the data was made in terms of s waves 
alone, and an “average’”’ Ao was found for each energy 
by inspection of the large angle results. In this part of 
the work, it was found that the numerical computation 
could be done rapidly and conveniently by using Eq. 
(4.5) of Jackson and Blatt® in its rigorous form. These 
calculations showed that the uncorrected data could 
not be accounted for in terms of s scattering alone. 
Experimental corrections, as described by WMF, were 


TABLE I. Results of the phase shift analysis of the differential 


p-p cross sections given in reference 1. 


E (Mev) Ko (degrees) 
44.212+4-0.023 
44.218+-0.028 
48.3184-0.029 
50.971 +0.040 
§2.475+0.046 
+- 0.057 


K, (degrees) 
1.855 
1.858 
2.425 
3.037 
3.527 
3.899 
4.203 


-0.049+4-0.020 
~ 0.057 4-0.024 
—0.075+4-0.018 
~0,082-+0.022 
~0.094+0.023 
—(0,109+0.020 
—0.074+0.023 


5 


53. 
3 


257 
808-+0.081 


* This work was supported partially by the U. S. Atomic 
Energy Commission and the Wisconsin Alumni Research Founda- 
tion. 

t Now at Radiation Laboratory, University of California, 
Berkeley, California. 

1 Worthington, McGruer, and Findley (WMF), Phys 
90, 899 (1953). 

2 Jackson and Blatt, Revs. Modern Phys. 22, 77 (1950). 
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subsequently applied with the result that an apparently 
real departure from pure s scattering remained, which 
had an angular dependence describable approximately 
in terms of negalive p phase shifts (see Fig. 11 of WMF). 
The angular dependence of the deviations is, of course, 
sensitive to the assumed value of the ‘‘average” Ko. 
Therefore, a least-squares procedure was adopted in 
which a best fit was obtained by independent variation 
of Ky and K,. In every case, the ‘‘average’”’ Ko was 
sufficiently near the final value that the necessary 
changes in the theoretical cross section were linear in 
the increment in Ko. Also, quadratic terms in the 
contribution of the p waves are negligible. Therefore, 
the least-squares analysis could be based directly on the 
results of the preliminary calculations. Weight factors 
were introduced, proportional to the reciprocal squares 
of the nonsystematic uncertainties given in Table V 
of WMF. With this choice of weights, the effects of the 
nonsystematic errors in the determination of Ao and 
kK, were obtained by the conventional methods of 
propagation of errors. The uncertainties given in Table 
I also include an estimate of the contributions of 
systematic errors.’ The authors feel that this straight- 
forward procedure of fitting the data by the method of 
least squares reduces subjective elements to a minimum. 
It can be easily extended to allow simultaneous calcu- 
lation of three or more phase shifts without excessive 
numerical work and allows a systematic appraisal of 
the improvement in fit obtained by inclusion of terms 
in higher phase shifts. 

Examination of Fig. 1, which presents the results of 
the calculations described above, shows that a very 
satisfactory fit is obtained in terms of Ao and A, alone, 
and that there is definitely a part of the cross section 
attributable to scattering in the p state. An attempt 
was made to improve the fit by introduction of a d 
wave contribution. It was found that no statistically 
significant improvement could be obtained in this way. 
Moreover, a negative Ky was obtained, and one feels 
that one is not likely to have repulsive forces in the d 

3A more detailed account of the treatment of experimental 


errors is given in the doctoral thesis of H. H. Hall, University of 
Wisconsin, August, 1952 (unpublished) 
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state. For these reasons, one cannot reliably attribute 
any part of the anomaly to d scattering. 

It has been shown that strong noncentral forces 
may modify the » wave anomaly in an essential way.‘ 
We have considered the possibility that strong scat- 
tering in p states of different total angular momentum 
might, through interference, produce the observed 
small effect. Least-square analysis was applied, using 
directly formula (1) of BKT,® and it was found that 
improvement of the fit could not be obtained by 
inclusion of quadratic terms in the three phase shifts. 
Therefore, such interference apparently does not occur, 
and the data can only be explained in terms of small 
phase shifts, in which case, as is well known, the effects 
of noncentral forces are not distinguishable from 
central field scattering. This situation is not changed if 
one at the same time introduces a contribution due to 
d waves. These considerations have led to the conclusion 
that the data are most reasonably interpreted in terms 
of the phase shifts given in Table I. 

Final calculations included relativistic corrections 
arising from the transformation of cross section® and 
scattering angle from laboratory to center-of-mass 
coordinates. This correction is at most 0.2 percent in 
absolute magnitude, and the least-squares values of 
the phase shifts are not significantly changed if this 
correction is omitted. No attempt has been made to 
include relativistic corrections arising from dynamic 
effects. 

The f function method has been used to obtain the 
range and depth of the singlet potential from the 
energy dependence of the s wave phase shift. The 
f function was expanded in the form’? 


f= f® + fME+ fe E + (OES, 


For each potential well shape studied, the appropriate 
values of f® and f® were obtained from the paper of 
Jackson and Blatt.2 This expansion was then fitted to 
the experimental values of f by a least-square adjust- 
ment of f® and f“’. Table II contains the results of 
this work, expressed in terms of the scattering length 
and effective range of Jackson and Blatt. The goodness 


TABLE IT. Scattering length and effective range determined by 
least-squares analysis for several well shapes. 


Scattering length 


Shape Effective range 


2.79 10-8 cm 
2.67 
2.65 
2.57 


—7.75X107-" cm 
—7.70 
—7.69 


—7.65 


Yukawa 
Exponential 
P=0=0 
Square 


4 Breit, Kittel, and Thaxton (BKT), Phys. Rev. 57, 255 (1940). 
5R. S. Wright has remarked that the third term of Eq. (1) 
BKT may be written: 


(12/n?)[[— } sin?(;— 52) — 4 sin?(do— 52) ](3 cos?@— 1). 


is 
6, Chamberlain and C. Wiegand, Phys. Rev. 79, 81 (1950). 
7 Yovits, Smith, Hull, Bengston, and Breit (YSHBB), Phys. 
Rev. 85, 540 (1952) 
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Fic. 1. Comparison of experimental data to results of phase 
shift analysis. The ordinate is the percentage difference between 
the observed cross section and the calculated “pure s” cross 
section based upon the values of Ko listed at the right 


of fit is essentially independent of the well shape 
assumed in the selection of f® and f®. For the Yukawa 
well, the range and depth corresponding to the best 
fit (see Fig. 2) are (1.176+0.006)10-" cm and 
(46.5+0.5) Mev, respectively. These may be compared 
to the corresponding numbers obtained by YSHBB 
from analysis of previous experiments, namely, (1.16 
+0.006) 10-'? cm and (47.7+0.5) Mev. These values 
do not strictly agree, within the given uncertainties. 
However, when one remembers that the present results 
are the work of a “single group of observers,” in a 
restricted energy range, it is not inconsistent to conclude 
that the agreement is satisfactory. 

The energy dependence of the p phase shifts is 
exhibited graphically in Fig. 3. The solid curve is a 
theoretical estimate, based upon Taylor’s approxima- 
tion,® of the phase shift to be expected for a central 
Yukawa potential of range 1.176 10~-" cm and depth 
adjusted to correspond to the observed magnitude of K,. 
The energy dependence of K, is evidently consistent 
with the assumed range of the Yukawa potential. The 


§ Breit, Thaxton, and Eisenbud, Phys. Rev. 55, 1060 (1939) 
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Fic. 2. Results of analysis of s wave anomaly in 
terms of the f-function. 


point at 4.203 Mev is not entirely consistent with the 
other observations, but as explained by WMF, experi- 
mental difficulties at this highest energy were such 
that this run is considered to be less reliable than the 
others for the determination of A,. This unreliability 
arises from the absence of data at angles which are 
critical for the determination of K, and is not reflected 
in the statistical uncertainty indicated by the vertical 
bar in Fig. 3. It has been assumed that this discrepancy 
can reasonably be ignored. This assumption is sup- 
ported by the measurements of Zimmerman and 
Kruger’ at 5.86 Mev, who obtained K,= —0.36+0.22°, 
in excellent agreement with the trend established by the 
present data, exclusive of the point at 4.203 Mev. 

The strength of the triplet interaction corresponding 
to these phase shifts may be correlated with other 
properties of the two-nucleon system in terms of the 
phenomenological potential :"° 

em e 
+ Ve j Sie ’ 
r/r 


r/rt 
V=(1—-at+aPy)i V, 
r/T. 


in which Py is the Majorana exchange operator. Under 
the assumption of charge independence, the range and 
strength of the central and tensor parts may be obtained 
uniquely from Table VI of Feshbach and Schwinger. 
The p scattering of protons then serves to determine 
the parameter a. Assuming the values 1.176 107" cm 


*E. J. Zimmerman and P. G 
(1951); E. J. Zimmerman, doctoral thesis, University of Illinois, 
1951 (unpublished). 

1 H. Feshbach and J. Schwinger, Phys. Rev. 84, 199 (1951). 


Kruger, Phys. Rev. 83, 218 


AND 


j. L. POwWeLc. 
for the range of the central force and 1.704 10~-" cm 
for the triplet effective range,'' we find a=0.62. This 
result is insensitive to the specific choice of the ranges 
of the central or tensor forces, provided the potential 
satisfies the conditions imposed by the known properties 
of the n-p system. The value 0.62 is not inconsistent 
with other estimates based upon high energy data.” 
On the basis of this work, it is tentatively suggested 
that the potential function, 


pri Tt, 
¢ c 


V =Vio(1—ataPy)}[1—3¢4+}3¢(o1-e2) | 


T/T - 
e r/rt 
+ S12 
7/04 


where r.= 1.176 10-" cm, y=0.848/, r,= 1.529 10-8 
cm, g= —0.0834, V)»>=39.83 Mev, and a=0.62, gives 
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Fic. 3. Energy dependence of p phase shifts. 


an adequate description of the basic low energy proper- 
ties of the two-nucleon system. It may be remarked 
that this interaction does not satisfy the requirements 
of saturation in complex nuclei."* 
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G. Breit, R. G. Herb, and R. G. Sachs for their con- 
tinued interest in this work, and to H. R. Worthington, 
J. N. McGruer, and D. E. Findley for their close 
cooperation and advice on matters relating to the 
interpretation of their experiment. R. S. Wright 
assisted materially in the computational work. 

" Burgy, Ringo, and Hughes, Phys. Rev. 84, 1160 (1951). 

2 R. S. Christian and E. W. Hart, Phys. Rev. 77, 441 (1950). 

13. R. G. Sachs (private communication). 
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The ratio of neutral to charged primaries of nuclear interactions having a median primary energy around 


10" ev has been measured at 3250-m elevation, the result being .V 


Caz 


}. This value indicates a high degree 


of elasticity in the nuclear collisions from which nucleons of 10"'-ev emerge 


INTRODUCTION 


HE relative number of charged and neutral par- 

ticles which produce nuclear interactions at 
mountain elevations is of interest in connection with the 
nucleonic cascade in the atmosphere, since the ratio 
depends on the elasticity of the collisions occurring at 
higher elevations and higher energies and on the proper- 
ties of the secondaries produced in these collisions. In 
particular, it is interesting to know how the neutral/ 
charged ratio varies with energy as one approaches the 
energy range where the multiplicity of meson production 
is high, where several kinds of secondaries are produced 
and where the pi-mesons can traverse a large fraction 
of the atmosphere without decaying. 

From a comparison of the stars observed at different 
latitudes near the top of the atmosphere,' and from the 
weak latitude effect of small penetrating showers at 
airplane altitudes,’ it is known that the penetrating 
showers and the stars with multiple relativistic secon 
daries are produced by particles with energy on the order 
of 10 Bev or more, the average value probably being 
20-30 Bev. For such events occurring at mountain ele 
vations or sea level, the ratio of neutral to charged 
primaries .V/C has been observed with photographic 
emulsions,® cloud chambers,** and counters." All but 
one of these experiments have yielded values of V/C 
between 0.5 and 1.5, but the cloud-chamber pictures of 
Gottlieb’ indicated a much smaller ratio, between 0.04 
and 0.16: practically all the unambiguous events seemed 
to be produced by charged particles. The explanation 
advanced by Gottlieb for his unusual results was based 
on the conclusion that the events selected by his 
apparatus were of exceptionally high energy, estimated 

* Now at Rochester University, Rochester, New York 

' Reported by Camerini, Lock, and Perkins in Progress in 
Cosmic Ray Physics (Interscience Publishers, Inc., New York, 
1951). 

2'T. G. Walsh and O. Piecioni, Phys. Rev. 80, 619 (1950). 

3 Brown, Camerini, Fowler, Heitler, King, and Powell, Phil. 
Mag. 40, 862 (1949). 

4M. B. Gottlieb, Phys. Rev. 82, 349 (1951) 

5 Walker, Duller, and Sorrels, Phys. Rev. 86, 865 (1952). 

6 Lovati, Mura, Tagliaferri, and Terrani, Nuovo cimento 9, 946 
(1952). 

71. Janossy and G. 
A182, 180 (1944) 

’W. D. Walker, Phys. Rev. 77, 686 (1950) 

* K. Sitte, Phys. Rev. 78, 721 (1950). 

 Cocconi, Tongiorgi, and Widgoff, Phys. Rev. 79, 768 (1950). 

! Walker, Walker, and Greisen, Phys. Rev. 80, 535, 546 (1950). 


D. Rochester, Proc. Roy. Soc. (London) 


to be above 15 Bev and hence of average value on the 
order of 40-50 Bev.” 

The present report is of another experimental effort 
to obtain the ratio \V/C for the primaries of nuclear 
interactions of comparatively high energy. The trigger 
requirement of Gottlieb’s cloud chamber was that three 
particles be registered under 300 g/cm? of absorber. In 
the present experiment, the requirement was a burst 
in a shielded ionization chamber, with at least two 
secondary particles penetrating another 220 g/cm*. The 
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Fic. 1. Diagram of the apparatus. /;, /2, and /; are ionization 
chambers; the other circles represent Geiger counters. Figure 1 (b) 
shows the connection of the counters of the top tray in three 
groups, in each of which the six counters are in parallel. The 
numbers alongside the counters give their individual dimensions. 


"The absolute flux of interacting particles estimated by 
Gottlieb was less by a factor of 8 or 9 than that found in the 
present experiment, according to a computation given below. 
This difference in flux, if correct, would imply that he may have 
underestimated the mean primary energy and that it may have 
been four times higher in his experiment than in ours. This 
might help to account for his results. However, the trigger re 
quirements and the qualitative descriptions of the events in the 
two experiments do not seem to justify such a difference in mean 
energy of the initiating particles. Neither his estimate nor ours 
of the absolute flux was capable of accuracy to better than a 
factor of two. 
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TABLE I. Mixed showers with total burst pulse SH=-0.5a@ and 
at least two penetrating particles, as a function of number of 
charged primaries detected, burst size 3H, and number of shielded 


counters discharged. Units of burst size are the pulses due to Po-@ 
particles. 


Charged 3 


primarie 
detected 


ABS 


Burst size 2H 

0.50-1.40 No 112 22 
Percent 33 é b 6 

1.40-4.0 No 97 40 
Percent 27 42 : 11 

4.00- « No 19 ; 42 
Percent 12 27 


Number of / counters 
discharged 
»~3 No. 96 24 
Percent 27 ‘ 7 
No 104 45 
Percent 30 é d 13 
No. 28 : 21 
Percent 18 k 13 
Potals No 228 90 
Percent 27 5 11 


results are subdivided below, according to the size of the 
burst and the number of penetrating particles observed. 
These results contradict those of Gottlieb and agree 
instead with the other references quoted. Discussion of 
the interpretation is deferred until after a description 
of the experiment 


PRESENT EXPERIMENT 


The main parts of the ionization chamber apparatus 
shown in Fig. 1 were constructed and have recently 
been described by Donald E. Hudson." The modi- 
fication for the sake of the present experiment was to 
add the tray of counters at the top of the apparatus in 
order to distinguish between events made by neutral, 
charged, and multiple incident particles. 

Figure 1(b) shows how the 18 counters of the top 
tray were divided into three groups, A, B and _S, of 6 
counters each, with the group S distributed around the 
perimeter of the central area occupied by interspersed 
counters of A and B. Each of these groups was con- 
nected to a neon bulb, which indicated when a counter 
was discharged in coincidence with a recorded event. 
The most frequent cases showed either one bulb lit or 
none, and thus gave, in first approximation, the ratio 
of charged and neutral primaries. In addition, however, 
the relative frequency with which single charged pri- 
maries discharged the counter group S, as compared 
with groups A and B, provided an indication of the 
zenith angle distribution of the primaries and hence of 
the fraction that might miss the entire tray. The 
number of multiple coincidences assisted in evaluating 
the effects of air showers; while the relative number of 
double coincidences AB, as compared with AS and BS, 
made possible an estimate of the frequency with which 


'8 PD. E. Hudson, Phys. Rev. 86, 453 (1952). 
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the top counters were discharged by back-projected 
secondaries. 

The “producing layer’’ of Pb, 7, was made 4 inches 
thick, sufficient to absorb most of the electrons of inci- 
dent air showers and to allow full development of most of 
the locally initiated cascades but not so great as to 
absorb fully the larger of the local cascades. 

The pulses in the ionization chambers (which con- 
tained argon at 5-atmos pressure) were recorded by 
photographing the traces on three oscilloscopes. Neon 
bulbs appearing in the photographs indicated simul- 
taneous pulses in the individual counters of tray E, in 
the three groups of counters of the top tray, and in the 
four counters, A, to A4, located under the center ioniza- 
tion chamber. 

The “master pulses,’ which intensified the oscillo- 
scope traces, permitted the neon bulbs to ignite, and 
later advanced the camera film, were generated upon 
fulfillment of comparatively weak conditions. There- 
fore the records included many events which were 
useful only for setting limits on background effects. By 
examination of the records the following, more stringent 
requirements were imposed in order to select the ener- 
getic mixed showers to which our results pertain: 


(1) The pulse height //; in the central chamber was 
required to be the greatest of the three pulse sizes. The 
purpose of this requirement was to minimize the 
number of events occurring near the edge of the appa- 
ratus and thus to decrease the chance that a primary 
particle should miss the top counter tray. 
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Fic. 2. Integral frequency distributions of the pulse sizes in units 
of a Po-a pulse, for the different types of primary. 
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(2) The sum Y// of the three burst sizes was required 
to exceed 0.5a, where a is the size of calibration pulses 
caused by polonium sources located at the chamber 
walls. 

(3) The four counters A, to A were required all to 
be discharged. This requirement discriminated strongly 
against low energy stars, and against events generates 
in the material under the chambers rather than in the 
layer 7. It did not reduce significantly, however, the 
efficiency of detecting bursts of numerous electrons 
originating in 7. 

(4) At least two counters in the heavily shielded 
tray FE were required to be discharged. This require- 
ment discriminated against events with axes inclined at 
a large angle to the vertical direction, against low 
energy stars, and against purely electronic cascades 
generated by mu-mesons. From the number of rejected 
events with only one E counter discharged and the 
probability of knock-on electron production, we find the 
residual background of events produced by mu-mesons 
to be less than two percent and therefore negligible. 

The apparatus was run for 544 hours at Echo Lake, 
Colorado, elevation 10 600 ft, pressure 0.7 atmos. In 
this time, 852 events were recorded which fulfilled the 
above conditions. These events are subdivided in 
Table I and Figs. 2 and 3, according to the total burst 
size (LH=H,+H.+H,;), the number of E counters 
discharged, and the number of charged primaries indi- 
cated by the counters 4, B, S. Figure 4 shows how the 
total ionization among the three 
chambers. 


was distributed 
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Fic. 4. Integral distributions of the events with regard to 
relative pulse size in the central chamber and the two side cham 
bers. 2H is the sum of the pulse sizes. For all the events included, 
LH —=0.5a@ and H, exceeds the pulse sizes in both of the other 
chambers: the latter selection criterion strongly influences the 
shape of the graph 


CORRECTIONS 


From the data in Table I one may compute the ratio 
N/C of neutral to charged primaries, in first approxi- 
mation, as the ratio of the number of cases with zero 
detected primaries to the number with one. These 
crude results vary from 0.73 to 0.33 Three significant 
corrections must be considered, however, before quoting 
final results or concluding anything about the variation 
of .V/C with energy. 


(1) Efficiency of the Top Tray 


The zenith angle distribution of the primaries of 
penetrating showers at Echo Lake is known to be 
approximately cos’@. With this distribution, the ratio 
was calculated between the number of primaries ex 
pected to strike the counters S distributed about the 
edge of the tray and the number expected to strike the 
central groups A and B. The calculated ratio was k, 
which agrees with the observed ratios and thus lends 
support to the method of calculation. By the same 
method, the fraction of the primaries inclinded so as to 
miss the entire tray ABS was calculated to be 44 per- 
cent. The fraction going through the dead spaces 
between the counter walls would be about 3 percent. 
Therefore the number of single charged primaries must 
be increased by about 8 percent, and the same number 
must be subtracted from the apparent number of 
neutral primaries. 





918 K. GREISEN 


AND W. DB. 


WALKER 


TasLe II. Corrections of the observations. The increases in (N+C) arise from the apportioning between neutral and charged pri- 
maries of the events in which two or more particles were registered in the top tray. The subdivision of the data marked thus (++) 
is believed to have been affected by an unusual fluctuation in the small numbers of events that determined the corrections. Column 6 
represents the inferred cotal probability of having a back-projected secondary emerge from the lead, and SS is the inferred total prob 
ability of an associated air shower striking one or more counters in the top tray. Errors listed are standard statistical errors, including 
effects of the corrections. The statistical errors are believed to outweigh the systematic ones 


Corrected for 
primary 
missing the 


Uncorrected counters 


Burst size N ay N ( 
0.50--1.40 112 168 98 182 
1.44.0 97 167 83 181 
4.0-« 19 57 14 62 


No. of E counters 
discharged 
] 


a>. 


4-7 
8-12 


Combined data 


leads to the results in columns 


remaining corrections are less 


This correction alone 
4-5 of Table II. The 


certain but can only increase the ratio V/C." 


(2) Back-Projected Secondaries 


If the twofold coincidence AB, AS, and BS were all 
the result of air shower electrons accompanying the 
charged and neutral particles of the NV component, a 
simple calculation shows the frequency AB/(ASX BS) 
would be about 0.7.'° Experimentally, however, it is 
between 2 and 3. The excess coincidences of type AB 
are due to back-projected secondaries occurring Close to 
each other and to the primary particle. 

Such secondaries have been observed in photographic 
emulsions! and cloud chambers'® and have been inferred 
in hodoscope experiments.'! According to these refer- 
ences, about 15 percent of the lightly ionizing second- 
aries are emitted in the backwards hemisphere, and 
some of them are able to penetrate considerable thick- 
nesses of lead. In the present experiment, the average 
number of shielded counters discharged was 5, implying 
the presence of about 10 penetrating particles, or ap- 
proximately one regressive lightly ionizing particle per 
If % of the fast regressive particles failed to 
emerge from the lead, the others could still account for 


event. 


the excess coincidences of type AB. 

A minimum correction was made quantitatively by 
assuming that all the coincidences of type AS or BS 
were due to air showers and subtracting 0.7 times this 


4 Some of the events in which only the S group is discharged 
in the top tray are likely to be due to neutral primaries accom- 
panied by low density air showers. This would imply that the 
correction for inefliciency of the top tray is an over-correction, and 
therefore that the true ratio N/C is slightly larger than is inferred. 

16 The calculation depends only weakly on the ratio N/C and 
on the relative probability of air showers that discharge two or 
one of the counter groups. Over a wide range of these factors, the 
predicted ratio lies between 0.6 and 0.8. 

16 W. W. Brown and A. S. McKay, Phys. Rev. 77, 342 (1950). 


Further cor 
rected for 
back-projected 
secondaries 


Further cor 
rected for 
air showers Final ratio 

N/C b 

0.82+0.17 0.26 

0.74+0.17 0.30 


0.47+0.24 0.43 


C N C 
173 154 187 
175 150 204 

68 50 107 


0.50+0.10 0.18 
Ch) 

1.3540.37 0.39 

0.68+0.30 0.45 


0.77+0.12 0.31 


number from the coincidences AB in order to obtain 
the number of twofold coincidences caused by re- 
gressive particles. With the further assumption that the 
regressive particles occurred independently of each 
other, it was then possible to calculate the probabilities 
of one or two regressive particles being registered in a 
given event initiated by a neutral or charged primary. 
Thus the excess coincidences of type AB could be 
divided in a reasonable manner between neutral and 
charged primaries, and also a more significant correction 
could be calculated, namely, the number of events with 
a neutral primary that appeared to havea single charged 
primary because of a back-projected secondary. The 
results of these corrections are shown in columns 6-7 


of Table IL. 


(3) Corrections for Associated Air Showers 


The distributions of ionization shown in Fig. 4, and 
particularly the auxiliary data in Table III, show that 
the events associated with triple coincidences A BS were 
mostly the result of complex air showers. It is inter- 
esting to observe, as has been noted before,! 7% 
that the proportion of the events associated with dense 
air showers increases remarkably with the energy of the 
events (see Table I); while the high average degree of 
association attests to the high energy of the events 
selected in the present experiment.” 

Most of the events involving twofold coincidences of 
type AS or BS, plus some of type AA, result from less 
dense air showers, which miss one or two of the three 
counter groups. Also, some of the events appearing to 

17H. K. Ticho, Phys. Rev. 88, 236 (1952). 

18 FE, F. Fahy, Phys. Rev. 83, 413 (1951). 

9 T, G. Stinchcomb, Phys. Rev. 83, 422 (1951). 

2 These observations also show that even the most energetic 
particles in the lower atmosphere are more often secondaries than 
primaries that have escaped interaction. This in itself points to the 
same conclusion, significant elasticity of the collisions, which is 
derived below from the measurements of V/C. 
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have single-charged primaries must be due to neutral 
primaries accompanied by low density showers which 
discharge only one of the counter groups. 

A priori, it seems just as likely for an air shower to 
accompany a neutron as to accompany a proton or a 
pi-meson ; and previous measurements have indicated" 
that the nuclear interacting component in dense air 
showers has about the same ratio .V/C as that found 
among the particles observed singly. Hence, this as- 
sumption is made in calculating the corrections. 

Three probabilities enter in the corrections, namely, 
those of the occurrence of showers that discharge one, 
two or three counter groups. The following data help to 
supply the necessary values: the rate of events asso- 
ciated with a threefold primary coincidence ABS, the 
rate of associated twofold coincidences AS and BS, and 
the rate of single coincidences SS, the last of which 
provides an upper limit to the number of neutral- 
initiated events accompanied by low density showers 
hitting only one counter group. Auxiliary information 
on the relative probabilities of associated showers dis- 
charging various nuinbers of counters were also available 
from other similar experiments.'''® By using all this 
information, self-consistent corrections were found as 
shown in columns 8 and 9 of Table IL. 

It will be observed that the uncertainties in the 
values of the ratio V/C have been greatly increased by 
the corrections. The large effects of air showers and 
regressive secondaries seem to be an inevitable con- 
sequence of selecting events of high primary energy and 
hence of considerable complexity. 

Because of these errors, the variation of the ratio 
\.C with energy is not made clear by the data. 
N/C surely does not increase with energy, but it may 
remain almost constant or it may decrease appreciably. 
However, the average value is close to {, and the value 
is greater than {| even for the largest bursts and pene- 
trating showers observed. 


MEDIAN PRIMARY ENERGY OF THE EVENTS 


The apparatus discriminated strongly against bursts 
caused by heavily ionizing particles, since these par- 
ticles only contribute significantly to the ionization in 
the case of those penetrating showers that originate in 
the ionization chamber walls. Therefore, the most 
economical way to account for the ionization is with 
electrons. The medium burst size was 1.5a, which cor- 
responds to about 80 electrons crossing the chamber, or 
(because of scattering and the lead-brass transition 
effect) to about 180 electrons in the cascade within the 
lead. Since the cascades were not all detected at their 
maxima, the median energy in the electronic component 
must have been somewhat greater than 2X10" ev. 
Judging from the average number of shielded counters 
discharged and the energy lost by the secondary .V 
component in nuclear interactions while traversing the 
filter, the average energy in the secondary heavy par- 
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ticles was roughly equal to that in the electronic com- 
ponent. Thus, the median total energy of the secondaries 
was 40-50 Bev, and the median primary energy pre- 
sumably exceeded this by a small amount. 

A second way of estimating the median primary 
energy is from the absolute frequency, as has been done 
before.” A geometric calculation based on a_ cos’@ 
zenith angle dependence indicates that the equivalent 
area times solid angle of the apparatus in the vertical 
direction was 100 cm® sterad. The thickness of lead in 
which bursts could be efficiently generated was about 
two inches; hence, about 0.3 of the particles capable of 
producing an event would do so. There were 852 events 
in 544 hours. Therefore, the absolute intensity was about 
1.45 10° cm™ sec”! sterad~!. Of these primaries half 
were above the median primary energy. Ticho'’ has 
shown that the nuclear interacting component of energy 
around 10" ev is absorbed exponentially in the atmos- 
phere, with a mean free path (after a small correction 
by means of a Gross transformation) equal to about 
130 g/cm*. The intensity at the top of the atmosphere, 
above the median primary energy, accordingly was 
about 1.67X10-*; and with the primary spectrum 
published by Barrett ef al.," this corresponds to an 
energy of 1.2 10" ev. 

Within the accuracy of the methods used, both 
estimates of median primary energy are consistent with 
each other; and if one accepts the value 80 Bev, the 
error will be less than a factor of two, 


DISCUSSION 


From the work of the Bristol Laboratory,” the 
number of charged pi-mesons produced in high energy 
collisions is about six times the number of protons and 
hence also about six times the number of neutrons. If 
the collisions are of the catastrophic nature suggested 


TaABLe IIL. Comparison of the number of bursts in which the 
central chamber had the smallest pulse with the number in which 
it had the largest pulse. The most obvious way to account for 
cases in which ,<#H, and H; is in terms of incident air showers, 
though even these should produce H,=H, and H; more often than 
H,<H» and H;. The inference is that most of the events with 
primary ABS were due to complex air showers; while probably 
significant fractions of the types AS and BS, and possibly of type 
S, but not many of type AB, were also due to air showers 


Number of mixed Number of mixed 
showers with showers with 
Hy <Hiand Hy Hi 2Hiand Hy; 


Primary Ratio 
228 0.01 
352 0.01 

40 0.05 

90 0.01 

38 0.08 
d 104 0.35 
Total 852 0.055 


“1 Barrett, Bollinger, Cocconi, Eisenberg, and Greisen, Revs. 
Modern Phys. 24, 133 (1952). 

2 Daniel, Davies, Mulvey, and Perkins, Phil. Mag. 43, 753 
(1952) 
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by Fermi, the mesons and the secondary protons and 
neutrons would have similar energy distributions. At 
80 Bev, the fraction of the charged pi-mesons surviving 
to make nuclear collisions is 0.4; while for energies within 
a factor two of 80 Bev, the fraction varies between 
0.25 and 0.57." Therefore, considering only the secon- 
dary nucleons and pi-mesons, the ratio V/C for particles 
of the median energy in the present experiment should 
be 0.3+-0.1. 

Two effects should further reduce this ratio. One is 
the presence, in the V component at 700 mb, of a 
residue of primary protons that have not interacted in 
the atmosphere. The other is the production of 1, x, 
Vo, and V»” particles, which contribute to the inten- 
sity of charged pi-mesons by decay in the atmosphere, 
but presumably (because of the short lifetimes of the 
neutral particles that have strong nuclear interaction) 
do not contribute comparably to the intensity of 
neutral .V component. 

Therefore, the average value of V/C predicted ac- 
cording to this picture is less than 4, in marked contrast 
to the observed value of about 3. A considerable dif- 
ference exists independently of the corrections to our 
data, which may reasonably be viewed with some 
distrust. 

It is suggested that our results, as well as the differ- 
ence between the absorption and interaction lengths of 
the high energy .V component in the atmosphere,'? can 
be better explained if the collisions are less catastrophic, 
allowing the incident nucleons some ‘memory”’ after 
the interactions of their identity and energy beforehand. 
One must, of course, assume that charge exchange 
occurs freely —that is, that there is almost equal likeli- 
hood for a proton, after meson production, to emerge 
as a neutron or still as a proton; the “memory” must 
not include the initial charge to any great extent. 
However, we propose that one of the nucleons par- 
ticipating in the interaction may on the average retain 
a substantial fraction (half or more) of the initial 
energy, while the other particles emerge with con- 
siderably lower energies. 

In this case, the neutrons would comprise a larger 
fraction of all secondary particles of a given energy than 
in the case of more violent interactions in which the 
initial identity is lost. Also, since the degradation of 
energy would be less per collision, the absorption length 
would exceed the interaction length considerably, as 
observed; and the particles arriving at mountain ele- 
vations would on the average have suffered more col- 
lisions, tending to equalize the V/C ratio. 

These arguments may be illustrated with the fol- 
lowing crude model, accurate enough for our purposes, 
of the diffusion of the V component in the atmosphere. 
Assume that the primaries have an integral energy 
spectrum following a power law with exponent y¥=1.5; 
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that A, is the interaction mean free path; and that in 
each collision, fractions f; (j=1, 2, ---) of the primary 
energy are given to the various secondaries. Let g; be 
the probability that the secondary designated by j 
survives to make further nuclear interactions, and set 
g=0 for noninteracting types of particles. Approximate 
A; and the multiplicities of secondary production as 
being independent of energy and of type of initiating 
particle, and the values of g; as being independent of 
energy. Then the total V component will retain the 
form of the primary energy spectrum, and will be ab- 
sorbed exponentially with an absorption length A 
given by \;/A=1—2g¢;(f;)?. The relative numbers of 
secondary and primary particles at any depth x in the 
atmosphere will be given by exp(x/A;—x/A)—1; and 
the relative numbers of neutral and charged particles 
among the secondaries will be given by the value of 
the sum 2Yg,(f;)? for the neutrons produced in the 
interaction, relative to the corresponding sum over all 
the charged particles produced. 

To be more specific in applying this model, let us 
assume that in the collisions in which the secondaries 
have energies of 80 Bev, the following particles emerge: 
one proton and one neutron, for which g=1, four 
charged pi-mesons for which g=0.4, two neutral pi’s 
for which g=0, and four heavy mesons of which two 
give half their energy to a charged pi. Assume that half 
of these particles are emitted backwards in the c.m. 
system and so have practically no energy in the laboratory 
frame of reference and that the other six particles are 
emitted forwards with equal energies. Such collisions 
would lead to A/A;= 1.15, or \=92 g/cm? if \;=80; and 
to V/C=0.22. Now change only the assumption about 
the energy distribution among the forward-emitted 
particles, letting the nucleon (either proton or neutron 
with equal probability) retain half the primary energy 
and the other five particles each have ;5 of the energy. 
Then \A/A;=1.62 or }\=130 g/cm? for A;=80; and 
N/C=0.80. 

Such a crude model, completely ignoring fluctuations, 
cannot be expected to produce accurate results, and the 
excellent agreement of the second set of values of \ 
and N/C with the observations must not be given too 
much weight. The calculation is only illustrative of 
how the data can be explained in terms of nuclear col- 
lisions that are on the average rather elastic, but not if 
one assumes an equipartition of energy among the 
secondaries. 

The facilities of the Inter University High Altitude 
Laboratory at Echo Lake, Colorado were uséd in the 
performance of this experiment. Financial support was 
provided by the Research Corporation, and some of the 
apparatus was made available through a contract with 
the U. S. Office of Naval Research. We wish to thank 
Professor G. Cocconi for helpful discussions. 
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In a series of pictures taken with a multiplate cloud chamber, we have observed a number of charged 
unstable particles considerably heavier than r-mesons, of which some decay at rest (S particles) and some 
decay in flight (V* particles). In each case the charged decay product is a particle of mesonic mass. From 
our results, which are not yet completely conclusive, it appears that most of the observed events can be 
explained by the two-body decay of a single kind of particle. The evidence concerning the mass of this 
particle, its mean life, and the nature of the neutral decay product is discussed. Our observations are com 
pared with those of other experimenters. 


I. INTRODUCTION 18 cm deep. Two photographs were taken at 5° to the 
chamber axis and two more at 30° to the axis. 

The cloud chamber was triggered by a penetrating 
shower detector placed directly above it, as shown in 
Fig. 1. In this figure, Pb represents a block of lead; 
A, B,C, D, and E are groups of Geiger-Mueller counters. 
The triggering event was the simultaneous discharge 
of at least one counter in each group. Such fivefold 
coincidences occurred at a rate of approximately 18 
per hour. The cloud-chamber recycling time was 4 
minutes so that the chamber was expanded on the 
average about 8 times per hour. Practically all of the 
triggering events were caused by nuclear interactions 


N previous publications'* we have reported the ob- 

servation of charged particles heavier than m-mesons 
which appeared to undergo spontaneous decay after 
coming to rest in a multiplate cloud chamber. In each 
case the single visible decay product was a particle of 
mesonic mass with a kinetic energy of the order of 100 
Mev. In our laboratory we have been referring to these 
particles as “anomalous stopped particles,” or ‘.S- 
particles” for short. 

In this paper we wish to describe some further ex- 
perimental evidence concerning S particles, as well as 
some observations on the so-called “charged V_ par- 
ticles.” These are particles heavier than m-mesons that 
are observed to disintegrate in the gas of a cloud cham 
ber. We wish to point out that by using two different 
names we do not imply that S particles are necessarily The equipment was operated for a period of approxi- 
different from charged V particles; we merely want to 
leave this possibility open for discussion. 


which occurred in the lead block. In about 50 percent 
of the cases penetrating particles from the nuclear 
interactions appeared in the cloud-chamber pictures. 


(AX AX aXaxaX a} 
Pb | 


2. EXPERIMENTAL ARRANGEMENT 


We made our observations with the same cloud 
chamber used in a number of previous experiments. 
The chamber, however, had a new plate assembly con- 
sisting of 11 lead plates, 48 cm long, 22 cm wide, and 
0.63 cm thick. Each lead plate carried, on either side, 
an 0.8-mm thick glass mirror to improve the illumina- 
tion. The plates were tilted so as to be viewed edgewise 
by the cameras. At the center of the illuminated region 
their separation was 2.4 cm. The total thickness of 
lead and glass was equivalent to 7.7 g cm? of lead with 
regard to ionization losses, to 7.1 g cm~ of lead with 
regard to radiation losses or scattering, and to approxi- 
mately 7.8 g cm™~ Pb in terms of probability for nuclear 
collisions. The illuminated region was approximately 














Fic. 1. Experimental 
arrangement 
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1H. S. Bridge and M. Annis, Phys. Rev. 82, 445 (1951). 

2 Rossi, Bridge, and Annis, Rend. accad. nazl. Lincei 11, 73 
(1951). 

4 Annis, Bridge, Courant, Olbert, and Rossi, Nuovo cimento 9, 
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Fic. 2. S particle (event $7) 


mately 5 months at an altitude of 3260 m above sea 
level. During this period approximately 22 000 pictures 
were taken. 


3. EXPERIMENTAL RESULTS CONCERNING 
STOPPED PARTICLES 


In the 22 000 pictures we found approximately 1200 
particles that stopped in the chamber after traversing 
at least five plates. Nearly all of these particles origi- 
nated in the block the chamber, From 
specific ionization, residual range, and scattering,’ we 
estimated that approximately 260 of the stopped par- 
ticles mentioned above were m-mesons, and the rest 
mostly protons and perhaps deuterons. 

We also observed 33 cases where a particle stops in a 
lead plate after traversing one or more plates, and a 
particle which appears to be the decay product of the 
stopped particle, emerges from the same plate. These 
33 cases fall into the following groups, according to the 
behavior of the decay particle: 


lead above 


Group A (17 cases): the decay particle stops in the 
lead plate next to the one where it originates, or is 
scattered back and forth between the two plates. 

Group B (6 cases): the decay particle enters the next 
plate near the edge of the illuminated region and may 


either stop in this plate or emerge from it outside of the 


illuminated region. 

Group C (2 cases): the decay particle emerges from 
the plate of production alone, but undergoes multi- 
plication on traversing the next plate. 


4 Annis, Bridge, and Olbert, Phys. Rev. 89, 1216 (1953). 
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Group D (1 case): after emerging from the plate of 
production, the decay particle traverses 1 additional 
plate and comes to rest in the following plate. 

Group £ (1 case): the decay particle traverses one 
plate and then goes out of the illuminated region. 

Group S (6 cases): the decay particle traverses two 
or more plates. 


The 6 cases included in the last group are discussed 
individually below. 


Event S3 


The primary particle enters the chamber from above 
and stops in the 5th plate from the top. The secondary 
particle is emitted downward and appears to stop in 
the 11th plate. However, in this particular picture the 
chamber was underexpanded; it is possible, but not 
likely, that the particle has emerged undetected from 
the 11th plate. Before entering the 11th plate, the 
particle had traversed 64.4 g cm? of lead equivalent. 
Here as in the following cases the range was determined 
from a reconstruction of the trajectory in space. 


Event S4 


The primary particle appears to originate in the 2nd 
lead plate with no other particles coming from the 
same origin. It stops near the top of the 4th plate. The 
secondary particle is emitted downwards and stops in 
the 8th plate. Before entering this plate, it had traversed 
65.6 g cm Pb, 

Event S5 


The primary particle originates from a nuclear inter- 
action in the 6th plate; it stops in the 8th plate. The 
secondary particle is emitted downward and leaves the 
cloud chamber after traversing 3 plates. Its range is 
greater than 36 g cm™ Pb. 


Event S6 


The primary particle enters the chamber from above. 
It stops in the 9th plate. The secondary particle is 
emitted upward and leaves the illuminated region 
after traversing 2 plates. Its range is greater than 
16.6 g cm™ Pb. 

Event S7 


The primary particle enters the chamber from above. 
It stops in the 11th plate. The secondary particle is 
emitted upward and leaves the illuminated region 
after traversing 4 plates. Its range is greater than 60.0 
gon Pp. 
Event S8 


The primary particle enters the chamber from above 
and stops in the 3rd plate. The secondary particle 
leaves the illuminated region after traversing 4 plates. 
Its range is greater than 43.4 g cm~ Pb. 

Events $7 and S8 are shown in Figs. 2 and 3. Table I 
summarizes the measurements made on the primary and 
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TABLE I. Summary of measurements on the primary and secondary tracks of events S1 to S8 as explained in the text. 


Primary particle 
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Secondary particle 
S4 4 S7 
° x ¥ " x 
deg gem? deg 2 deg gem? 
24.2 4.2 
8.5 39.6 8.2 9.0 8 18.1 
32.0 57.1 2.0 10.0 a 32.0 
12.0 65.6 7.0 46.0 
STOPS 60.0 
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on the secondary tracks of the six events discussed ¢ represents the projected angle of scattering in the 
above, as well as similar measurements made on two plate. R is the residual range of the incident particle 
events reported previously (S1 and S2).* In Table I, as it enters the plate. x is the total thickness of lead 
the number 0 denotes the plate where the primary equivalent traversed by the secondary particle from the 
particle stops and decays. The other plates are num- point of decay to the point where it leaves the plate. 
bered in order of increasing distance from plate No. 0. 

4. INTERPRETATION 


The events listed in groups A, C, and D can be 
readily interpreted in terms of the m—-y-e decay 
process. Most of the events in group B are probably of 
the same nature. According to this interpretation, the 
incident particle is a w-meson from a nuclear inter- 
action. The w-meson produced by the decay of the x- 
meson at rest has an energy of only 4 Mev, and thus 
stops in the plate where it is produced. The outgoing 
particle is then the decay electron of the u-meson. It 
may be recalled here that the decay electrons of p- 
mesons are distributed in energy from 0 to 54 Mev, 
and that the maximum of the distribution occurs at 
about 35 Mev.° 

Our interpretation of the pictures in groups A, B, 
C, and D is consistent with the fact that most of the 
decay particles emerging from the plate of production 
fail to penetrate the next lead plate. It is also consistent 
with the observation that most of the particles which 
do penetrate this plate undergo large angle scattering 
and, occasionally, a small amount of multiplication. 

Following the method outlined by Annis, Bridge, and 
Olbert* (see also Appendix) one can use the observed 

5 Leighton, Anderson and Seriff, Phys. Rev. 75, 1432 (1949); 
A. Lagarrigue and C. Peyrou, J. phys. et radium 12, 848 (1951); 
Sagane, Gardner, and Hubbard, Phys. Rev. 82, 557 (1951); R. 
Levi-Setti and G. Tomasini, Nuovo cimento 8, 994 (1951); 

Fic. 3. S particle (event $8). Bramson, Seifert, and Havens, Phys. Rev. 88, 304 (1952). 
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scattering in the lead plates to estimate the mass of the 
primary particles in the pictures of groups A, B, C, and 
D (assumed to be all of the same kind). One obtains a 


value of 
+- 40) 
(2 x0 Jom 
30 


which is consistent with either a w- or u-meson (here 
and in what follows m, represents the electron mass).® 

In the single case in group £, the primary particle 
appears to be heavier than a m-meson from specific ion- 
ization and scattering; but, since the secondary par- 
ticle leaves the illuminated region after penetrating 
only one plate, nothing definite can be said about the 
nature of the event. 

The 6 cases in group S cannot be interpreted as 
mye decay processes. Ionization loss alone sets an 
upper limit of 45 g cm~™ to the range of 54-Mev elec- 
trons in lead. In cases 83, .S4, and S7 the range of the 
decay particle is greater than this value. Moreover in 
cases S3 and S4 the secondary particle stops in the 
chamber. Specific ionization, scattering, and lack of 
shower production concur to identify the particle as one 
of mesonic mass. 

In cases S5 and S8, as well as in case S1 reported 
previously, the range of the secondary particle is 
greater than 35.8 g cm™ of lead. If one considers only 
ionization losses, one can place a lower limit of 42 Mev 
to the energy of a particle whose range is greater than 
35.8 g cm™ Pb. Actually, of course, for electrons of the 
energies under consideration here, radiation losses in 
lead greatly exceed collision losses. It is thus virtually 
impossible to identify these particles as electrons of 
less than 54-Mev energy. Small scattering and lack of 
multiplication confirm this conclusion. 

In case S6, and in case S1 previously reported, the 
secondary particles leave the illuminated region after 
traversing 16.6 and 27.6 g cm™ of lead, respectively. 
From range alone, one cannot completely rule out the 
possibility that the secondary particle is the decay elec- 
tron of a uw-meson. However the lack of multiplication 
and of large-angle scattering makes this possibility 
appear as a very remote one. Indeed the root mean 
square projected angle of scattering of an electron in 
the lead plates of the chamber is approximately 17° at 
54 Mev and increases in inverse proportion to the de- 
creasing energy as the electron traverses matter. The 
observed root mean square projected angle of scattering 
is about 5° in case S5 and about 2° in case S2. 

One may wonder about the possibility of explaining 
the events discussed above as chance coincidences be- 
tween unrelated tracks. ‘To discuss this possibility, con- 
sider that in all of the events the apparent point of 
decay is in the well-illuminated region. The incident 


* it should be noted that no special effort was made to detect 
all events where the decay electron came out of the plate of pro- 
duction. These events are not very conspicuous and many of them 
may have been missed 
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particle traverses at least one plate and fails to emerge 
from the plate where the decay seems to occur. It is 
quite heavily ionizing in the last visible section of its 
trajectory. The particle that we interpret as the decay 
product certainly originates in the plate, because if it 
had originated elsewhere its trajectory would have 
been seen entering the plate in all cases. The trajec- 
tories of the primary and of the secondary particles 
appear copunctual in all available views. A conservative 
estimate of the possible experimental uncertainty shows 
that in each case the secondary particle must have 
originated within an area of 0.2 cm? about the end 
point of the primary particle. We have explored about 
5X 10° cm? of plate surface taken at random in the 
illuminated region and found one track of a particle 
which originated in a plate and traversed at least 2 
additional plates. On the other hand, in our series of 
pictures there were about 4000 tracks of heavily ioniz- 
ing particles (mostly protons) that came to rest in the 
chamber after traversing at least one plate. The proba- 
bility that in the entire set of pictures we would have 
observed one chance coincidence between unrelated 
particles simulating a decay process is thus of the order 
of 4000 0.2/5 10°= 2 10-*. We thus conclude that 
the observed events cannot be explained as chance co- 
incidences. Since we have already rejected the possi- 
bility of rye decays, we shall regard the events of 
Group S as examples of S particle decays. 

The scattering method mentioned above enables us 
to estimate the mass of the primary S particles (as- 
sumed to be all identical). From the measurements on 
the eight particles listed in Table I one obtains for this 
mass a value of 


+410 
Mm, = (1100 )m. 
- 360 


Comparing this result with that obtained for particles 
in groups A, Bb, C, and D it is evident that the S-par- 
ticles are certainly heavier than m-mesons. They could, 
however, have protonic mass. 

One can obtain some additional information on the 
mass of S particles from the specific ionizations ob- 
served at various distances from the ends of the tracks. 
One finds that in all cases the mass lies between 1000 
m, and the proton mass.’ 

We now turn our attention to the secondary par- 
ticles, and we consider first the two cases ($3 and S4) 
in which the secondary particle stops in one of the 
plates. In case S4 the specific ionization in the last 
section of the secondary track is considerably greater 
than minimum. Thus if the particle is a meson, it must 
have stopped near the point of entrance into the plate. 
Taking this fact into account, one obtains for the 
range a value between 65.6 and 67.7 g cm~ Pb. In case 

7 Under the conditions in which our pictures were taken, only 
a crude estimate of the specific ionization is possible. In general 
we believe that we can estimate the ionization within a factor of 
2, up to about 10 times minimum. 
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S3 the chamber was underexpanded and therefore no 
confidence can be placed on estimates of specific ioniza- 
tion. Thus the particle might have stopped anywhere 
in the plate, and the limiting values for its range are 
64.4 and 74.3 g cm™ Pb. 

A scattering analysis applied to the combined data 
of events S3 and S4 yields a value of 


+130 
(100 mn. 
— &0 


for the mass of the secondary particle. Thus the second- 
ary particle appears to have mesonic mass, as already 
pointed out. Confirming evidence to the effect that this 
particle is heavier than an electron and lighter than a 
proton comes from lack of multiplication and from 
crude estimates of the specific ionization. 

In cases $1, S2, S5, S6, S7, and S8 the secondary 
particle leaves the illuminated region before coming to 
rest. Thus, from range alone, one can only place a 
lower limit to its momentum. In addition, however, 
one can obtain an estimate of the momentum from the 
observed scattering (see Appendix). Figure 4 sum- 
marizes the information on the momentum of the secon- 
dary particles derived from range and from scattering 
measurements, under the assumptions that the secon- 
dary particles are m-mesons [FT ig. 4(a)] or u-mesons 
[Fig. 4(b)]. Vertical bars indicate “absolute” mo- 
mentum limits determined by range. Arrowheads indi- 
cate “statistical’”’ limits determined by scattering (see 
Appendix). Dots indicate ‘most probable” values de- 
rived from scattering. 

In events S3 and $4, where the limits of the experi- 
mental uncertainty in momentum are quite narrow, the 
agreement between the values of the momentum is par- 
ticularly striking. The assumption of a unique mo- 
mentum for the secondary particle is perfectly consist- 
ent with the results obtained for events S1, S5, S6, and 
S8. In events $2 and $7 the most likely value of the 
momentum determined by scattering is considerably 
higher than the secondary momenta observed in events 
S3 and S4. However the significance of this result is 
doubtful on account of the large statistical errors of the 
scattering measurements. 

In conclusion, our data do not seem to contradict the 
assumption that all secondary particles have the same 
momentum and thus that the decay of S particles is a 
two-body process. If this assumption is correct, event 
S4 yields for the momentum of the secondary particle 
a value from 212 to 215 Mev/c if this particle is a 
m-meson, and a momentum from 183 to 186 Mev/c if 
this particle is a u-meson. 

As a further check of internal consistency, we have 
computed the mass of the secondary particle by assum- 
ing that all secondary particles have a range of 66 g 
cm~ (in agreement with event S54) and by taking into 
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Fic. 4. Momenta of the secondary particles of S particles com 
puted under the assumption that the secondary particles are 
(a) w-mesons, (b) w-mesons. Bars indicate “absolute” limits from 
range; arrowheads indicate “statistical” limits, from scattering. 
Dots indicate “most probable” values, from scattering. 


account all observed angles of scattering. We found 


+110 
m= (275 )rn. 
— 70 


a value consistent with either the m- or the u-meson 
mass. 

Although the secondary particles have been observed 
to traverse 350 g cm~ Pb, no nuclear interactions have 
been seen. Since it is known that 2-mesons, unlike p- 
mesons, interact strongly with nuclei, this observation 
favors the identification of the secondary particles as 
u-mesons. However it does not completely rule out the 
possibility that the secondary particles are #-mesons, 
especially because there may be some bias against re- 
cording S particles whose secondaries undergo nuclear 
interactions. Indeed, if the nuclear interaction occurs 
in the first or in the second plate next to the one where 
the secondary particle originates, and if neither the 
interacting particle nor any of the products of the inter- 
action emerges from the plate, the event would be 
classified as a r—y—e decay. Neglecting the first and 
the second plate, the total thickness of matter traversed 
by the secondary particles is 122 g cm~ Pb. 

If one accepts the assumption of a two-body decay, 
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Fic. 5. Charged V particle (event V2). 


one must conclude that, in each case, a neutral particle 
of momentum about 200 Mev/c is emitted in the direc- 
tion opposite to that of the charged decay product. 
From stereoscopic analysis of the pictures one finds 
that altogether the neutral decay products of the ob- 
served eight S particles have travelled a distance of 58 
cm in the gas and of 16 cm in the plates (~170 g cm~ 
Pb) before leaving the illuminated region of the cloud 
chamber. No spontaneous decay and no interaction in 
matter has been observed 


5. DOUBTFUL EVENTS 


Not included in the decays of stopped particles dis- 
cussed in the preceding sections are two events whose 


interpretation is doubtful. 

In the first event a particle appears to enter the 
cloud chamber from above and to stop in the second 
lead plate, giving rise to a secondary penetrating par- 
ticle which leaves the illuminated region after traversing 


4 lead plates (51 g cm™). At first sight, this event looks 
like an S particle decay. It has, however, several pe- 
culiar features. 

(a) The primary particle has not more than twice 
minimum ionization above the first plate and becomes 
heavily ionizing on traversing this plate. This behavior 
is inconsistent with the large mass of S particles, unless 
one assumes that the particle loses energy in a nuclear 
collision. 

(b) Halfway between the first and the second plate 
the trajectory of the primary particle undergoes a de- 
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tlection of 20°. There is a blob of ionization at the point 
where the deflection occurs, suggesting that the deflec- 
tion may be due to a collision with an argon nucleus. 
(c) The secondary particle scatters less than one 
would expect for a - or u-meson of about 200 Mev/c 
momentum even though the difference may not be 
statistically significant (the observed angles of scatter- 
ing indicate a momentum of 


+270 
( 720 ) bev ie). 
~ 230 


The following is a possible, even though unlikely, 
alternate interpretation for the event described. A neu- 
tron causes a nuclear interaction in the second lead 
plate, and produces a penetrating particle in a down- 
ward direction and a slow m-meson (or S particle) in 
an upward direction. This particle stops and decays in 
the first lead plate. The decay product leaves the plate 
following a trajectory which is the almost exact con- 
tinuation of the trajectory of the parent particle. 

In the second event a particle appears to enter the 
chamber from above, to traverse three lead plates and 
to stop in the fourth plate. Seemingly a secondary par- 
ticle arises from the point where the primary particle 
stops; it traverses seven lead plates (69 g cm~*), and 
then leaves the chamber. The peculiar features of this 
event are: 


(a) the fact that the “primary particle” is heavily 
ionizing only in the last section of its trajectory, which 
is inconsistent with the identification of this particle as 
an S-particle, unless an energy loss by nuclear collision 
occu®rs ; 

(b) the high momentum of the secondary particle 
(the visible range sets a lower limit of 217 Mev/c to 
this momentum if the particle is a 7-meson and a limit 
of 188 Mev/c if it is a u-meson; the scattering is ex- 
tremely small and indicates a momentum greater than 
1000 Mev/c). 

Here again an alternate interpretation is possible. 
One can assume that a neutron causes a nuclear inter- 
action in the fourth lead plate; a penetrating particle 
is produced in a downward direction, and an S particle 
of very low energy in an upward direction. The S 
particle stops in the third plate and its decay product is 
projected upward. 

Because of their doubtful interpretation, the two 
events described above will be disregarded in the fol- 
lowing discussion. They are mentioned here merely as 
an indication for the possible existence of S particles 
which give rise to secondaries of momentum consider- 
ably greater than 200 Mev /c. 


6. CHARGED V PARTICLES 


In the same set of pictures that yielded the six ex- 
amples of S particles (S3 through S8) described in Secs. 
3 and 4, we found five clear examples of particles dif- 
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ferent from m- or w-mesons which disintegrate in the 
gas. We classify these events phenomenologically as 
charged V particle (or V* particle) decays. Two of them 
are reproduced in Figs. 5 and 6. In what follows we de- 
scribe in some detail the above five events (V2 through 
V6) as well as one similar event reported previously 
(V1).! 

In event V2 (Fig. 5) the primary particle enters the 
chamber from above. It traverses 4 plates and has a 
very small velocity or perhaps is at rest when it dis- 
integrates. From range and specific ionization it appears 
to have a mass greater than about 600 m,. The small 
amount of scattering indicates an even larger mass. 
The secondary particle is emitted at an angle of 56 
and traverses three lead plates before leaving the il- 
luminated region. If this particle is a m-meson, its 
visible range sets a lower limit of 155 Mev/c to the 
momentum, whereas scattering indicates a momentum 


of 
+110 
266 . ) Mev/< 


a a 


If the secondary particle is a u-meson, the corresponding 
values are 132 Mev/c and 


+110 
4 ) Mev/c. 
— 60 


In event V3 (Fig. 6) the primary particle enters the 
chamber from above. It ionizes more than minimum all 
along its visible trajectory and has an estimated specific 
ionization of about twice minimum where it decays, 
which indicates a velocity of the order of 0.6 times the 
velocity of light. The observed scattering and specific 
ionization indicate a mass greater than about 1000 m,. 
The secondary particle is emitted at an angle of 32.5‘ 
and traverses four lead plates before leaving the cham- 
ber. This places a lower bound of 166 Mev/c to its 
momentum if the particle is a m-meson, and a lower 
bound of 142 Mev/c if it is a u-meson. From scattering, 
the momentum appears to be 


+165 
490 ) Mev ‘ 
— 140 


irrespective of whether the particle is a #- or a u-meson. 

By applying the Lorentz transformation, one finds 
the following results for the momentum of the secondary 
particle in the frame of reference where the primary 
particle is at rest: (1) If the secondary particle is a 7- 
meson: Pmin=90 Mev/c (from range); 204 Mev/c<p 
<430 Mev/c (from scattering). (2) If the particle is a 
u-meson: Pirin = 76 Mev/c (from range); 202 Mev/c<p 
<424 Mev/c (from scattering). The limits indicated 
include the uncertainty in the estimate of the primary 
velocity 

In event V4 the primary particle originates in a 
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nuclear interaction in the chamber and it decays after 
traversing one plate. Its ionization at the point of decay 
is close to minimum. The secondary particle is emitted 
at an angle of 57.5°. It traverses 2 plates, becomes 
heavily ionizing and stops in the following plate. If 
the particle is a m-meson, its momentum is between 
141 and 159 Mev/c. If it is a u-meson, the momentum 
limits are 120 and 137 Mev/c. One cannot compute the 
corresponding momenta in the frame of reference of 
the primary particle because the velocity of this par 
ticle is not known. One can say, however, that the 
momentum in the frame of reference of the primary 
particle cannot be smaller than the transverse com- 
ponent of the momentum in the laboratory system. 
This is between 119 and 134 Mev/c if the secondary 
particle is a m-meson, and between 101 and 115 Mev/« 
if the secondary particle is a u-meson. 

In event V5 the primary particle enters the chamber 
from above and traverses four plates before decaying. 
The ionization is everywhere more than twice minimum, 
which places a lower limit of about 1000 m, to the mass. 
The secondary particle is emitted at an angle of 135‘ 
and leaves the illuminated region before traversing any 
lead plate. The event cannot represent a m->u or a 
ue decay because the mass of the primary particle 
is definitely greater than that of a w- or a m-meson. 
from 
m-meson dis- 


u-mesons do not usually originate 
Furthermore, if 
integrating in flight ejects the secondary u-meson at an 


in the laboratory system, both 


Moreover, 
nuclear interactions. 


angle greater than 90 
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Fic. 6. Charged V particle (event V3). 
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the parent and the daughter particles must have ve- 
locities smaller than the velocity of a u-meson originat- 
ing from the decay of a r-meson at rest (8=0.38). Such 
small velocities are incompatible with the observed 
ionizations. 

In event V6, the primary particle emerges from a 
nuclear interaction in the fourth plate and decays in 
the gas at a distance of 2 cm from its point of origin. 
The secondary particle is emitted at an angle of 78°, 
traverses one lead plate with a scattering angle of 10° 
and stops in the next plate. The event cannot be a 
nm— yu decay. It could be a ye decay, but this appears 
to be only a remote possibility. In the first place y- 
mesons are very rarely emitted from nuclear interac- 
tions. In the second place a w-meson has a long mean 
life and is thus very unlikely to decay in flight in a 
cloud chamber. Thirdly, few among the decay elec- 
trons of w-mesons traverse one of the plates in our 
chamber without multiplication (see Sec. 3 above). 
Thus the event under discussion represents most prob- 
ably a V* particle decay. 

If this is the case and if we assume the secondary 
particle to be a m-meson, its momentum lies between 
138 and 150 Mev/c. If the particle is a u-meson, the 
corresponding limits are 116 and 127 Mev/c. The pri- 
mary particle ionizes between 2 and 4 times minimum 
at the point where it disintegrates; the corresponding 
velocity is between 0.6 and 0.4 times the velocity of 
light. By means of the Lorentz transformation, one 
finds the following limits for the momentum of the 
secondary particle in the frame of reference where the 
primary particle is at rest: if the particle is a m-meson: 
146 to 187 Mev/c; if the particle is a u-meson: 122 to 
153 Mev/c. 

Event V1, which was described in previous publica- 
tions,’ has been reanalyzed with the following results. 
The primary particle has an ionization between 2 and 
5 times minimum. The secondary particle is emitted 
at an angle of 95°, undergoes nuclear scattering in an 
aluminum plate, and comes to rest in the chamber after 
traversing two lead plates, each 0.63 cm thick, and two 
aluminum plates, each 0.8 cm thick. From scattering 
and specific ionization it appears to have mass near to 
that of the w- or the u-meson. Since it undergoes nuclear 
scattering, it is presumably a a-meson. Its residual 
range at the point of production corresponds to a mo- 
mentum between 142 and 145 Mev/c, tf one assumes 
that the particle does not lose any energy in the process of 
nuclear scattering. Transformation to the frame of refer- 
ence where the primary particle is at rest gives a value 
between 172 and 225 Mev/c for the momentum of the 
decay product in this frame of reference. 

From the similarity of these results and those ob- 
tained for events S3 and $4, it would appear that, in 
many cases at least, charged V particles are S particles 
disintegrating in flight. The phenomenological identity 
between S particles and charged V particles is also 
forcefully suggested by event V2, which could equally 
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well be classified as an S particle or as a charged 
V particle. 

In event V6 the momentum of the secondary particle 
in the frame of reference of the parent particle appears 
to be somewhat lower than the momentum of the sec- 
ondary particle from S3 or S4. However, one cannot 
rule out the possibility that the secondary particle 
might have undergone an anomalous energy loss by 
nuclear collision. Conversely, if event V1 has to be 
interpreted as the decay of a particle similar to $3 or 
54, one must assume that the nuclear scattering of the 
secondary particle is not accompanied by a large loss 
of energy. 


7. COMPARISON WITH OTHER EXPERIMENTAL 
RESULTS ON V PARTICLES 


Observations of V* particles have been reported by 
various authors.*" Recently Armenteros ef al.’ and 
Barker et al.'4 have published the results of measure- 
ments on 27 charged V’s photographed in a magnetic 
cloud chamber; however, only in 18 cases were they 
able to determine the momentum of the secondary 
particle. They found that the distribution of the trans- 
verse momenta did not seem to correspond to the dis- 
tribution to be expected from a two-body decay and 
therefore concluded that if all charged V particles were 
the same, the decay scheme was probably a three body 
process.'?!5 On account of the small number of events, 
a conclusion based on a statistical argument is perhaps 
open to some doubt. It is therefore worthwhile to ex- 
amine the individual observations in detail. 

In one case an estimate of the specific ionization of 
the primary particle is available. From the correspond- 
ing velocity estimate, from the angle of emission of the 
secondary particle and from its measured momentum 
one obtains the following values for the momentum, 
p, of the secondary particle in the frame of reference 
where the primary particle is at rest: if the secondary 
particle is a r-meson: p= (225+20) Mev/c; if the sec- 
ondary particle is a u-meson: p= (217+20) Mev/c. 

In six additional cases simultaneous measurements 
of the momenta of the primary and of the secondary 
particles are available. In these cases one can compute 
the momenta of the secondary particles in the frame of 
reference of the parent V* particles if one assumes 
specific values for the masses of the primary and of the 
secondary particles. Figure 7 shows the result of such a 
computation, made under the assumptions that the pri- 


8G. D. Rochester and C. C. Butler, Nature 160, 855 (1947). 

9 Seriff, Leighton, Hsiao, Cowan, and Anderson, Phys. Rev. 78, 
290 (1950). 

! Thompson, Cohn, and Flum, Phys. Rev. 83, 175 (1951). 

uu W. B. Fretter, Phys. Rev. 83, 1053 (1951). 

2 Armenteros, Barker, Butler, Cachon, and York, Phil. Mag. 
43, 597 (1952). 

3 Astbury, Chippendale, Millar, Neuth, Page, Rytz, and 
Sahiar, Phil. Mag. 43, 1283 (1952). 

4 Barker, Butler, Sowerby, and York, Phil. Mag. 43, 1201 
(1952). 

18 C, M. York, Phil. Mag. 43, 985 (1952). 
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mary mass is 1500 m, and that the secondary particles 
are m-mesons. One sees that the computed momenta are 
consistent with a single value. Moreover this value does 
not differ appreciably from our best estimate of the 
momentum of hypothetical #-mesons originating from 
the decay of S particles.’* We have also computed the 
secondary momenta under the assumptions that the 
secondary particles are y-mesons and that the primary 
mass is 1200 m,. Again we found data consistent with 
the view that the secondary charged decay products of 
charged V particles and of § particles form a mono- 
energetic group. 

In the remaining eleven cases neither the momentum 
nor the specific ionization of the primary particle is 
known. From these observations one can only obtain a 
lower limit for the momentum of the secondary particle 
in the frame of reference of the primary particle, this 
being the observed transverse momentum. Occasionally, 
this limit appears to be higher than the upper limit for 
the secondary momentum found in some V* or S decays. 
However the magnitude of the experimental errors 
makes it difficult to base any firm conclusion on such 
observations. 

For comparison with the results of Armenteros et al., 
Fig. 7 also shows the secondary momenta obtained 
from our measurements on V* particles, under the 
assumption that the secondary particles are -mesons. 


8. DISCUSSION 


Our results and those of other cloud-chamber experi- 
ments suggest that many of the so-called § particles 
and charged V particles are in fact particles of one 
kind, disintegrating either at rest or in flight. From the 
present evidence, which is not yet conclusive, the decay 
appears to be a two-body process. In the frame of refer- 
ence of the primary particle, the momentum of the 
charged secondary particle is slightly greater than 200 
Mev/c if this particle is a #-meson, or slightly smaller 
than 200 Mev/c if it is a u-meson. However in many 
cases only a crude estimate of the secondary momentum 
is available, and it is perfectly possible that some of the 
S events as well as some of the V* events correspond 
to a different type of decay. One should also notice 
that an S particle whose secondary charged product is 
not energetic enough to traverse at least two lead 
plates could have been classified as a m-meson in our 
analysis. 

Charged particles with masses from 1000 to 1500 
electron masses, giving rise to single charged particles 
of mesonic mass by their decay, have also been detected 
in photographic emulsions.'7~” The Bristol observers 

‘6 Tt is perhaps interesting to point out that a similar computa 
tion based on an assumed mass of 1000 m, for the parent particle 
yields a much greater spread for the secondary momenta. 

'7C, O’Ceallaigh, Phil. Mag. 42, 1032 (1951). 

'8R. Levi-Setti and G. Tomasini, Nuovo cimento 9, 1244 (1952) 

1% Crussard, Mubboux, Morellet, Tremblay, and Orkin 


Lecourtois, Compt. rend. 234, 84 (1952). 
”™C. F. Powell, Copenhagen Conference, June, 1952. 
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Fic. 7. Momenta of the secondary particles of charged V’s, in 
the frame of reference of the parent particle, computed under the 
assumption that the secondary particles are w-mesons. Data ob- 
tained from the measurements of the Manchester group are indi 
cated with “M.” Data obtained in the present experiment are 
indicated with “V.” 


have tentatively assumed that these particles are of 
two distinct kinds: (1) a x-meson, which decays into a 
m-meson of momentum about 210 Mev/c and a single 
neutral particle; (2) a x-meson, which decays into a 
u-meson and at least two neutral particles.” y-mesons 
and x-mesons appear to have a mean life greater than 
several times 10°" sec. Thus they certainly live long 
enough to be observed as V* particles, and possibly 
long enough to be observed as S particles. Indeed the 
results presented above make it appear likely that most 
S particles and V* particles are identical to x-mesons. 

A difficult problem arises when one inquires about 
the nature of the neutral particles which must neces 
sarily originate from the decay of S and V* particles. 
We have considered various possible decay schemes in- 
volving a single neutral particle and either a m-meson 
or a u-meson of range 66.6 g cm~ Pb. The corresponding 
masses of the primary particle are listed below. 


(a) S- 
(a’) S—yu-t p, 
(b) S—r+7,; 
(b’) 


1+ vy, m,= 920 m,, 


m,= 780 m,, 
m,= 920 m,, 


uty, m,= 780 m,, 


a+ 1’, m,= 995 m,, 


—>u-+- 7” m,= 870 m,, 
om+Ve 
ut V: 
or+n, 


tn, Mm, 


m,= 1520 m,, 
m,= 1410 me, 
m,= 2385 m,, 
= 2310 m,. 
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hic. & Ratio, n,/n,, of the number of particles disintegrating 
in flight to the number of particles disintegrating at rest, as a 
function of mean life, computed under the assumptions mentioned 
in the text. 


Here v represents a neutrino, y a photon, 7° a neutral 
meson, ” a neutron, and V." the hypothetical neutral 
V particle, disintegrating into two r-mesons, postulated 
by Armenteros ef al.2! We have assumed the mass of 
this particle to be 920 m,, corresponding to a QO value 
of 190 Mev. 

Assumptions (e) and (e’) yield values of m, appre 
ciably greater than that indicated by scattering. Con- 
versely assumptions (a), (a’), (b), (b’), (c), and (c’) 
yield values of m, that appear somewhat too low. More- 
over, the fact that we have not observed an electronic 
component associated with S particle or V* particle 
decays is an argument against the existence of photons 
or neutral mesons among the decay products. 

Assumptions (d) and (d’) yield values of m, per- 
fectly consistent with the observations, as has already 
been pointed out by Powell.” Moreover, Armenteros 
et al.,"* have published a cloud-chamber picture in 
which the decay of a neutral V particle appears to be 
associated with the decay of a charged V particle. 
However, our observations on S particles are difficult 
to reconcile with either assumption (d) or (d’). As 
already pointed out, if the decay of S-particles is a 
two-body process, the neutral decay products of our 
eight S particles have traversed 58 cm of gas and 16 
cm of solid material without undergoing a visible decay 
process. A decay process giving rise to charged particles 
is certainly detected if it occurs in the gas and is prob- 
ably detected if it occurs in a plate. If we identify the 
neutral secondary particles with V,° particles, and if we 
’)’ particles decay into charged - 
Mag. 42, 


assume that all | 


21 Armenteros, Barker, Butler, and Cachon, Phil. 


1113 (1951) 
t Note added in proof. More recent observations indicate that, 
at least occasionally, y-rays are associated with the decay of S 


particles. 
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mesons, we conclude that their mean free path betore 
decay could not be much shorter than 70 cm. There- 
fore, considering the mass (~900 m,) and the mo- 
mentum (~200 Mev /c) of the V," particles, their mean 
life could not be much shorter than 5X 10~ sec. If half 
cf the V," particles decayed into pairs of x’ mesons, 
the time available for the observation of the decay 
would be reduced to 2.5X10™% sec. Even so, assump- 
tions (d) and (d’‘) seem to be inconsistent with existing 
data on the mean life of V,” particles.” 

If we assume that V* particles are S particles dis- 
integrating in flight, we can use our data on the relative 
abundance of S particles and V* particles to obtain 
some information on their mean life. Indeed, the ratio 
n,/n, between the numbers of V* and S particles ob- 
served with a given experimental arrangement is a 
function of the mean life, r. 

We have computed this function with the following 
assumptions: (1) the particles entering the chamber are 
produced at the center of the lead block placed above 
the chamber; (2) they are distributed uniformly in 
range and in angle, so that the number of particles 
stopping in a given plate is proportional to the solid 
angle subtended by this plate at the center of the lead 
block; (3) a particle is classified as an S§ particle if it 
stops and decays in a plate, as a V* particle if it decays 
in the gas, and is rejected as an apparent nuclear scat- 
tering if it decays in flight while traversing a plate. 
lor the evaluation of the ratio n,/n,, a V* particle was 
only counted as such if it could have appeared in the 
chamber as an S§ particle; i.e., its velocity had to be 
low enough so that, had the particle not decayed in 
flight, it would have stopped in the chamber and de- 
cayed at rest. The results of this computation are shown 
in Fig. 8. 

In the group of pictures considered in this paper we 
found six S particles, of which four entered the chamber 
from above; thus x,=4. In the same group of pictures 
we found three V* particles entering the chamber from 
above. Of these one (2) would have certainly stopped 
in a plate if it had not decayed in the gas. The other 
two had a velocity appreciably smaller than the ve- 
locity of light, as shown by their specific ionization. 
The estimate of the velocity, however, was not sufhi- 
ciently reliable to decide whether or not the particles 
would have stopped had they lived long enough. Thus, 
the number of V* particles which might have come to 
rest in the chamber lies between 1 and 3. To obtain n, 
this number should be divided by two because negative 
particles may decay in flight, whereas they presumably 
undergo nuclear absorption after coming to rest in lead. 
In addition, of course, one must consider the large 
statistical errors of a determination based on such an 
extremely small number of events. With these con- 


= Fretter, May, and Nakada (Phys. Rev. 89, 168 (1953) ] found 
for this mean life a value of (443) 10°" sec; Bridge, Peyrou, 
Rossi, and Safford (to be published in Phys. Rev.) derived from 
their observations a mean life of the order of 107" sec 
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siderations in mind, we feel that probably the ratio 
n,/n, lies between 0.05 and 1.0. From Fig. 8 we then 
conclude that the mean life is probably between 10~° 
and 2X10°° sec. It may be recalled that Bridge and 
Annis already gave a lower limit of the order of 10-° 
sec for the mean life of S particles.' For the charged V 
particles, Barker and his collaborators placed a lower 
limit of 10°" sec and an upper limit of 107° see to the 
while Astbury and his collaborators esti- 


~ 13 


mean life," 
mated a mean life somewhat greater than 107° sec 

Our results give some information on the relative 
abundance of S particles and w-mesons. In the present 
experiment we found 4 (presumably positive) S par- 
ticles entering the chamber from above and stopping 
in one of the plates. We also found 3 particles presum- 
ably identical to S particles, which might have stopped 
in the chamber if they had not decayed in flight ; some of 
these particles, however, were probably negatively 
charged. In the same set of pictures we found about 130 
positive m-mesons coming from above and stopping in 
the lower half of the chamber. Taking into account the 
geometry of the experiment, we have crudely estimated 
that there were about 400 positive m-mesons coming 
from above and stopping anywhere in the chamber. 
We then conclude that in the interval of ranges ex- 
plored in the present experiment the ratio of S particles 
to m-mesons was approximately 1/70. 

The experiments discussed in this paper were per 
formed at the Inter-University High-Altitude Labora 
tory at Echo Lake, Colorado. The authors gratefully 
acknowledge the assistance of Mr. Robert Hewitt in 
the operation of the cloud chamber. They are indebted 
to Messrs. S. Olbert, H. Courant, and M. S. Rifai for 
their help in the analysis of the data. 


APPENDIX 
1. Estimate of the Momentum 


The paper by Annis, Bridge, and Olbert* (referred to 
as “II” in what follows) describes a method for ob 
taining the maximum likelihood estimate of the mo- 
mentum of a particle in the case that the momentum 
loss in the plates is negligible. Here we shall discuss the 
same problem in the case that the momentum loss in 
the plates is not negligible. 

Consider a particle crossing ” plates without reaching 
the end of its range. We use the following notations: 

6, the angle of the trajectory with the perpendicular 
to the plates (for simplicity, we assume that @ is the 
same for all plates, thus disregarding small changes 
due to scattering and to the different tilt of the plates) ; 

to, the thickness of the plates; 

t=to/cos@, the thickness of the plates in the direc- 
tion of the trajectory ; 

¢i, the projected angle of scattering in the ith plate; 

II,, the value of the product pie at the center of the 
ith plate; 
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R,, the corresponding residual range. 

Under the normal approximation, the probability 
that the projected scattering angle in the ith plate has 
a value between ¢, and ¢,+d¢; is given by 

| ae 
exp(— ¢,7/2¢,”), (Al) 
VT, 
where 


o;= Kot'm27/il, (A2) 


represents the root-mean-square angle of scattering for 
a particle of poc= II, (see Eq. (II-17)). If we put 


K.tim.c=h, (A2’) 
Eq. (A2) becomes 


IHjo,=h. (A3) 


For our plate thickness the constant /# has the value 
h= 900, (cosé)? Mev degrees. 

The probability of observing a consecutive series of 
scattering angles between yg, and g,+dg¢, in the n 
plates is the product of the expressions (A1) relative to 
the various plates. Apart from a constant, the loga 
rithm of this probability is given by the equation 


b= > (nll, — 1 2g?/ 2h*) (A4) 
Let p be the initial momentum, Le., the momentum 
of the particle before it enters the uppermost plate. For 
given observed values of the scattering angles, the 
quantity (exp ®)dp is proportional to the probability 
that the initial momentum lie between p and p+dp, 
provided all values of p are a priori equally probable. 
Thus the maximum likelihood estimate of p is given 
by the equation 
OP Ap=V. (A5) 
It is convenient to regard @ as a function of p through 
the intermediary of the quantity Ry, which represents 
the residual range at the midpoint of the trajectory. 
This point lies at the center of one plate or midway be- 
tween two plates depending on whether » is odd or 
even. We shall number the plates from this point; 
more specitically, we shall ascribe to 7 the values 
k(m—1), ---1, 0, —1, }(n—1) if n is odd, and 
(n—1), «+>, S(n—1) if n We 
have, then, 


is even. 


Ro+it. (A6) 
Equation (AS) yields 


I’/ORy=0, 


or, remembering Eq. (A4) and considering that dI1,/dRo 


= dil ,/dRj, 
1 dil; 1 


1, dR; ke 


dil, 
II, 
dR; 


¢/7= (A7) 


d(inll) R dil 
“d(inR) I dR 


a 
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be the slope of the curve representing InII vs InR. 
Equation (A7) can then be written as follows: 


wees 
2 a,g?7=0.% 
h? R, 


(A9) 


Consider now that @ is a very slowly varying func- 
tion of II, whose value in the region of interest for our 
experiments is close to 5, so that R is nearly propor- 
tional to IT’. Consider further that 


1 n 


1—(it/Ro)? Ro 


One sees that eq. (A9) is approximately equivalent to 
(A10 


(i/n)S (A11) 


$i; 
where Ip is the value of Il at the center of the trajectory 
and o9=h/Ily is the corresponding value of the rms 
angle of scattering. 

We conclude from Eq. (A11) that the most probable 
momentum of the particle, computed without con- 
sideration of the ionization loss, represents, with good 
approximation, the most probable momentum of the 
particleat the center of the trajectory, por, when ioniza- 
tion loss is taken into account. If we call Ro; the corre- 
sponding range, the most probable value of the initial 
momentum, p; corresponds to the range Roy+ dnt, and 
is thus obtained from the equation 


pi= p(Rort jnt), (A12) 


where p(R) represents the functional relation between 
momentum and range. 

Starting from this approximate solution of Eq. (A9), 
it is easy to obtain an exact solution either by suc- 
cessive approximations, or by graphical construction. 
It turns out, however, that the approximate solution is 
usually adequate to all practical purposes. 

The uncertainty in the estimate of the momentum 
shall be characterized by the quantities Apt and Ap, 
such that the probability function exp ®at pt= p,+ Apt 
and at p= p,— Ap equals e~! times the same function 


at pi. 


* It may be appropriate to point out that the solution of Eq. 
(A9) gives the maximum likelihood estimate not only for p, but 
for any other quantity (such as the initial residual range, R, the 
residual range at the center of the trajectory, Ro, the momentum 
po at the center of the trajectory, etc.) which is a unique function 
of p and whose value, therefore, determines the values I]; uniquely. 
The above statement means that if x is one of these quantities, 
Eq. (A9) defines the most probable value of x, under the assump 
tion that all values of x are a priori equally probable. 
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We begin by computing p* and p~ without consider- 
ing ionization loss, as explained in Hl. We then in- 
terpret the quantities thus computed as approximate 
values for the upper and lower limits of the momentum 
at the center of the trajectory, po* and po. Starting from 
these approximate values, it is comparatively easy to 
obtain exact solutions of the equations 


P( po’ ) P( po ) P( por) 


by a method of graphical interpolation. One finds that 
the exact value of po* never differs appreciably from the 
approximate value, whereas the exact value of po 
differs appreciably from the approximate value only if 
the particle is near the end of its range when it leaves 
the last plate. Once py* and po~ have been determined, 
one computes the corresponding ranges Rot and Ry 

and one obtains p* and p~ with the equations: 


pt=p(Rot+ 5nt); p 


lor the effect of noise level scattering on momentum 


p(Ry +4nt). (A114) 


determinations, see II, Appendix IT. 


2. Estimate of the Mass 


The problem of estimating the mass, m, of a particle, 
or of a group of identical particles stopping in the 
chamber has been discussed in IT. 

For each measured projected angle of scattering, ¢;, 
we compute the quantity 


ni= 9: R,*(cos8;)3, (A15) 
where R, is the residual range, measured from the center 
of the plate, #, is the angle of the trajectory with the 
perpendicular to the plate and @ is the exponent in the 
approximate equation, 


AI /mc?= (R/mc*)*, (A16) 
connecting the range with the value of Il= ppc (see 
Eq. (11-36); for the correction due to the momentum 
loss in each individual plate, see Il, Appendix I). We 
then form the quantity 


" 


Se > »,,2. 


« os 


nil 


(A17) 


Under the normal approximation, the probability dis- 
tribution of .S» is given by 


Wn(S2, p)=const p~"S_"" exp(—nSq?/2p"), (A118) 
where p is the quantity defined by Eq. (I-38), which 


may be rewritten as follows: 


p= alo!(m,/m)'-@, (A19) 
The equation 

AV ,/dp=0 (A20) 
defines the maximum likelihood estimate of p, p:. Sub- 
stitution of this value in Eq. (A19) gives the most 
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probable value of the mass, m;, computed under the 
assumption that all values of m are a priori equally 
probable. Equation (A20) is equivalent to 


fa) 
[x" exp ( 
Ox 


x?) J=0, 


where 


x2= nS32/2p?. 


Equation (A21) has the solution 


from which it follows that 


pi= So. 
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To estimate the uncertainty in the mass deter- 
mination, we compute the quantities Ay* and Ay~ such 
that the function x" exp(—x?) at xr+Axt and at 
xi — Ax~ equals e~' times the value of the same func- 
tion at x,. Equations (A19) and (A22) give then the 
corresponding values of Am* and Am~. Notice that 
Ax*t/x, and Ax~/x, are identical to the quantities 
AII*/Tl,; and AII-/II, listed in Table I of reference 4. 

The value of @ has an uncertainty of the order of a 
few percent, which introduces a similar uncertainty in 
the value of m. In our computations we have used the 
value a=0.55. The value of ato! in Eq. (A19) corre- 
sponding to this value of a and to the thickness of our 
plates is 660. 

The influence of noise level scattering on mass de- 
terminations is discussed in IT, Appendix IT. 
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An experimental method has been developed for extending the 
study of primary cosmic radiation intensity variations vs time 
to the low energy portion of the primary particle spectrum by 
measuring the nucleonic component intensity within the atmos 
phere. It is pointed out that this extension of intensity variation 
observations to the low energies now makes it possible to deter- 
mine the energy dependence of primary intensity variations as 
well as The 
possibility of determining acceleration, perturbation, or injection 
ystem as the origin of intensity-time 


\ phenomenological outline of kinds of 


to determine the intensity variations with time. 
processes within the solar 
variations is considered 

intensity variations with definitions is presented and their relation 
to the present studies are discussed. The detector system is a 
pile structure of lead and paraffin within which the rate of local 
neutron production is measured by BF, proportional counters 
Details on the latitude effect of the nucleonic 


component or local neutron production are discussed. 


large geomagnet 


The quantitative problem of relating intensity-time variations 
outside the atmosphere to pile neutron production deep in the 
atmosphere has been treated for primary energies below ~15 Bev 
for protons and ~7 Bey per nucleon for nuclei of Z>1. In par 
ticular, the contributions of primary protons and alpha-particles 
to the neutron yield in a pile are considered. The general problem 


of variations (a) due to primary intensity changes, (b) due to 


I. INTRODUCTION 


LTHOUGH $ variations of cosmic radiation in- 

tensity with time have been studied extensively 
for over 35 years using charged particle detectors,!? 
many of the reported variations are not well established, 
and in most cases their origins are not understood. In 
view of this we wish to investigate the possibility for 
further resolving these difficulties. The 
magnitudes of the reported intensity-time variations 
are small and difficult to isolate from variations and 
fluctuations not related to the primary radiation. Since 
all continuous recorders of radiation intensity are 
restricted to mountain altitudes or lower, more than 
~80 percent of the detected charged particles are 
produced by primaries having higher momenta than 
the equatorial latitude cut-off value (215 Bev/c for 
protons) for the terrestrial magnetic field. Hence, aside 
from the relatively rare and large solar flare effects’ the 
continuous intensity variations by 
charged particle detectors is limited to the high energy 


progress in 


observation — of 


portion of cosmic radiation spectrum. 


* Assisted by the Office of Scientific Research, Air Research 
Development Command, U.S. Air Force 

t Now at Palmer Physical Laboratory, Princeton University, 
Princeton, New Jersey. 

1See A. Dauvillier, Cahiers phys. No. 35/36, 1 (1951) for a 
comprehensive review of all published studies through 1950. 

2H. Elliot, Progress in Cosmic Ray Physics (Interscience 
Publishers, Inc., New York, 1952), p. 455. 

3 Forbush, Gill, and Vallarta, Revs. Modern Phys. 21, 44 (1949), 


See also references 1 and 2 


ember 29, 1952) 


geomagnetic field variations, and (c) due to changing meteoro 
logical conditions are considered for nucleonic component meas- 
urements. The atmospheric pressure coefficient @ is essentially 
constant over the geomagnetic latitude to A>54°N 
and for atmospheric depths >600 g-cm~ (mountain altitudes or 
~ (0.94+0.03 mm Hg. The difficulties in 
to accidental correlations with primary 
method for 


range \=0 
lower). a@ percent 
determining a 
intensity variations is 
computing a is illustrated. The effect of atmospheric temperature 
variations upon observed pile neutron intensity is evaluated by a 
study of the upper limit contributions which + and mw mesons 
make as links in the nucleonic The evidence, including 
a two month temperature-cosmic-ray intensity correlation study, 
indicates a negligibly small local or atmospheric temperature 


due 


discussed, and a modified 


cascade 


coefficient for the nucleonic component 

Pile designs are given both for a simple pile standard which 
may be constructed anywhere for inter-calibration of experiments 
and for a 12 counter pile which produces ~7000 counts per 


minute at \=48° and altitude 680 g-cm~?. Details are presented 


on the associated instrumentation. At the present time continu 
ously operating piles are located at geomagnetic latitudes \=0°, 
29°N, 42°N, 48°N, and 52°N in the geographic longitude interval 
75°-106°W 


In order to extend measurements of intensity varia- 
tions to primary particles of significantly lower energy, 
we require, for continuous observations, that the 
secondary radiation from these low energy primary 
particles be observed at large atmospheric depths. 
Recently the neutrons and low energy nuclear disinte- 
grations from the nucleonic component were found to 
possess a larger geomagnetic latitude effect than any 
other secondary component,’ and measurements using 
this component have indicated the feasibility of ex- 
tending observations of temporal variations to the low 
energy portion of the primary particle spectrum.4~7 


Consequently we have been reinvestigating the origin 
of intensity-time variations, and in this paper we 
discuss some of the physical and experimental aspects 


of the problem. 
Primary intensity variations 
exclusively in accelerating (decelerating) processes or 


have their origins 


perturbations involving a portion of the observed 
primary particle radiation distribution. Since accelera- 
tion theories generally lead to the prediction of particle 
is particularly important to 


energy spectrums, it 


extend measurements to the low energy spectrum to 


‘J. A. Simpson, Phys. Rev. 83, 1175 (1951) and references 
therein. See also Phys. Rev. 73, 1389 (1948). 

5 J. A. Simpson, Proceedings of the Echo Lake Conference no 
Cosmic Rays, p. 175, U. S. Office of Naval Research, Dept. of 
Navy, June, 1949. 

6 J. A. Simpson, Phys. Rev. 81, 895 (1951). 

7 N, Adams and H. J. Braddick, Z. Naturforsch. 6a, 592 (1951) 
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observe changes of spectrum with time. Specifically, we 
wish to determine, (a) to what extent the sun is im- 
portant for our understanding of the origin of intensity 
variations, and (b) what kinds of accelerating processes 
are required to account for the observed variations. 
Thus, we desire not only the dependence of primary 
radiation intensity with fime but also the exergy 
dependence of these variations. For measuring intensity 
variations of primary particle momenta greater than 
the equatorial geomagnetic cutoff, an artificial cutoff 
such as absorption may be employed. For lower 
momenta the magnetic field of the earth is available 
for momentum selection, and, in this geomagnetic 
latitude sensitive region of the primary spectrum, we 
measure the intensity variations of the component with 
the largest latitude dependence. 

Since intensity variations are produced by accelera- 
tion, injection, or perturbation processes, it is clear that 
an extension of our knowledge of intensity variations 
will have a bearing on the origin of cosmic-ray particles, 
perhaps limited to the origin of the most intense low 
momentum region of the primary spectrum. 

We shall be concerned in this paper with the problems 
of (a) the use of the nucleonic component for intensity 
variation determinations, (b) examining the quantita- 
tive problem of relating secondary component intensity 
measurements deep in the atmosphere to the primary 
variations, (c) determining the influence of the ter- 
restrial atmosphere upon intensity variations, and (d) 
the design and operation of a series of detectors at 
selected geomagnetic latitudes for experimental pur- 
poses. 

Before proceeding further, however, we wish to define 
the fundamental groups of intensity-time variations 
which we may observe. 


II. DEFINITIONS OF COSMIC RADIATION 
INTENSITY VARIATIONS 


Observed variations of intensity with time depend 
both upon the location of the observer and the physical 
phenomena producing the variations. For clarity in 
future discussions on this subject we shall define kinds 
of intensity variations from the point of view of phe- 
nomenological concepts rather than from the analytical 
methods often used to study variations. For example, 
a twenty-four hour intensity cycle which recurs for, 
say, 0.3 to 0.5 of a total observing period of many days 
may be averaged over the entire period and, therefore, 


over days of no variation. The amplitude of an harmonic 


function may be computed to describe the mean or 
average variation. Clearly this description has become 
dependent on the analytical method used. From the 
latter point of view this is a variation occurring every 
day (diurnal) with given average amplitude; from the 
phenomenological point of view this variation is a 
recurring or intermittent phenomenon. Intuitively, we 
expect that the phenomenological descriptions may 
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Fic. 1. The phenomenological classification of intensity vs time 
variations and their origins. Possible variations which are a 
function of the orbital motion and axis tilt of the earth are not 
included. Thus, this chart represents the classes of intensity vs 
time variations for which the periods of variation are less than 
the order of 100 days. * If induced by solar processes, this is the 
solar cosmic radiation component. This includes the solar flare 
effect. t For example, a variation which depends upon the angle 
included by the primary particle trajectory and the velocity 
vector of the solar system with respect to the galaxy. 


contribute to progress on a satisfactory theory for the 
origin of the variation. 

Since all observations are made near the surface of 
the earth under both an atmosphere and a varying 
geomagnetic field a natural dichotomy of intensity 
variations exists; namely, a division of all variations 
into (1) those of terrestrial origin and (2) those of 
primary cosmic radiation origin. Because of the spin 
of the earth any anisotropy of the primary radiation is 
detected by a local observer as an intensity variation 
which is a function of local time, e.g., sidereal or solar 
meantime. For the special case where the intensity of 
the anisotropic distribution is constant in universal 
time (G.M.T.) we call this an apparent primary intensity 
variation in the observer coordinates. All other intensity 
variations in division (2) above are detined as primary 
intensily variations. 

Primary intensity variations dependent on the axial 
spin of the earth are called either (a) recurring daily 
variations if the variations persist for only a few con- 
secutive days and reoccur at a later time,’ or (b) diurnal 
variations if the daily variations occur every day. 

If the acceleration or perturbation processes pro- 
ducing primary intensity variations occur in the region 
of the sun and are related to solar phenomena, we call 
these related intensity variations the solar component of 
the primary cosmic radiation intensity. The solar 
flare effect* is an infrequent phenomenon in the solar 
component. 

The classes of intensity variations have been related 
in Fig. 1 from the position of the local observer coordi- 
nates shown in Fig. 2. For reference, the solar spin and 
both earth axial and orbital spin directions are shown 
with respect to the local observer coordinates. 

Terrestrially induced intensity variations, on the 
other hand, may be subdivided into two types: (1) those 

8 Fonger, Firor, and Simpson, Bull. Am. Phys. Soc. 27, No. 5, 6 


(1952). 
9 Simpson, Fonger, and Wilcox, Phys. Rev. 85, 366 (1952). 
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Sun- earth line 


Fic. 2. The local coordinates of a detector at A=0° is shown 


with respect to the sun-earth line and the relative motions of the 


two bodies. W = west; E= east; R= radial or “vertical” direction. 


of meteorological origin and (2) those arising from 
changing magnetic or electric fields in the region of the 
earth. These are effects which interfere with the study 
of primary variations. Since it is well established that 
many meteorological and magnetic field effects are 
associated with solar phenomena, it is particularly 
important to understand their effect on secondary 
radiation intensity. Clearly solar effects in the ter- 
restrial atmosphere do not represent a solar component. 


Il]. THE CHOICE OF THE NUCLEONIC COMPONENT 
NEUTRONS FOR OBSERVATION 


Since the low energy nucleonic component possesses 
the largest known geomagnetic latitude effect, we shall 
summarize briefly the properties of this component in 
so far as they pertain to the study of intensity varia- 
tions. Primary particles interact with air nuclei to 
vield secondary high energy mesons, nucleons and 
fragments. These secondary particles generate by colli- 


V+, + 
Electromagnetic 
or “soft* 
component 


- ~ | — 
Energy feeds across from | Small energy feed- 
nuclear to electromagnetic | bock from meson 
interactions | to nucleonic 


component 


Fic. 3. Schematic representation of the typical development of 
the secondary cosmic radiations within the atmosphere arising 
from an incident primary particle. Additional secondary interac 
tions which lead to neutron production are shown in Fig. 13. 
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sion processes in the atmosphere a cascade or chain 
composed principally of nucleons. As the cascade 
degenerates in total energy the composition of the 
cascade becomes almost entirely nucleons of <1 Bev/c. 
The degradation of nucleon energy continues through 
collision and capture processes which are recognized as 
nuclear disintegrations or “stars.” See Fig. 3. At 
atmospheric depths sufficient for the nucleon flux and 
star production to be in equilibrium («> 200 g-cm~*), 
each nuclear disintegration yields on the average 
several protons and neutrons having energies in the 
range ~1-20 Mev. These low energy nucleons are 
called disintegration product nucleons; the protons 
rapidly lose energy by ionization, and the neutrons are 
reduced in energy by .V and O collisions to become the 
slow neutrons in the atmosphere.'!® In summary, a 
primary particle of given momentum at the top of the 
atmosphere is related to low energy stars at an atmos- 
pheric depth x by a cascade or chain of nucleons. 

The disintegration product neutrons and slow neu- 
trons in the atmosphere are produced predominantly 
by the nucleonic component since, for example, neutron 
yields from y-n, w-star-n, u-star-n, and similar processes 
are small, but the nucleon-induced disintegrations have 
large cross sections and yield, on the average, more 
than one neutron per disintegration. From the experi- 
mental point of view it is more convenient, reliable, 
and precise to use neutron detectors rather than the 
ionization from nuclear disintegrations to measure the 
properties of this low energy component. Hence, we 
measure the disintegration product neutron intensity 
to observe temporal changes of nucleonic component 


“cc 


intensity. 

Even though the high energy star producing nucleon 
flux is peaked in the vertical direction within the 
atmosphere, the disintegration product neutrons are 
emitted almost isotropically from nuclei and scattered. 
Consequently, an omni-directional neutron detector 
such as a boron trifluoride proportional counter meas- 
ures the neutrons produced within a small volume of 
the atmosphere surrounding the detector. Thus, re- 
ported measurements of neutron intensity in the 
atmosphere are for isotropic distributions. 

We now return to the discussion of the low energy 
nucleonic component and neutron latitude effect in the 
atmosphere. Figure 4(a) presents a comparison of the 
shielded ion chamber," the vertical counter telescope,'' 
and the neutron latitude dependence at constant 
atmospheric depth «= 312 g-cm~. The data are assigned 
unit intensity at A=0°. In Fig. 4(b) these data have 
been represented on a log scale as curves B and B’ 
along with the neutron latitude curve C at *+=500 
g-cm~* (approximately 11 000 ft) and the shielded ion 
chamber at sea level D.” At atmospheric depths down 


10 Bethe, Korff, and Placzek, Phys. Rev. 57, 573 (1940) 

Biehl, Neher, and Roesch, Phys. Rev. 76, 914 (1949). 

2 FE. B. Berry and V. F. Hess, Terr. Mag. Atmos. Elec. 47, 251 
(1942). 
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to x= 500 g-cm~ the absorption mean free path (m.f.p.) 
for the star producing radiation has been shown to bea 
function of A, 7.e., a function of the average primary 
radiation energy.’ Moreover, it has recently been found 
that «>500 g-cm~ the values for Z all approach a con- 
stant value independent of latitude." [ See Sec. VIII(b). ] 
Thus, the neutron latitude curve C also represents 
closely the sea level latitude dependence and should be 
compared with the corresponding sea level ion chamber 
curve D. From these facts we conclude that a large neu- 
tron latitude effect is to be found even at sea level and 
that the neutron component most closely fulfills the 
conditions for studying low energy primary intensity 
variations. It will become clear in the following sections 
that there are many additional factors which favor the 
choice of the neutron component monitor for measuring 
low primary energy intensity variations. 


IV. THE RELATIONSHIP BETWEEN NEUTRON 
CHANGES IN THE ATMOSPHERE AND 
CHANGES OF PRIMARY PARTICLE 
INTENSITY 


Having selected the neutron component intensity as 
most closely fulfilling our requirements for studying 
temporal variations, we investigate the problem of 
relating the observed neutron intensity changes at 
atmospheric depth x to the changes of primary particle 
intensity taking into account the composition of the 
primary radiation. We first consider the relationship 
between the neutron and primary. radiation intensities. 
Clearly, it is difficult to calculate for a primary nucleon 
of given momentum the expected yield of neutrons at 
position A, x in the atmosphere without knowing cross 
sections for high energy meson and nucleon production, 
details of charge exchange and other facts which are a 
prerequisite for calculating the behavior of the nucleonic 
component. Hence, we take a phenomenological ap- 
proach to the problem and derive a functional relation- 
ship between observed neutron intensity and primary 
particle momentum based on the facts that the primary 
momentum spectrum for protons, alpha-particles, and 
heavier nuclei and observations of neutrcn intensity as 
a function of A,x are now fairly well known. (We 
neglect, for the present, discussion of the longitude 
dependence.)'*'’ More precisely, we define the specific 
yield of neutrons as a function Sz(.V, x) which gives the 
observed time-averaged counting rate at depth «x arising 
from a unit flux of vertically incident primary particles 
of charge Z and momentum-to-charge ratio (magnetic 
rigidity) P/Z =N. We call jz(V,¢t) the differential 
spectrum for primary particles of charge Z at time 0. 


13 J. A. Simpson and W. Fagot, Phys. Rev., to be published. 
4 Winckler, Stix, Dwight, and Sabin, Phys. Rev. 79, 656 (1950) ; 


B. Peters, Progress in Cosmic Ray Physics (North Holland 
Publishing Company, Amsterdam, 1952); H. V. Neher, Phys. 
Rev. 83, 649 (1951); M. L. Vidale and M. Schein, Nuovo cimento 
8, 774 (1951). 

16S. B. Treiman, Phys. Rev. 86, 917 (1952); thesis, University 
of Chicago, 1952, unpublished 
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N-~ DEGREES GEOMAGNETIC LATITUDE - CENTERED 
DIPOLE MAGNETIC FIELD DISTRIBUTION 


Fic. 4. (a) The lower curve represents the latitude dependence 
for either an unshielded ion chamber or vertical counter telescope 
with no absorber. (See reference 11.) The upper curve represents 
the disintegration product neutron production also normalized to 
I=1 at A=0°. (See reference 4.) The data for both curves were 
obtained in June, 1948 


Sz and jz are expressed as functions of momentum-to 
charge ratio rather than energy because the trajectories 
for charged particles in a static magnetic field are 
uniquely determined by P/Z. 

For particles of given rigidity .V, certain directions 
of arrival at the earth may be forbidden, in the sense 
that particles coming from infinity cannot approach 


the earth from these directions because they are 


LATITUDE FACTOR (log scaie) 


0° 10° ~—- 20° 
GEOMAGNETIC LATITUDE - 2 


Fic. 4. (b) The latitude factor of intensity increase above 
h=0° is shown on a log scale. Curve A represents the primary 
integral spectrum of the protons plus nuclei Z>1. Curves B 
and B’ are the intensity of fast or slow neutrons (B) and the ion 
chamber (B’), respectively, as shown in Fig. 4(a) at x=312 
g-cm™*. Curve C gives the latitude factor for fast neutron pro 
duction at x=680 g-cm™ (11 000 ft). As shown in Sec. VIIIa, 
this curve remains essentially unchanged down to sea level. 
Curve C for neutron production may, therefore, be compared 
with Curve D for a shielded ion chamber at sea level. (See reference 


12.) 
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lic. 5. The average specific yield of neutrons from the vertically 
incident mixed primary radiations (derived from 1948 data). 


deflected in’ the Vallarta'® 
distinguishes a main cone within which all directions of 
arrival are allowed, and the S/oermer-plus-shadow cone 
outside of which all directions are forbidden. Between 
the two limiting cones is a region called the penumbra 
number of allowed and 


terrestrial dipole field. 


which contains an_ infinite 
forbidden subregions. The shapes of these cones depend 
not only on \V but also on magnetic latitude A. In 
other words: for arrival from a given direction at a 
given latitude, one can distinguish two limiting values 
of NV. Below .\V, all rigidities are forbidden, above Ne» 
all rigidities are allowed, and between .V,; and NV, there 
are an infinite number of allowed and forbidden sub- 
regions. 

At the equator there is no penumbra, and the allowed 
cone coincides with the main cone. At high latitudes 
the penumbra consists mainly of allowed regions, so 
that the allowed cone is determined chietly by the 
Stoermer-plus-shadow cone. Thus, at very high and 
very low latitudes one can assign (approximately) a 
unique cut-off value of .V, above which all rigidities are 
which all are forbidden. At inter- 
mediate latitudes (~ 20°-30°) the penumbra is complex, 
but even here it is sufficiently accurate for many 
purposes to assign a unique cut-off rigidity for arrival 
these limitations 


allowed and below 


from any given direction.'’ Within 


16M. Vallarta, On the Allowed Cone of Cosmic Radiation 
(Toronto University Press, Toronto, 1938) 
17 See, e.g., L. Janossy, Cosmic Rays (Oxford University Press, 


London, 1948), Chap. VII 
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then, we shal! assume a unique cut-off rigidity .V (4, y, \) 
for arrival of particles from zenith angle 6 and azi- 
muthal angle ¢ at magnetic latitude X. 

It follows from the earlier definition of specific yields, 
therefore, that the total counting rate R(A, x, 7) of a 
neutron detector located at depth x, latitude A, and 
time ¢ is given by 


R(X, x, t) =f te f sin6dé 
Z t 
: 1 
xf Sz2t N, )iatnnan, (1) 
V(@¢.4 cosé 


Since the detector is omni-directional, the counting 
rate due only to those primary particles which arrive 
from the vertical direction per unit solid angle, and 
which we refer to as the ‘‘vertical” counting rate R,, is 


s 


KAA, #2) > f S2(N, x)jz2(N, HdN, (2) 
Ze N, 


where .V,(A) is the cut-off rigidity for vertical arrival. 
At large atmospheric depths, R, and R are related in 
very good approximation by the Gross transformation"® 


2rR,= Rl 1+2/L ], (3) 
where 1/L=—R'(dR/dx). As noted in the previous 
section, / will in general depend on x and X. 

It is clear from the above discussion that R, 7, and 
N are to be measured simultaneously. In fact, this is 
only partially true; R and 7 are time averaged values. 


(a) Properties of the Specific Yield Functions 
From Eq. (2) we obtain the relationship 


dR,/dX= —> Sz(N,, x) jz(Nv)(dN,/dd), (4) 
Z 
at time /. In the range ~3-15 Bev/c the spectra of the 
various species of primary particles are fairly well 
known," and they are well represented by a power law 
of the form jz=Kz\~*°. With the aid of Eq. (4) some 
properties of the specific yield functions can be deter- 
mined from a knowledge of the primary spectra and of 
the latitude variations for neutron production in the 
atmosphere. We summarize here the pertinent results 
of such a study."® 

(1) For atmospheric depths between at least 200 and 
600 g/cm? the specific yields (expressed now as a 
function of energy rather than rigidity) become energy- 
insensitive in the range ~4-13 Bev/nucleon—for all 
species of primaries; and this insensitivity probably 
extends up to considerably higher energies. 

(2) In the energy-insensitive region the specific yields 
(for 600>x>200 g/cm?) in an 
free 


vary with depth x 
approximately exponential manner, with mean 
path 270 g/cm’. 
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(3) At energies much below 4 Bev the specific yields 

fall off rapidly with decreasing energy, this effect 

becoming more pronounced with increasing depth. 

(4) In crude approximation, at a given per-nucleon 
energy the specific yield of a heavy primary particle is 
larger than that of a proton by a factor A, where A is 
the number of nucleons in the heavy particle. 

In Fig. 5 the average specific yield S(.V, x) for the 
mixed primary particle radiation is plotted as a function 
of rigidity for atmospheric depth 312 g/cm’, where 


S(N, x)=[SXiz S2(N, x) j2(N))/C¥zi2(N)], 
at time ¢. (5) 


The specific yield function at 680 g-cm~ (11 000 ft 
mountain stations) may be computed using curve C in 
Fig. 4(b). 


(b) Specific Yield of Neutrons from Primary 
Protons 


In Fig. 6 the proton specific yield at 312 g/cm? is 
plotted as a function of primary proton kinetic energy. 
Both curves (Figs. 5 and 6) are based on the total 
primary spectrum given by Winckler ef a/."* Although 
these curves may be fairly precise at high energies, 
they are uncertain at low energies (low rigidities) 
because the shape of the total primary spectrum curve 
at low rigidities appears to be in doubt. During ‘‘quiet”’ 


periods, the neutron latitude curves flatten out for 


latitudes above the “knee” at >52°.4 This means 
either: (1) the flux of primary particles with .V smaller 
than .V,(52°)~2 Bev/c is very small; or (2) the specific 
yields for V<2 Bev/c are very small, i.e., the low 
energy particles do not produce secondary events that 
reach large atmospheric depths. The curves of Figs. 5 
and 6 reflect the choice of explanation (2), since the 
Winckler spectrum indicates the presence of appreciable 
numbers of particles with V2 Bev/c. This is also 


supported by the high latitude balloon flights of 
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specific yields per nucleon for vertically incident 
alpha-particles or protons (see Sec. IV) 


Pomerantz.'® However, the recent extensive balloon 
experiments of Neher'® indicate that no new particles 
arrive at latitudes above at most 56°. Furthermore, 
the 1949 event’® in which the neutron intensity at 
312 g/cm® increased and the “knee” of the latitude 
curve moved up to 56° indicates that the low energy 
primaries corresponding to the latitude interval 52°-56° 
can contribute to neutron production at large depths. 
This suggests that during “quiet” periods the flux of 
low energy primaries (with energies below that corre- 
sponding to 52°) is small, but that new low energy 
primaries may occasionally arrive at the top of the 
atmosphere during “disturbed” periods, their specific 
yields being nonvanishing down to energies corre- 
sponding to at least 56°. 


(c) Specific Yield of Neutrons from Primary 
Alpha-Particles 


We now compare the specific yields for a primary 
nucleon which arrives free (proton or neutron) at the 
top of the atmosphere and a primary nucleon of the 
same energy which arrives bound in a heavy particle. 
Since over 90 percent of the nucleons in the primary 
radiation" are carried in the proton and alpha-particle 


18M. A. Pomerantz, Phys. Rev. 77, 830 (1950) 

‘9H. V. Neher and E. A. Stearn, Phys. Rev. $7, 240 (1952). 

*” J. A. Simpson, Phys. Rev. $1, 639 (1951) 

%« Note added in proof.—The above results are for 1948. Our 
studies of neutron latitude curves for 1950-1951 now show con 
clusively that the curves become flat above A=-55°-56°. These 
changes in cutoff appear to be real 
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flux we neglect, for the present, the contribution of 
nucleons by heavier nuclei. We assume that the binding 
of a nucleon in a nucleus is not important in collisions 
between nuclei at high energy and that an alpha- 
particle breaks up completely into nucleons in its first 
collision in an air nucleus. Although there is little 
experimental evidence on this latter assumption it 
appears reasonable since the probable heavy fragments 
of the breakup have low binding energies. We find that 


Sa(E, x)/S,(E, x)=1.1%4=4.4 


using the above assumptions. 

In Fig. 7 the function $,(V, x) and Sa(N,x) per 
nucleon have been plotted as a function of geomagnetic 
latitude A, where V' =. ,(A) is the cut-off rigidity at d. 


(d) Intensity Variations 


In discussing variations of primary cosmic-ray in- 
tensity measured by a neutron detector, we shall use 
the pair of Eqs. (2) and (3) rather than the more 
complicated, but more appropriate, Eq. (1). Note that 
the so-called “vertical”? counting rate is not measured 
experimentally; it is deduced from the experimentally 
measured values of R and its logarithmic slope. Now 
assume that at a given location, R and L change by 6R 
and 61, respectively, where the variations are con- 
sidered to be small. From Eq. (3) we find for the 
fractional change in “‘vertical”’ counting rate 

OR, dbR 
(6) 


lte/L L- 


R, R 


From Eq. (2) we see that a change in the cosmic-ray 
intensity below the top of atmosphere may come about 
in any one (or combination) of several ways: 

First, the change may be due to variations in the 
primary cosmic radiation far from the earth, Le., 
variations in the absolute magnitudes or rigidity 
dependencies of the spectra jz(.V). 

Second, the counting rate will depend on meteoro- 
logical factors such as the temperature or pressure 
distribution in the atmosphere. 

Third, even if the primary spectra far from the earth 
are unchanged, the flux of particles which arrives at the 
earth may vary because of changes in the cut-off 
rigidity. For example, this could occur as a result of 
perturbations in the terrestrial magnetic field. More 
generally, we recall that the assignment of a unique 
cut-off rigidity for arrival from a given direction is 
only an approximation, even in the field of a simple 
dipole. Actually, between the two limiting rigidities Vy 
and .V, there is the penumbra region. In general, field 
perturbations might be expected to change not only the 
size of the penumbra region but also the density of 
allowed subregions within the penumbra. 

In the remainder of this section we will make some 
general remarks on changes of the types (1) and (3) 
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discussed above, without going into details of the 
observational data on time variations. 


(e) Variations of Primary Cosmic Radiation 
Intensity 


We consider here the case where the variations in 
measured neutron intensity below the top of the 
atmosphere are due to changes in the primary radiation. 
For an event of this kind we can make the following 
general observation. From Eq. (4) it is clear that a 
change in the slope of the R,-latitude curve at any 
latitude \ represents a change in the flux of primaries 
having rigidity equal to the cut-off value at A. 

As mentioned in part (c) the heavy particle and 
proton specific yields can be expected to show roughly 
similar dependencies on (per-nucleon) energy (except 
for a constant factor), and at low energies (<4 Bev) 
the specific yields fall off rapidly with decreasing energy. 
But for a given rigidity, a heavy primary particle 
(mass-to-charge ratio~2) has a smaller per-nucleon 
energy than a proton. It then follows from Eq. (4) 
that with increasing latitude (at high latitudes), the 
proton primaries become increasingly more important 
than the heavy primaries in contributing to the slope of 
the neutron latitude curves. This is shown in the 
specific yield curves of Fig. 7. Thus, any change in the 
slope dR,/d\ above 43° would essentially reflect only 
the change in the proton spectrum: 


dR,'/dd _jip'(No, ’) 

(x> 43°) 
dR,/dd —jn(Ne, b) 

(The primed and unprimed quantities refer to two 


different times.) 


(f) Variations of Magnetic Cut-Off Rigidity 


Irrespective of the reasons for the flattening of the 
neutron latitude curves above the “knee’”’ at ~52°-56°, 
we can state the following. To the extent that the 
latitude curves are truly flat above the “knee,” no 
change in the cut-off rigidities, i.e., no magnetic pertur- 
bations, can account for an increase or decrease in 
neutron intensity above the ‘“‘knee’’: A decrease in the 
cut-off rigidity at any latitude permits new, lower 
energy particles to arrive at that latitude; but the very 
existence of the “knee,” as we have seen, implies either 
that the lower energy particles are not present in the 
primary radiation or that the lower energy particles do 
not contribute to neutron production at the detector 
position A, x. Recent measurements by Van Allen indi- 
cate that the low energy primaries are not normally 
present”! 

The cut-off rigidity, e.g., for vertical arrival, is a 
function of latitude and also of the parameters de- 
scribing the magnetic field (e.g., the earth’s dipole 


21 J. A. Van Allen, private communication. 
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moment, in the case of a simple dipole field, and 
additional parameters when perturbing fields are 
present). Let g be one such parameter, and suppose that 
it undergoes a small variation 6g. We have the relation- 
ships R,=R,(.V,) and N,=N,(A,q), from which it 
follows that 


ART aN, /dq 


bR, = by. (8) 


Or ON,/AX 
The above arguments hold not only for neutron de- 
tectors but for cosmic-ray detectors of any kind. The 
response of any detector to magnetic perturbations is 
seen to depend on the slope of the latitude curve. 
Since, as we have shown in Sec. III, the nucleonic 
component has the largest latitude effect of any 
secondary component of the cosmic radiation, it is the 
most suitable component for detecting the effects of 
magnetic perturbations on the cosmic radiation as well 


as for studying primary temporal variations of intensity. 


V. THE LOCAL PRODUCTION OF NEUTRONS 


The measurements of neutron intensity as a function 
of A, x and the analysis of the neutron specific yields 
from primary radiations all refer to neutrons produced 
in the free atmosphere, i.e., disintegration product 
neutrons from N and O nuclear disintegrations. The 
neutrons are detected by a BF; proportional counter 
with either the atmosphere as the neutron energy 
moderating medium (a slow neutron measurement) or 
by using a local condensed moderating material such as 
paraffin or carbon surrounding the detector (a fast 
neutron measurement). The latter kind of detector 
avoids the atmosphere as a moderator and thus reduces 
or eliminates the difficulties which arise from changes 
in air moderator characteristics in the region of clouds, 
during precipitation, etc. This was the principal reason 
for measuring the neutron distribution as a function of 
x, \ with a fast neutron detector.4 However, when this 
detection method is applied to continuously monitored 
neutron production in the atmosphere several diffi- 
culties arise. First, the detector responds to changes of 
ambient neutron production near the detector owing 
to movement of heavy materials, snowfall, personnel, 
and neutron emitting radioactive sources. Second, for 
a given quantity of BF; gas the observed counting 
rate is relatively low. 

These difficulties are in large measure eliminated by 
requiring that the detected neutrons originate in 
locally produced stars from condensed materials. We 
define this process as local neutron production. The 
neutron production in elements is a function of atomic 
weight. The average number of neutrons emitted by a 
low energy nuclear disintegration is called the multi- 
plicity, v; the ratio of neutron multiplicity from lead to 


carbon is ~8:1 as determined from both low altitude”:* 


2V. Tongiorgi, Phys. Rev. 76, 517 (1949). 
2% C, G. Montgomery and A. R. Tobey, Phys. Rev. 76, 1478 
(1949). 
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and high altitude measurements up to ~200 g-cm~*.** 
It is clear that by using materials of large 4 mixed with 
a local neutron moderator, we exclude the atmosphere 
and the environment of the detector as both the neutron 
source and moderating medium, while, on the other 
hand, the neutron yield has been increased. We shall 
call a detector of the above type a local production 
geometry or a pile geometry. Specitic designs will be 
discussed in Sec. VI. 

If we wish to apply this type of detector to the 
problems outlined in the earlier sections of this paper, 
we must know the specific yield function S(A, x) to be 
used with a local producer. Namely, we determine to 
what extent the properties of the low energy nucleonic 
component discussed earlier may be extrapolated to 
local neutron production in a pile. To investigate this 
problem, elementary pile structures have been trans- 
ported in aircraft to measure local production as a 
function of atomic weight A over the latitude range 0° 
to 65° and at atmospheric depths below 200 g-cm~*.4.4 
We shall only summarize the general results here. The 
measurements show a latitude and altitude agreement 
with free atmosphere measurements within ~6 percent. 
An exception occurs in the latitude range \> 38° where 
differences in the altitude dependence between carbon 
and lead are found for small x. In general, there appears 
to be remarkably good agreement, however, between 
local and free air neutron production if low energy 
nuclear processes are measured. The latitude depend 
ence for local production of small nuclear disintegrations 
measured in a pulse ion chamber also agrees closely with 
neutron production.”® The behavior of local production 
is discussed in Sec. VIII (a) for large atmospheric depths. 

Irom the high altitude measurements it has also been 
determined that at \=52° the local neutron production 
from showers, # and w mesons, and y-produced stars is 
less than 3 percent of the total incoherent neutron 
production. Background pulses from counter contami 
nation, recoil events, and star production in gas and 
walls are less than 1 percent of the total count rate. 

It is clear from the above summary that for «> 200 
g-cm~” not only is the observed counting rate in a local 
production geometry nearly proportional to free air 
measurements but the detector is insensitive to second 
ary radiation in the electromagnetic or meson compo- 
nent. Hence, unless we state otherwise, we shall apply 
the specific yield functions of Sec. TV to local neutron 
production in pile geometries. 


VI. PILE GEOMETRIES FOR LOCAL NEUTRON 
PRODUCTION AND BASIC INSTRUMENTATION 


(a) Pile Parameters 
We now examine the design problems for a local 
neutron geometry suitable for continuous observation 
of intensity changes of local neutron production by the 


* J. Simpson, Proc. Echo Lake Cosmic-Ray Symposium, U. S$. 
Office of Naval Research, Dept. of Navy, p. 252 (1949) 
#8 Simpson, Baldwin, and Uretz, Phys. Rev. 84, 332 (1951) 
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(b) 


Fic. 8. The optimum thickness of paraffin for moderating 
disintegration product neutrons was approximated by measure- 
ments with the geometry shown in Fig. &(b) (see Sec. VI). 


nucleonic Elementary geometries were 
studied in this laboratory’ in 1948 and 1949 principally 
for measurements in aircraft. Geometries for the study 
of local neutron production have also been reported by 
Cocconi, Tongiorgi, ef al.,”.** Montgomery” and recently 
by Adams and Braddick.’ Since several geometries 
were to be constructed for our experiments we decided 
upon a relatively simple design which is easily repro- 
duced. Lead is used for local star production. The 
selection of the neutron moderating medium reduces to 
a choice between paraffin and carbon. Aside from the 
smaller local neutron production in paraffin, paraffin 
was selected since it is conveniently prepared in any 
required geometrical form. To further simplify con- 
struction the geometry was limited to rectangular 
elements. 

Since the energy distribution of the locally produced 
neutrons from stars in lead is not known we determine 
by experiment the optimum moderator thickness /;, as 
defined in Fig. 8, for detection by a BF ; proportional 
counter. Locally produced neutrons from lead were 
moderated with the simple geometrical arrangement 


component. 


26 Cocconi, Tongiorgi, and Widgoff, Phys. Rev. 79, 768 (1950). 


FONGER, 


AND TREIMAN 

shown in Fig. 8(b). It is clear that approximately 1.25 
inch represents the optimum value for /; between local 
producer and counter. The lead thickness /, was 
arbitrarily determined from the requirement that /. be 
greater than the local transition maximum in lead.” 
l,~2 inches was selected so that attenuation of the 
incident nucleon inten.ity would not be large. 

The third design parameter was concerned with the 
disposition of additional moderating and_ scattering 
paraffin to surround the lead-paraffin-counter geometry. 
The thickness /; of this paraffin was determined emperi- 
cally using a radium-beryllium source to reduce the 
detection of neutrons produced outside the geometry. 
Each increase of /; by Al,;=1.5-inch paraffin reduced 
the detected neutrons from the source by a factor ~2. 
When the amount of paraffin required in a practical 
geometry is considered the attenuation leads to a 
practical value of /;~6 inches; this is more than the 
required thickness for moderating and scattering the 
neutrons produced in the lead. 

The length of the pile geometry /,; was determined 
by the BF; counter design described in part (c) below. 
By taking account of the paraffin end layers, an over-all 
pile length of /,=46 inches was obtained. 

A simple pile design was derived from these four 
dimensions; /;, Js, /;, and /;. To increase the counting 
rate and decrease the lead requirements two counters 
were used with the lead cross section in the form of an 
“T”? as shown in Fig. 9. The dimensions were adjusted 
to utilize standard 1 lb “parowax” blocks and 2X48 
in. extruded lead blocks. Thus, the pile may be dis- 
mantled for transportation purposes. We call this 
design a ‘standard’ since it may be constructed 
anywhere from detailed specifications, and for a given 
x, A, tall piles will agree within ~5 percent. 

The basic pile design may be extended to V counters 
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Fic. 9. Cross-section view of the “standard” pile used at some 
of the observing sites given in Table II. This geometry may be 
readily reproduced for comparison with the measurements 
reported in this paper. 


27S. B. Treiman and W. Fonger, Phys. Rev. 85, 364 (1952). 
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by adding horizontally additional lead “I” units. Since 
the incident nucleons are strongly peaked in the vertical 
direction, the counting rate increases approximately 
linearly with the number of counters. A pile composed 
of 12 counters is shown in Fig. 10.23 The time constant 
of the paraffin-lead pile is approximately 175 micro- 
seconds for e~' decrease of neutron density. 


(b) Origin of the Pile Neutron Counting Rate 


Using the basic two-counter pile we examine the 
origin of the neutrons in the pile. The counting rates 
with and without the lead local neutron producer 
show that 84 percent of all the detected neutrons are 
produced in the lead. The remaining 16 percent is 
divided approximately among production in paraffin 
(carbon) ~13 percent; and counter background plus 
neutrons entering from outside the geometry, ~3 
percent. These were observations from the two-counter 
piles at Chicago, Climax, and Huancayo. The results 
are tabulated in Table I. It is clear from Table I that 
the local neutron production properties of this pile 
design are reproducible. 


(c) BF; Proportional Counters 


The BF; counters are designed to operate with an 
applied potential difference of approximately 2000 volts 
so that the high potential system may be used in field 
stations under widely varying local conditions without 
introducing spurious pulses. With this restriction the 
counters were filled with BF; enriched to 96 percent 
boron-10 at 45 cm Hg pressure. The important dimen- 
sions are 
= 34 in. 


== 1.5 in. 


Active length 
Diameter 
Center wire diameter= 0.001 in. 
| The curve for counting rate vs applied potential has 
almost zero slope over a range of 200 volts. 
It is essential to use counters with constant, low 
background count rates. A typical background rate at 
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Fic. 10. The pile extended to 12 counters is used as the detector 
at Chicago and Climax (11000 ft). This pile is composed of 
6500-Ib lead plus approximately 3000 |b paraffin. Cross-section 
view. 


28 This pile design requires 6500 |b lead and 3000 Ib paraffin. 
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Fic. 11. Source position along vertical center line within the 
standard pile (Fig. 9) vs recorded neutron intensity. These data 
determine the selection of an appropriate position within the pile 
for a Ra-Be neutron source for normalization of the detector 


(see Sec. VId). 

sea level with the counter surrounded by cadmium is 
1.5 counts per minute. The problem of maintaining a 
constant counter background for piles operated at sea 
level is particularly important owing to the low level 
production rate at sea level. The counters appear to 
have an indefinitely long lifetime if the gas is properly 
purified. 


(d) Normalization of Pile Count Rate to Ra-Be 
Point Source 


Clearly the local production in lead represents a 
distributed source of neutrons. We are restricted, how- 
ever, to a Ra-Be neutron source which approximates a 
point source whenever a test source is required. The 
Ra-Be source may be inserted at selected positions in 
the pile?® to check the over-all performance of the 
detector and recording equipment. The neutron count 
rate as a function of point source position is given in 
Fig. 11. 

The Ra-Be source does not calibrate a series of piles. 
Calibration is best achieved by the intercomparison of 
all pile structures under identical cosmic radiation 
conditions. 


(e) Stability of the Detection System 


The parallel connected proportional counters are 
coupled to a negative feedback pulse amplifier. Pulses 
from the amplifier output are selected by a discriminator 
circuit which also provides the correct pulse shape for 
the scaling circuit. The integral count is recorded by a 
register which is photographed along with a sensitive 
dial pressure indicator, thermometer and chromometers 
at predetermined intervals. The scaler pulses also 
operate a counting rate computer which records on a 
log scale individual points of predetermined probable 
error; this computer system is used at four observing 


29 Thimbles which extend into the pile are provided for inserting 
a Ra-Be source. 
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TasLe [. Origin of the neutron counting rate within a standard 


2-counter lead and paraffin pile. 
Climax 


Neutron count rate origin Chicago 


Lead 82% 
Paraffin +counter back 
ground +environment 


cov 
85, 


eo “ 
18% 15% 


stations to record sudden increases of radiation in- 
tensity. 

By dividing the 12-counter pile (Fig. 10) into two 
6-counter units each with independent electronic sys- 
tems the performance of the system can be checked by 
comparing the count rates of the two half systems. 
This procedure is used at Chicago and Climax. 

The stability of the electronic system for continuous 
operation is improved by reducing the gain of the two 
amplifier feedback loops to ~ 20 each. The aging char- 
acteristics of the discriminator circuit are such that 
the threshold for pulses tends to decrease with time, 
whereas the amplifier gain tends to decrease with time; 
this compensation produces an input pulse sensitivity 
which is stable for long periods of time. Since the high 
voltage supply is constant within +10 volts and the 
proportional counter response is flat over approximately 
200 volts the combined counter and electronic system 
is highly stable. Over the past few years our principal 
difficulties have been electronic component and power 
line failures. 


(f) Temperature Coefficient of Pile and 
Detection System 


The change of neutron counting rate as a function of 
room temperature was studied at Climax over a period 
of time sufficient for the electronic apparatus to attain 
temperature equilibrium with the room, A temperature 
range of 20°C was obtained for this measurement, and a 
least squares calculation gives a local temperature 
coefficient 7 (local) =0,00+0.04 percent/°C. The pile 
interior did not vary more than 5° because of its large 
heat capacity, hence the average temperature of the 
thermal neutrons within the pile remained essentially 
constant. 

A detailed search was made for a possible influence of 
the local diurnal temperature upon the neutron counting 
rate. Piles D-1 and D-3 were enclosed in the same 
laboratory at Climax. A Ra-Be neutron source was 
placed in Pile D-1, and the counting rate was corrected 
for pressure variations. Simultaneously the pressure 
corrected counting rate from D-3 was studied during 


one of the periods when there was a recurring 24-hour 
cycle of intensity larger than the mean of the kind we 
have found to exist in the low energy component.® The 
results are shown in Fig. 12. Clearly the large daily 
cycle is not produced by local temperature effects. 
These results are in agreement with our earlier evidence 


of a negligible local temperature coefficient. 
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Since the temperature coefficients of all pressure 
indicators are —0.04 mm Hg/°C or less the instru- 
mental temperature effects are negligible. 


(g) Pressure Indicator Response 


Two types of atmospheric pressure indicators have 
been compared to.determine the precision with which a 
pressure indicator follows pressure changes as a function 
of time, i.e., dP/dt. For large values of dP/dt around a 
mean pressure of ~500 mm Hg a recording Micro- 
barograph (Friez) displayed a time lag up to 0.5 hr in 
recording true pressure when compared with a highly 
corrected aneroid type dial pressure indicator (Wal- 
lace-Tiernan Company). The maximum error intro- 
duced in the recording instrument during large dP/dt 
was 1 mm Hg. This error becomes important for studies 
of neutron intensity variations whenever time intervals 
the order of one hour or less are used. Hence, for studies 
of recurring daily cycles of neutron intensity maxima, 
an instrument with the response of the aneroid gauge 
is essential. 


VII. THE GEOGRAPHIC DISTRIBUTION OF PILES 
FOR THE STUDY OF ENERGY DEPENDENCE 
OF INTENSITY VARIATIONS 


Referring to Fig. 7, which gives the specific yields of 
neutrons from primary protons and per nucleon from 
alpha-particles, we note that above \=54° at mountain 
altitudes and lower the contribution of low energy 
particles to neutron production is negligible. Hence, 
positions on the earth for measuring energy dependence 
of primary intensity variations were selected between 
A=0° and 50°. Compromises were made on the choice 
of high altitude locations for our laboratories in order 
to secure adequate ac power facilities, local technical 
help, and easy access from Chicago. It was important 
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Fic. 12. The upper curve represents the percent changes of 
neutron production from the nucleonic component as measured 
by the 12 counter pile, D-3. These data were obtained during 
an interval when the 24-hour variation or recurring daily variation 
was large. (See reference 8.) The lower curve represents the 
simultaneous percent changes in pile D-1 where over 94 percent 
of the neutrons are produced by a Ra-Be source within the pile 
(see Sec. VIf). The local temperature change during the measure- 
ments is AT’ = 20°C. 
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PAB. Il. Continuous operating pile locations on the earth established to determine nucleonic component intensity variations as a 


function of time and cut-off primary particle momenta. 
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or airborne 
operation 


lypical 
counting 
rate 
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Name ot station 
and designation 


P=750 
mm Hg 
at O°C 


Chicago, [linois 


Aug., 1950 


Parafhin pile 
Dec., 1950 


Paraffin pile 
Standard pile 


C-I 
C-2 
KI X =1018 
g-cm~? 
12 counter 
lead+ 
paraffin pile 
dual electronics 


Oct., 1951 


Climax, Colorado 
Sept., 1952 


D - oN Paraftin pile 
D-1 4 Standard lead 
D-3 12 counter 
pile lead + 
paraffin 

6+ 6 counter 
pile. Dual 
electronics 


£0.1 


£0,025 Sept., 1952 


(D-3a)(D-3b) 


Sacramento Peak, Standard pile 
New Mexico 
F-1 
Oct., 1951 


Mexico City, Standard pile 


Mexico M-1 


Same; under 
absorber 


M-la 


4-counter 
lead 4 
paraffin pile 


Huancayo, 


Peru H-1 


Air bor ne piles, 


B-29 aircraft 1948 


See reference 4 July, 


to 


Nov., 


See reference 24 
Geometry A 
Geometry B, C 1949 


See reference 4 Sept., 1950 
to 


Dec., 


Lead + 
paraffin 
pile 


RE-8O jet 

type aircraft 

1952 
or 

Fast neutron 

detector 


to select stations with widely dissimilar meteorological 
conditions so that the effect of temperature variations 
could be estimated. 

In Table IT we have indicated the distribution of our 
monitoring piles from 1948 through the present. 

It is clear from earlier studies of time variations* at 
high altitudes that crucial evidence regarding the nature 
of intensity variations can be obtained in aircraft flying 
over a wide latitude range at constant atmospheric 
depth. Following the studies with the B-29 craft we 
decided to design subminiature automatic detection 
equipment which could be installed in the nose section 
of type RF-80 jet aircraft. Among the detectors is a pile 
geometry for studying both time variations and local 
neutron production in elements. 


The jet aircraft has proved capable of covering 
within the order of a day a geomagnetic latitude range 
of ~40°-63° at atmospheric depths as low as x= 200 
g-cm *. This is precisely the region which is inaccessible 
for mountain observation. The precision of airborne 
pressure and navigation measurements has been dis- 


cussed.! 


VIII. SECONDARY RADIATION INTENSITY 
VARIATIONS OF METEOROLOGICAL 
ORIGIN 


In this section we shall discuss the effect of atmos 
pheric pressure and temperature upon the observed pile 
neutron intensity. These effects constitute interference 
effects in studying the true primary intensity variations. 
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TABLE III. Parameters for partial correlation studies of atmos- 
pheric pressure variations and nucleonic component intensity 


Ist period 
1951 

7-14 to 8-20 to 9-20 to 

Units 8-19 9-19 10-17 
days 29 24 24 


aip %/mm Hg —1.36 —1.12 — 1.18 
Rp 5.7 4.5 8.4 
TPQ —().39 —0.22 —0.25 
Y./mm Hg —().88 —(),87 — 1.03 
6.3 7.2 12.1 


2nd period 3rd period 
1951 1951 


Parameters 


41P,Q 


Rp.g 


(a) Atmospheric Pressure Changes 
The Mass Effect 


The local neutron production rate in a pile at geo- 
magnetic latitude \ and atmospheric depth x is a func- 
tion of the mass of air x above the pile. Although the 
pile is an omni-directional detector, the incident nucle- 
onic Component is peaked around the vertical direction 
for large x and, therefore, a measurement of the local 
atmospheric pressure is a measure of the average air 
mass over the detector. It is clear from the fact that 
the absorption mean free path of the star producing 
radiation is the order of 150 g-cm~? that changes of air 
mass produce changes in the nucleon flux entering the 
pile. We consider in this section the determination of 
the pressure coefficient @ of the low energy nucleonic 
component as a function of \ and its relationship to the 
absorption mean free path L(A, «) for atmospheric star 
and neutron production. 

There are difficulties in determining the pressure 
coefficient @ of the nucleonic component at a fixed 
position x, A. First, as we have already shown, large 
intensity variations of the order of 5 percent occur 
within the atmosphere owing to primary intensity 
variations in periods of time significantly shorter than 
one month. Therefore, unless the pressure variations 
are very large in a corresponding interval of time, an 
accidental correlation between trends in primary in- 
tensity changes and local pressure may be observed. 
Second, there are trends in pressure and 
irregular cosmic-ray intensity changes. These effects 


seasonal 


yield a spurious barometric coefficient. 

To illustrate, let us compute the precision with which 
a may be determined by a statistical study of the 
uncorrected neutron intensity data. Let 6A; be the 
departure of any physical quantity A, from its mean 
value A, Let /, be the daily average of neutron intensity 
I on day 1, P, the daily average of the station pressure, 
and assume a regression of J on P: 


él, ay pbP,. 
The zero-order regression coefficient a;p is given by 
(arp a) 

adit rip01/ Oop, 


where o;, op, and r;p are the standard deviations and 
correlation coefficient of 6/, 6P during the V day period 
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under study. The ratio of a; p to its standard deviation is 
Rp=N}\arp|op/o7, p, 


where |a,;p!op is the standard deviation of the variation 
a;p6P in I explained by the pressure dependence and 
a; p is the standard deviation of the residual variation 
(6/—a;p6P) not explained by the pressure dependence. 

For periods of the order ef one month and for neutron 
piles located at large x and A= 40 to 50°, 


J/ Nx, larp| ~1.0 percent/mm Hg, 


op=2.5 mm Hg, o7;, p= 2.0 percent, 


where the percents are computed from the mean 
neutron intensity. Thus, R~6, and the pressure coeffi- 
cient is determined with a standard deviation of ~17 
percent. Clearly, this method leads to a wide spread in 
the computed values for a based upon the uncorrected 
neutron intensity data. 

Since the residual variation o,, p has been ascribed to 
world-wide temporal variations of the primary radia- 
tions (and it is shown in part (c) below that temperature 
variations are not comparable in magnitude to pressure 
variations), the regression equation may be improved 
by including an additional variable 6Q; to take into 
account the primary intensity variation. Hence, 


61 ;= arp, Q6 P+ are, PAQi. 


The first-order regression coefficient arp,g is given by 


[rip— rrerra | Oo! 
x 


aTP,Q . 
[1-rrg] op 


a;p.q differs from a;p if reg#0. The ratio of arp,g to 
its standard deviation is 


! 
aiP.Q\ op 
Rp o= (1 -rpg°)iN} 
71, PQ 


61, pg is the standard deviation of the residual variation 
(61 —arp,g5P—are, p5Q) unexplained by the regression 
variables. 

The daily averages of the primary intensity are not 
measured directly, but since this is a world-wide effect 
extending to high primary energies,*® we may substitute 
for Q the corrected daily averages measured by another 
(far removed) cosmic-ray station at approximately the 
same latitude. Data satisfactory for this purpose have 
been obtained from the published® ionization chamber 
measurements of Sittkus at Freiburg, Germany (5500 
miles from Climax). His data are corrected for both 
pressure and temperature variations and hence repre- 
sent variations of primary intensity. When the above 
methods are applied to the Climax pile (D-1) data 


*® W. Fonger, thesis, University of Chicago, unpublished. 

A. Sittkus, Sonnen-Zirkular (Fraunhofer Institute, Freiburg- 
in-Baden, 1951), p. 4. Hourly intensity averages are published 
quarterly, 
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during a three months period, July-October, 1951, 
parameters for the regression equation and the regres- 
sion coefficient have been tabulated in Table III. By 
introducing the Q variable from the Freiburg data, the 
statistical error on the barometric coefficient has been 
markedly reduced (Rpg>Rp) and a spurious value 
for the barometric coefficient has been avoided. 

The best value obtained from this analysis is a 
a1p,g=a=(--0.96+0.06) percent/mm Hg, and since 
L=(10/a@)13.56 g-cm~, this corresponds to an absorp- 
tion mean free path L=142+9 g-cm~*. The negative 
sign for @ indicates an inverse relationship between 
observed change of neutron intensity and atmospheric 
pressure. We do not find that @ for pure paraffin piles 
is significantly different from paraffin and lead piles. 
The results appear to be in agreement with the sea 
level determinations of a already published.?-” 


(b) The Latitude Dependence of the 
Pressure Coefficient 


An independent determination of the barometric 
coefficient for local neutron production is obtained by 
measuring the absorption mean free path of the radia- 
tion incident on a pile. Measurements have already 
been reported™”> for L(A, x) in the range x= 200-600 
g-cm~? and \=0°-65° using elementary pile structures 
transported in B-29 type aircraft. The values for L 
increase from 150 g-cm~? at A=54° to 210 g-cm~™? at 
\=0° in agreement with production of neutrons in the 
free atmosphere.‘ Recently, these local production 
measurements have been extended to large atmospheric 
depths at 40° and 52°." Briefly, the results clearly 
show that the average nucleon energy in the nucleon 
chain degenerates to such an extent that, for example, 
at 40° where 1~175 g-cm™ at x<500 g-cm™ the 
mean free path changes to L4°=145+3 g-cm~ for 
x2700 g-cm~*. At atmospheric depths «> 700 g-cm~?* 
the value for L becomes practically independent of X 
using a paraffin and lead pile. This has been verified 
by the folloying measurements at \=0° in Peru using 
a standard 2-counter paraffin-lead pile. The local 
neutron production was measured with and without 
lead at atmospheric depths £=611 g-cm~? (Cercapu- 
quio) and at £=694 g-cm~ (Huancayo). These two 
precise points yield the value L=149+9 g-cm~™ with 
and without lead. 

We thus conclude that the family of absorption 
curves in reference 4 bend downward at large atmospheric 
depths to approach a mean free path independent of 
primary particle momentum, namely L=145 g-cm~. 
This corresponds to a nucleonic component pressure 
coefficient a (0.94+0.03) percent/mm Hg. 

We use this value of @ to correct neutron intensity 
data for pressure changes at the pile locations given in 
Table II. Each pile is assigned a mean atmospheric 
depth Z, and the observed counting rate is corrected 
for pressure variations to give the counting rate at &. 
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The conditions under which a pure carbon or paraflin 
pile has a significantly different @ from a paraffin plus 
lead pile appear to be restricted to small atmospheric 
depths at high latitudés. This behavior is described 
elsewhere and is not related to reported differences of 
a for carbon or paraffin plus lead piles near sea level.’ 


(c) Atmospheric Temperature or Density Effects 


For a detector of secondary particles located at A, x 
within the atmosphere the measured intensity may be a 
function of the atmospheric temperature distribution 
above the detector. Changes of atmospheric tempera- 
ture produce changes in air density or changes in the 
height of a given pressure region above a fixed detector 
position. Since w- and yu-mesons are among the principal 
secondary particles, it is clear that, owing to their rela 
tively short mean lives, any changes of air density will 
change the ratio of decay to nuclear capture rates for 
m-mesons and will change the time of flight required for 
u-mesons to reach the detector. As a result changes of 
meson intensity are produced in meson sensitive detec- 
tors. This problem has been studied using ion chambers 
and counter telescopes. In this section we shall discuss 
the atmospheric temperature problem with respect to 
nucleonic component intensity or, more specifically, to 
local neutron production in piles. 

If the entire neutron local production in a pile were 
related to the primary radiations only by secondary 
nucleons, there would be no observable temperature 
effect for the nucleonic component since nucleons have 
long mean lives. However, we must consider the real 
physical situation where secondary mesons are also 
produced which, in turn, may lead either to further 
high energy nucleon production in the atmosphere or 


Incident 
Primary 
Particle 





Local Neutron production 
Pile Geometry 


Fic. 13. Atmospheric temperature sensitive links in the nucle 
onic cascades or chains —— this diagram with Fig. 3 for 


symbols. The magnitude of the temperature coefficient for the 
nucleonic component is discussed in Sec. VII Ic 
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star production within the pile. We define these pro- 
cesses in the nucleonic component as meson links in the 
nucleonic component; typical examples of meson links 
within a nucleon cascade or chain are shown in Fig. 13. 

We consider first the contribution of nuclear disinte- 
grations locally produced by yu-mesons [Fig. 13(a) ]. 
There are two cases; first, high energy u-meson star 
production and, second, slow y-meson capture. It is 
well established that high energy u-mesons produce 
nuclear disintegrations yielding neutrons.” The con- 
tribution of neutrons produced by high energy u-mesons 
is <2 percent of the total local neutron rate in lead at 
sea level.** This is in with the observed 
u-meson cross section for nuclear interactions, o,= 1 
x10 
the upper limits for local neutron production by 
u-mesons at high altitudes. Since Ly/Lnucteon iS very 
large the sea level pile (see Table IT) has the largest 
contribution of neutrons from p-mesons and, therefore, 
represents an upper limit for this effect. Thus, <2 
percent of the pile neutron production is a function of 
the w-meson temperature coefficient, 7',. The magnitude 
of 7, has been determined for both ion chamber and 
0.18 percent/°C.™ Since for 
adequate lead shielding the response of these detectors 
is practically 100 percent from g-mesons, we shall use 
this as the upper limit for the corresponding tempera- 
ture coefficient 7,% in the neutron pile. Hence, 7,,% 

0.027 0.004 percent/°C, where the tempera- 
ture changes occur in the 200-1000 mb pressure range 
of the atmosphere. 

Since the temperature coefficient® 7, 
associated with telescope and ion chamber yu-meson 
measurements is 7,,,=-+0.12 percent/°C, it is clear 
that the upper limit for the positive effect for piles is 
<+0.002 percent/°C, where the temperature changes 
occur in the 50-150-mb pressure level. 

The second case we consider is negative p-meson 
capture within the pile (u-+P—N+y). The relative 
contribution of this process to the total local neutron 
production is greatest for the sea level pile at Chicago 
and with altitude. The average neutron 
multiplicity for this process is approximately 7,= 2. If 
we compute the number of «~~ mesons which stop in 
the lead and assume as an upper limit that each stopped 
produces two neutrons, then the neutron production 
rate from this source is <3 percent of the total local 
production within the Chicago pile. Thus the tempera- 
ture coefficient for this process is estimated as 7,—* 
<—0.03(0.18) percent/°C=0,005 percent/°C at sea 
level. 

The latitude effect for local neutron production at 


agreement 


’ cm?/nucleon. These values are consistent with 


counter teles« ope as 7, 


positive 


decreases 


2G. Cocconi and V 
(1951) 

% A.M. Conforto and R. D. Sard, Phys. Rev. 86, 465 (1952) 

4 AH. Compton and R. N. Turner, Phys. Rev. 52, 799 (1937) ; 
D. W. N. Dolbear and H. Elliot, J. Atmos. Terr. Phys. 1, 215 
(1951). 

4% A, Duperier, Prox 


Cocconi Tongiorgi, Phys. Rev. 84, 29 


Phys. Soc 


(London) A62, 684 (1949). 
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sea level is approximately a factor of 2 between 0° and 
54°, hence, the value of 7,* and 7,,*% will increase 
only by a factor of 2 for equatorial sea level observa- 
tions. Now, since we are concerned with atmospheric 
temperature changes generally less than AT=30°C, 
the total atmospheric temperature correction for 
u-meson links in the nucleonic component is negligible. 
The problem of estimating the x-meson link [Fig. 
13(b) |] temperature coefficient 7,% is more difficult 
owing to the lack of extensive direct experimental 
evidence of the behavior of -mesons in the atmosphere. 
We examine first the case where a high energy m-meson 
undergoes nuclear capture in the atmosphere to produce 
a nucleon capable of entering the pile to contribute to 
local star production. We know that the m-meson mean 
life is r,=2.5X10~* sec, and we assume both (1) that 
the cross section for nuclear capture is geometrical and 
(2) that the intensity-energy distribution of m-mesons 
has the form given by Camerini et al.** If the proper 
mean life of a r-meson is 7, and the apparent mean life 
is r,* then 7,*=7,/(1—8?)! and the observed mean 
range R* in centimeters is R*=(7,/m,)p, where m, and 
p are the m-meson rest mass and momentum, respec- 
tively. Thus, if 1 is the m-meson mean free path in 
g-cm~ then the probability for m-meson capture is 
(R*/L)p, where p is the density of air. Hence, 


R* dp 
L dT 


d /R* 
['= pp=+ 

dTX\ L 
for m-mesons of momentum /p. The expression for 7" 
must be integrated over the entire 7-meson momentum 
spectrum at the atmospheric density p to obtain the 
m-meson temperature coefficient 7,*. This is an upper 
limit since only a small fraction of the captured 2- 


mesons will produce nucleons which may reach the 
detector. The probability of m-meson capture becomes 
appreciable above ~ 30-50 Bev. The number of particles 
above this energy limit is <0.01 of the total number 
throughout the energy spectrum, and, if we assume 
that the 7, measured by a meson teleschpe is +0.12 
percent /°C arising from the fraction which decay, then; 


T,’<—0.01T,=—0.001 percent/°C. This appears to 
be a negligible coefficient for local neutron production 
from high energy w-meson links at small atmospheric 
depths. 

At lower 7-meson energies the contribution of meson 
links of the kind shown in Fig. 13(b) is difficult to 
determine. However, the upper limit of this component 
of the temperature effect undoubtedly becomes vanish- 
ingly small due to the rapidly increasing probability 
for m-meson decay with decreasing energy. 

The second m-meson link case we consider is the 
nearby creation of low energy m-mesons which enter 
the pile to produce nuclear disintegrations, Fig. 13(c). 
Measurements in photographic emulsions of the ratio 


36 Camerini, Fowler, Lock, and Muirhead, Phil. Mag. 41, 415 
(1950). 
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(nucleon produced star)/(m-meson produced star) gives 
an upper limit of 5 percent for w-star production and, 
hence, neutron production by w-mesons.*’ If we assume 
that the low energy z-meson temperature coefficient is 
as large as 7’, then the maximum contribution to 7,’ 
from the low energy mesons is 7,*(low)<0.057, 
=—0,006 percent/°C local temnerature at A=50°. 
Since m-meson production has approximately the same 
altitude dependence as the nucleonic component 
7,‘ (low) is principally dependent on A. At A=0° we 
estimate an upper limit of 7,4 (low) <—0.02 percent/ 
°C. A direct test for this effect was discussed in Sec. V1 
where it was shown that surface and room temperature 
changes do not produce a measurable local temperature 
dependence. 

In summary, the estimated upper limit of 7,* for 
all w-meson links is ~ —0.02 percent/°C or less under 
the most unfavorable conditions for pile operation. 
This value is an order of magnitude smaller than 7, 
for counter telescopes or ion chambers. 

We have neglected contributions from heavy mesons** 
of mass >m, due to their extremely short mean lives 
and small rate of production. The short mean life of 7° 
precludes the observation of any temperature dependent 
y-n production within the pile. Although atmospheric 
showers produce neutrons and have a large temperature 
coefficient, their frequency is entirely too low to con- 
tribute to the pile temperature coefficient. We conclude 
from the above discussion that the fofal temperature 
coefficient of the nucleonic component, namely 7 
=[7,4+7,-%+7,5+T,* (low) ]<—0.02 percent/°C 
at A=0°; 7% <—0.006 percent/°C at A=50°. Clearly, 
the experimental errors in correcting for pressure 
variations are much larger than 7%. We henceforth 
treat the temperature coefficient as negligible unless 
explicitly stated otherwise. 

The determination of 7* by correlation analysis 
using radiosonde temperature vs pressure data is fraught 
with difficulties of the type discussed in Sec. VIIIa in 
the pressure coefficient studies, e.g., accidental corre- 
lations of temperature with primary intensity varia- 
tions. By the use of the method described in Sec. VIIa 
which takes into account the primary intensity varia- 
tions, the partial correlation coefficient was determined 
with the Chicago pile for the mean temperature varia- 
tions in the pressure interval 200-850 millibars at 
Chicago. Two months of data were studied. For the first 
month 7%=+0.10+0.12 percent/°C; for the second 
month 7* = +0.02+0.15 percent/°C. The detailed dis- 
cussion in the earlier portion of this section shows that 
any meson temperature coefficient for the nucleonic 
component will be negative. Hence, we conclude from 
the study of the two months of data that the measured 


37 Bernardini, Cortini, and Manfredini, Phys. Rev. 76, 1792 
(1949). 

For charged particle detectors the effect of K-mesons is 
discussed by L. Verlet, Phys. Rev. 86, 792 (1952). 
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temperature coefficient 7%~0.0. These correlation 


studies are being continued. 


(d) Additional Local Weather Effects 


Since the absorption mean free path is 145 g-cm~? for 
the nucleonic component incident on a pile a large 
snow or ice deposit on the roof protecting the apparatus 
will change the observed pile neutron intensity. For 
example, a 30-cm snow deposit over the pile is equiva- 
lent to ~3 g-cm™ H.O; this is equivalent to a pressure 
change of 2.2-mm Hg which in turn would produce a 
decrease in neutron counting rate of 2.1 percent. 
Therefore, either the observed counting rate must be 
corrected for this effect or the data should be discarded 
for periods when snow deposits lie over the equipment. 
The piles located at Climax, Colorado where this effect 
is serious, have now been mounted in a metal housing 
above the snow level with a heated metal roof designed 
to melt the snow as it falls during the winter months. 
The snow deposit problem elsewhere (see Table IT) is 
not serious. 

Rainfall changes the local production rate and 
moderation of neutrons in the atmosphere. These effects 
would be observed by a bare BF3 counter, but as 
pointed out in Secs. V and VI the use of a local neutron 
producing pile eliminates the rain effect. 

Natural radioactivity or fission-product activity in 
the vicinity of a detector may change by more than an 
order of magnitude as a result of concentration by 
rainfall or winds. This change in “background ioniza- 
tion’ within a detector is serious for an unshielded ion 
chamber but has no effect on a BF, proportional 
counter. 


SUMMARY 


We have demonstrated how the continuous obser- 
vation of variations of the primary radiations may be 
extended to lower energies than has been possible using 
charged particle detectors. Further, we are able to 
relate the variations of local neutron production in pile 
geometries located within the atmosphere to variations 
in the primary radiation. Consequently, the energy 
dependence of the low energy time variant portion of 
primary radiation intensity may be studied. 

We examined the meteorological effects which may 
interfere with these measurements, e.g., pressure and 
temperature. The pressure coefficient is large and 
essentially independent of geomagnetic latitude for 
atmospheric depths x2 600 g-cm~*. The upper limit of 
the temperature coefficient of the nucleonic component 
has been computed from reasonable assumptions re- 
garding the behavior of w- and yu-mesons in the atmos- 
phere and their contributions to the nucleonic compo- 
nent, yielding an upper limit of ~0.1, the magnitude 
of the temperature coefficient for charged particle 
detectors. It is notable that this coefficient for the pile 
is negative and appears to be negligibly small. 
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Some preliminary reports of the results we have 
obtained from the system of piles described in this 
paper have already been published. For example, series 
of 27-day primary intensity peaks have been found® 
with an average amplitude of ~5 percent, and it has 
been shown that this variation extends to primary 
energies > 10 Bev for protons.** These intensity changes 
and their appearance with smal) amplitude even at 
high primary energies have been recently confirmed by 
Neher and Forbush*® and Fonger.*® 

We conclude that after correcting all pile intensity 
data for atmospheric pressure variations the influence 
of the atmosphere upon intensity variations is negligible 
for our present studies. However, from the discussion 
in Sec. II it is clear that we have yet to demonstrate 
to what extent, if any, variations of geomagnetic or 


geoelectric fields may interfere with observations of 


39 Simpson, Fonger, and Wilcox, Phys. Rev. 87, 240 (1952). 
4H. V. Neher and S. E. Forbush, Phys. Rev. 87, 889 (1952) 
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primary intensity variations. In forthcoming papers we 
shall describe experiments which bear on this question. 
It has been possible to establish the pile locations 
given in Table II only through the cooperation of 
several groups. Dr. W. O. Roberts of the High Altitude 
Observatory has provided enthusiastic assistance in 
making available the Climax location for continuous 
monitoring. The U. S. Air Force has generously pro- 
vided facilities at Sacramento Peak. G. Schnable, R. 
Allen, R. Cook, and R. Hansen have maintained these 
two locations even under the most severe conditions. 
Professor M. S. Vallarta and the University of Mexico 
have graciously provided facilities for the apparatus in 
Mexico City, and Dr. Merino Coronado has supervised 
the operation of this pile. In Huancayo, Peru, Mr. 
Albert Giesecke, Jr., and the Instituto Geofisico de 
Huancayo have kindly provided facilities for continuous 
operation under Mr. H. Goller. In Chicago, Mr. J. 
Firor and Mr. W. Dumke have aided in design and 
operation problems. 
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We have measured the total cross section for the charge-exchange scattering of -mesons in hydrogen 
and deuterium at 34 Mev. Both single photons and two-photon coincidences were detected, The results 
are relatively independent of the assumed angular distribution of the 7-mesons. A value of 5.01.5 milli 


barns was obtained for the total charge-exchange cross section of « 


mesons in hydrogen. The expected 


null result was obtained for r*-mesons in hydrogen. In deuterium, values of about one-third the hydrogen 
cross section were obtained for both signs of meson. The photons observed from carbon and oxygen do not 
appear to be mainly from #°-decay, and the cross section for #® production in C and O is less than 5 mb 


for both signs of meson. 


The two-photon coincidences yield a rough value of 0.8 mb/sterad for the differential charge-exchange 
cross section for r~ on hydrogen at 90°. The accuracy is sufficient to rule out the possibility of a very deep 


minimum at 90°, e.g., a cos?@ angular distribution. 


INTRODUCTION 


HE charge-exchange scattering of m~-mesons in 

hydrogen [i.e., the reaction p(m~,r°)n J, has been 
observed in the energy range 120 to 135 Mev by 
Anderson, Fermi, Nagle, and Yodh.! They measured 
the angular distribution of photons from a_ liquid 
hydrogen target. Previous attempts to detect charge- 
exchange scattering at lower energies have not suc- 
ceeded.’ 

We have measured the yield of photons at 90° from 
hydrogen and deuterium bombarded by mesons of 
both signs in the energy range 26 to 41 Mev.* The 
experiment was performed by taking C-CH, and 
H.O-D,0 differences. It seems plausible that most of 
the photons are decay products of r°-mesons. 

We can obtain a fairly good value of the charge- 
exchange cross section from measurements at one angle 
because of the peculiarities of w°-decay. At the rela- 
tively low meson energy used, the two decay gamma- 
rays are emitted with a rather large angular separation, 
and are only weakly correlated in direction with the 
parent m°-meson in the laboratory system. Conse- 
quently, the photon angular distribution is relatively 
insensitive to the 7°-angular distribution. 

We have also detected photons produced in carbon 
and oxygen but interpret the majority of them as 
being of nuclear origin. 

The production of coincident pairs of photons has 
been observed, but the resulting numbers of events are 
small and have large statistical uncertainty. Neverthe- 
less, the data strongly support the hypothesis that the 


* This work was supported by the U. S. Atomic Energy Com 
mission. 

! Anderson, Fermi, Nagle, and Yodh, Phys. Rev. 86, 793 (1952); 
also Proceedings of the Third Rochester High Energy Conference, 
1952 (Interscience Publishers, Inc., New York, 1953). 

2 R. Wilson and J. Perry, Phys. Rev. 84, 163 (1951); Bernardini, 
Booth, Lederman, and Tinlot, Phys. Rev. 80, 924 (1950). 

3A preliminary report of some of these results has been given 
by Roberts, Spry, and Tinlot, Bull. Am. Phys. Soc. 28, No. 1, 14 
(1953). 
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single photons originate predominantly from 2°-decay. 
In addition, we obtain a very approximate value for 
the 90° differential charge-exchange scattering cross 
section in hydrogen. 


EXPERIMENTAL ARRANGEMENT 


Mesons were produced by bombarding an internal 
aluminum target with 240-Mev protons in the Rochester 
130-inch synchrocyclotron. They emerged through a 
thin Al window and passed through the 4X5 in. 
aperture of a ‘“Z-focusing” magnet. The beam was then 
deflected through about 45° in the horizontal plane by 
a horizontal focusing magnet. Thus, a nearly parallel 
beam of mesons was obtained whose energy was closely 
defined (50+1 Mev). Either sign of meson was avail- 
able, depending on the orientation of the magnetic 
fields of the cyclotron and of focusing magnets. 

The counter assembly, consisting of eleven liquid 
scintillation counters, was imbedded in a lead and 
copper shielding block, in order to minimize single 
counting rates. Further shielding was strategically 
disposed in the vicinity. The general arrangement of 
the apparatus is shown in Fig. 1. 

The arrangement and dimensions of the counters are 
given in Fig. 2. The assembly consisted of the meson 
telescope (counters 1-3), the main photon telescope 7; 
(counters 6-9), and a subsidiary photon telescope 7, 
(counters 10-11). Counter 4, beyond the meson target, 
was in anticoincidence with the meson telescope, to 
eliminate the detection of events in which the meson 
emerged undeviated from the target. Counter 5, im- 
mediately above the target, was in anticoincidence 
with 7), to desensitize it to charged particles originating 
in the target. 

Events of interest were thus caused by a meson 
traversing counters 1-3, but not counter 4, and simul- 
taneously producing a coincidence in either the main 
photon telescope 7; or in both 7, and 7». 
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Fic. 1. General arrangement of apparatus, showing shielding, 
Z focus, and deflecting magnets. In the vertical direction, normal 
to the plane shown, the shielding is about three feet high, approxi 
mately the separation of the cyclotron magnet coils. 


Targets 


All meson targets had identical cross-sectional dimen- 
sions 133 in. In order to make a direct difference 
experiment possible, the C and CH targets used were 
chosen to have the same number of C nuclei (2.5 
g/cm’). Likewise, the H.O and D,.O targets had the 
same number of O atoms (2.25 g/cm*). The liquids 
were contained in Lucite boxes with a total wall thick- 
ness of 0.10 in. 

After traversing the threefold meson telescope, the 
mesons entered the target with an energy of 41 Mev. 
In the case of the CH, target, they emerged with an 
energy of 26 Mev. The mean meson energy varied 
slightly (less than 3 Mev) among the several targets 
because of their different stopping powers; this effect 
was not important because of the considerable energy 
spread that resulted from target thickness. 


The Photon Telescopes 


The photon intended to detect 
photons by virtue of the electron showers produced in 
lead converters. In the main telescope 7), the converter 


telescopes were 
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Fic. 2. Counter arrangement, to scale. Only the active volume of 
each scintillation counter is shown. 
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(0.25 in.X2 in.X3 in.) was placed immediately above 
counter 5 (see Fig. 2). “Wings” of graphite, 0.75 in. 
X0.5 in.X3 in., were placed on either side of the lead. 
The graphite had approximately the same stopping 
power for protons as the lead and served principally 
to shield the telescope from the target volume. 

The composite converter could be replaced by one of 
solid graphite 9.75 in. thick. The lead and graphite 
differed by a factor of about ten in conversion efficiency 
for 100-Mev photons; it was therefore simple to differ- 
entiate photons from other neutral particles. A {-in. Pb 
converter was left permanently in front of the secondary 
telescope T,. The stopping powers of both telescopes 
were made equal by the insertion of } in. of Al between 
counters 10 and 11. 

In some of the early runs, an absorber was used 
between counters 7 and 8 in order to limit the back- 
ground of fourfold coincidences 6789. The corresponding 
minimum detectable energy of conversion electrons 
was 15 Mev. With improved shielding, the rate became 
low enough to permit the removal of the absorber. The 
minimum detectable energy was thus reduced to 8 Mev, 
and the photon telescope efficiency was doubled. As it 
turned out, the calculation of the telescope efficiency 
was considerably simpler and subject to less uncertainty 
in the latter case. 


Electronic Circuits 


A block diagram of the electronic circuits, somewhat 
simplified, is shown in Fig. 3. The fast coincidences 
were formed by using diode bridge circuits or Garwin 
circuits.4 Resolving times were 10-30 musec. The three- 
fold meson telescope rate of 123 was used as a monitor; 
this rate, hereafter called M, was corrected for acci- 
dentals and beam contamination to give the meson flux. 
Counter 4 in anticoincidence with M gave the anti- 
coincidence rate 1234, hereafter called A. The fourfold 
coincidence 6789 in anticoincidence with 5 gave the 
event 56789, hereafter called B, and the coincidences 


, AB were recorded. Twofold coincidences 10-11 were 


placed in coincidence with A to form events C, and 
ABC coincidences were recorded. Since both AB and 
ABC rates were quite low (one to 40 per hour), it was 
thought desirable to guard against counting eithér 
cosmic-ray events or adventitious pulses from external 
electrical interference. This was accomplished by gating 
the recording circuits to count events only during 
400-usec intervals which included the time the beam 
was on target. Ungated events were also counted. In no 
case was there a difference between gated and ungated 
events. 

The accidental coincidence rate in A B was monitored 
throughout the experiment by means of a slow coinci- 
dence circuit measuring the coincidence rate with one 
channel delayed. The number of accidentals in the 


4R. L. Garwin, Rev. Sci. Instr. 21, 569 (1950); Phys. Rev. 90, 
274 (1953). 
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undelayed fast circuit was then obtained from the 
known ratio of resolving times. This correction was 
quite small in the 1B rate, and the chance background 
in the ABC rate was so small as to be completely 
negligible. 


PROCEDURE 
Calibration and Adjustraent of Counters 


Since the amplification at various points of the 
circuit was in most cases fixed, the most convenient 
method of adjusting pulse heights was to vary the 
photomultiplier voltages. In adjusting the meson tele- 
scope, three checks were available. The M rate was 
quite sensitive to the adjustment of the focusing magnet 
currents; it exhibited a good plateau as a function of 
each photomultiplier voltage; and the nature of the 
beam could be checked by taking range curves. Ex- 


I23=M _(MESON COUNTING RATE) 
_ 


\o 





\- 


Fic. 3. Simplified block diagram of electronics. The arrangements 
for recording both gated and ungated coincidences are omitted 


amples of range curves for rt- and m~-mesons are given 
in Fig. 4. 

The range curve for the positive beam agrees well 
with that expected for 50-Mev m-mesons. There is 
about 5 percent contamination of u-mesons and posi- 
trons with ranges greater than the m-mesons. The curve 
for negative mesons shows much more contamination. 
A careful set of measurements by Camac, McGuire, 
Platt, and Schulte® at 40 Mev shows a contamination 
of about 22 and The 
remainder of the tail probably arises from protons 
produced in the absorber by stopped m~-mesons. 


ercent pu-mesons electrons. 
mv 


The voltage on counter 4 was set by finding a rough 
plateau in the rate A; the ratio A/M, which measures 
the anticoincidence efficiency of 4, was about 0.07 for 
n+, 0.14 for x ~-mesons, with the meson targets in place. 
The lower efficiency with negatives is perhaps due to 


5 Camac, McGuire, Platt, and Schulte (private communication). 
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Fic. 4. Range curves for r-meson beams. The vertical dashed 


line indicates the expected range of the beam, taking into account 
the energy loss in the meson telescope. 


the greater electron contamination and the larger 
number of accidentals with the lower intensity negative 
beam. , 

The photon telescope 7) was adjusted by counting 
cosmic-ray w-mesons with the cyclotron turned off. A 
reasonable plateau was obtained for 6789 and 56 789 
rates as functions of photomultiplier voltages. Since 
counters 5 to 9 were normally in position to count 
vertically incident checks were 
possible without disturbing the apparatus. Examples 
of calibration runs are given in Fig. 5. The 56 789 rate 


u-mesons, periodic 


agrees very well with that expected® for u-mesons of 
sufficient energy to penetrate the 15 in. of copper 
shielding above the telescope. Therefore, we have 
assumed 100 percent efficiency for detection of single 
minimum ionization particles in 7). 

Counters 10 and 11 were adjusted by placing them 
above 7), and counting cosmic-ray w-mesons in sixfold 
coincidence 67891011. This measurement could not be 
repeated without disturbing the apparatus during a 
run. The constancy of the C rate was therefore used to 
indicate that no changes in efficiency had occurred. 


COUNT s/ MINUTE 
> 


t 4 A i 1 A 
4300 \400 1500 1600 \TOO 
VOLTAGES ON T, COUNTERS (IDENTICAL OW ©,7,8,9) 


Fic. 5. Plateau of photomultiplier voltages vs incident y-meson 
cosmic-ray rate. The dotted line indicates the expected coincidence 
rate assuming 100 percent efficiency in all counters. 


®* B. Rossi, Revs. Modern Phys. 20, 537 (1948). 
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TaBLe I. AB coincidences for C and CH. Rates are per million 
M counts, corrected only for accidental AB coincidences. Errors 
are standard deviations (including error in accidentals). 


Converter CH2-C difference 


larget Pb converter 
( 
29.4+3.3 


0.5+6.6 


Tasie Il. AB coincidences for H,O and D,O. Rates are per 
million M counts, corrected only for accidental AB coincidences. 
Errors are standard deviations (including error in accidentals). 


1D2O-H2O difference 
Pb converter 


46.14+2.8 
33.0+ 3.0 
14.04-2.0 
21.642.6 


— 13.144.2 


7.64+3.1 


Adjustment of Delays and Resolving Times 


All of the coincidence circuits were checked with 
artificial pulses of varying amplitude to insure that no 
threshold jitter could change the coincidence efficiency. 
Before each run, the delays were checked with the 
actual circuit voltages and connections used during the 
experiment. This was done by moving first 7, and later 
7», so that the incident meson beam passed through it, 
as well as the meson telescope. The exact delays to be 
inserted in each line, making all lines the same electrical 
length, could then be determined with the true coinci- 
dences thus produced. In view of the short resolving 
times (10 musec), and long cables (350 ft) used, this 
was an important precaution. 


Operating Procedure 


Relatively short with different targets or 
radiators, were alternated to reduce the effect of long- 


term drifts. Check runs were occasionally made at half- 


runs, 


or quarter-intensity beam levels, so as to prove that 
none of the coincidence circuits was being jammed by 
too high a singles rate anywhere. 

Since no effects of jamming were detected, most of 
the data were taken at maximum beam level, corre- 
sponding to m -rates of ~10 000 min and mt-rates of 
~25 000/min. 


RESULTS 
Single-Photon Detection 
A summary of the data on AB coincidences appears 
in Tables I and II. The numbers listed are the numbers 
of coincidences per million M counts, corrected only for 
accidental coincidences in the AB rate. The uncertainty 
in the correction is included in the quoted errors. 
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Charge-Exchange Scattering in Hydrogen 


There are three obvious features of the data for m~- 
mesons in Table I. (1) The Pb—C converter differences 
are certainly real and large. (2) The CH,-C difference 
with the Pb converter is large; and (3) the CH»-C 
difference with the C converter is small, perhaps even 
zero. Ionizing particles produced in the target and 
incompletely rejected by counter 5 would show no 
Pb-C difference. Furthermore, no known reaction in 
hydrogen produces ionizing particles with enough 
energy to traverse the telescope 7.’ 

The above observations thus strongly support the 
view that the CH.-C difference is the result of the 
production of photons in hydrogen. The absence of 
such photons in the case of r+-mesons on hydrogen in 
Table I (no CH.-C difference) is consistent with this 
interpretation. 

The considerable Pb-C differences observed with x 
on C and x* on DO (Table II) are perhaps the most 
direct indications that photons are produced in other 
nuclei as well. The results for > on H.O and D.O show 
immediately that the yield from D is less than from H. 


Two-Photon Emission 


lhe apparatus for counting events ABC was placed 
in operation only in the latter part of the experiment, 
and there was not sufficient running time available to 
obtain good statistics. In particular, there was no time 
to take long runs with carbon converter for 72 in order 
to prove the electromagnetic character of the detected 
radiation or to try angles at which no coincidences 
would be expected. However, we find some significance 
in the data, which are given in Table III and discussed 
below. 

INTERPRETATION OF DATA 


A. Single-Photon Detection 


In order to deduce the cross section for the specific 
process p+ m-—»n-+ 1°—>n-+- 27, we must know several 
important factors. These are: (1) the dependence of 


TABLE III. Two-photon detection. The number of M counts is 
given, and the number of corresponding ABC events observed. 


Mesons 


Target 74 converter 


Cc 


CH, M X10~° 


HO 


D,O 


7 Excepting the high energy electron pairs arising from the 
infrequent internal conversion of a photon from a neutral meson 
decay; counter 5 discriminates against such events. Steinberger, 
Sachs, and Lindenfeld, Bull. Am. Phys. Soc. 28, No. 1, 14 (Jan. 
22, 1953) 
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the photon spectrum and angular distribution upon the 
angular distribution of the r°-mesons, (2) the intrinsic 
efficiency «(E) of the telescope 7, as a function of 
photon energy £, (3) the net efficiency 7 of the telescope 
for detecting +°-mesons, (4) the contamination of the 
meson beam and the fraction of mesons lost to scat- 
tering and absorption in the target, and (5) the cross 
section and probability of detecting the competing 
process of radiative capture. We shall now discuss 
these factors in detail. 


Kinematics of Charge Exchange in Hydrogen 


Consider the decay of the neutral meson in the c.m. 
system. Let the 2° rest mass be yu, its velocity 8, and its 
total energy yu. The decay photons are distributed in 
energy between limits Ey,ax and Enin given by 


2Emin/ B= B/2Emax=(C(1—8)/(1+8) ]!. (1) 


If the r° mesons are emitted in the c.m. system with an 
angular distribution given in terms of spherical har- 
monics by 


H(0)dQ= >; aP(cosd)dQ, (2) 


then the energy spectrum of photons emitted at the 
angle # can be shown to be 


J(6, E)dEdQ 


t 


1 mn 
= (24Byy) “dkda >> aPi(cost)Pi( — ), (3) 
2ByvE 


B 


where J(@,£) is normalized to one m°-meson (two 
gamma-rays), and the angle @ in Eqs. (2) and (3) is 
measured relative to the direction of the incident m~- 
meson beam. 

For a mean incident m~-energy of 34 Mev, the 
emitted meson has a c.m. energy of 28.9 Mev. The 
velocity of the c.m. system is B¢.m.=0.092, and the 
extremal photon energies are Ey,ax= 129 Mev, Enin= 36 
Mev. 

The Intrinsic Efficiency &(E 


The conventional cosmic-ray shower theory is not 
suitable for most calculations involving photon energies 
much below 500 Mev. We have therefore made use of 
the theory of Wilson,’ which is based on calculations 
made by the Monte Carlo method, and takes into 
account multiple scattering. Wilson divides the shower 
electrons into two groups: those which have energies 
above a critical energy E’ and are supposed to have 
negligible Coulomb scattering, and those with energy 
less than EF’, which are assumed to be scattered so 
much as to be isotropically distributed. The average 
number of electrons in each group (a function of photon 
energy and converter thickness), is denoted by n,. and 
na, respectively. The critical energy F’ in lead is 8 Mev. 
Since this is also the minimum energy of electrons 
capable of traversing the telescopes, the intrinsic 


®R. R. Wilson, Phys. Rev. 86, 261 (1952). 
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Fic. 6. Calculated intrinsic efficiency of gamma-ray telescope 
as a function of energy. The radiator is } lead, the minimum 
energy of detected electrons 8 Mev. The straight line represents 
the empirical equation used (see text). 


telescope efficiency for any photon energy is equal to 
the probability that ,, is different from zero. As shown 
by Wilson, this probability is obtained by assuming a 
Poisson distribution. The efficiency vs photon energy 
for a } in. lead converter is plotted in Fig. 6. The curve 
is quite well fitted over the relevant energy range by 
the empirical formula: e(#)= —0.484+4-0.229 InF (with 
E in Mev). 

As mentioned previously, in our earlier work the 
minimum detectable electron energy was 15 Mev. One 
can estimate’ that the efficiency in this case should be 
about one-half the value given above, over the relevant 
range of photon energies. The predicted difference in 
efficiency was observed (with a rather large statistical 
error). Such agreement constitutes an order of magni- 
tude check on the energy of the detected photon. 

An important consequence of the “two-group” 
analysis is that the photon telescope efficiency does not 
depend on the area of the lead converter, if the converter 
subtends a solid angle larger than that subtended by 
the most distant counter in the telescope. Thus, the 
composite converter shown in Fig. 2 should be as 
effective as one having the same area as the counters. 
This prediction was verified (although the measure- 
ments have large statistical errors). 

The Effective Telescope Efficiency, n 

Knowing the intrinsic efficiency e(£) of the telescope 
as a function of energy and the differential intensity 
J(6, E) of the photons produced at a given point in the 
target, we can now calculate the net probability 7’ of 
observing a given neutral meson by detection of one 
decay photon. This is given by 


4 = sinoaae f 10, hyd )dk. (4) 
Jy s : 


9 See, for example, J. A. Richards and L. W. Nordheim, Phys, 
Rev. 74, 1106 (1948) . 
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TABLE IV. Net detection efficiency » for w®°-mesons of telescope 
7, assuming different w-angular distributions 1/(6) 


Hi n 
1/4m 0.0307 
(3/4) cos*é 0.0269 
(3/8) sin®@ 0.0325 


Here (’ is the solid angle subtended by counter 9 (the 


furthest one), at the point of production of the photons. 
The limits on the energy integral are the Eyaax and Ein 
in the laboratory system, which are functions of 6 and 
of the w°-energy. The average efficiency 7 for 2°-detec- 
tion is then the average of 7’ over all points in the 
target, weighted by the probability of w°-production at 
each point. We have evaluated 9 only approximately. 
lirst, it is assumed that the production of mesons is 
uniform over the target; this is justified, since the 
calculated efficiency depends very little on the assumed 
beam density distribution. Second, the motion of the 
c.m. system (proton+ meson) is neglected. This assump- 
tion introduces an error in the angle @ of 5°, at most. 
The solid angle aberration may amount to 10 percent 
for the values of 6 furthest from 90°, but the effect 
almost cancels out when averaged over the angular 
range. ‘The changes of counter efficiency due to Doppler 
shift in going from the c.m. to the laboratory are 
likewise of no practical importance. 

The values of 7 so obtained are given in Table LV, 
for several different assumptions as to the angular 
distributions of the w°-mesons. We neglect the possi- 
bility of higher powers of cos@ than the second. The 
small dependence on the assumed angular distribution 
of the 7°’s is evident. 


Beam Contamination and Particle Loss in the Target 


It is not easy to assess accurately the contamination 
of the negative beam from range curves like Fig. 4. 
lor example, the beam composition may change during 
a run, or from one run to another, because changes in 
counter voltages may change the relative sensitivities 
of the telescope counters to electrons and mesons. 
Changes in focusing magnet currents may also change 
the composition. From curves like Fig. 4 and data on 
pulse-height distributions of the meson telescope coun- 
ters, we believe the proportion of m~-mesons in the 
negative beam to be 0.78+-0.08. In order to derive a 
correction factor which reduces M counts to meson 
counts, one must include the effect of accidental 
coincidences and the effect of losses in the target due to 
nuclear absorption, large angle scattering, and incom- 
plete traversal because of deviations from ideal paral- 
lelism. The final estimate of the correction factor is, 
a_=0.72+-0.08. 

For the *-beam, the contamination is much smaller. 
A 5 percent u-meson and positron contamination and a 
similar correction for target losses and accidentals gives 


a correction factor, a,=0.89+0.03. 
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Radiative Capture in Hydrogen 


The reaction p(m~,y)n will give rise to high energy 
single photons having the unique energy of 153 Mev in 
the c.m. system. The 7, telescope has an intrinsic 
efficiency 0.67 and a net efficiency 7,=0.0212 at this 
energy. We consider the experimental data of Stein- 
berger and Bishop'® on the cross section for the reaction 
ply,r*)n to estimate the contribution of this reaction 
to the observed counting rate. It is reasonable to as- 
sume the cross section to be about the same as 
that for the reaction n(y,r~)p. The probability of 
radiative capture can then be found by applying the 
principle of detailed balancing. We find the cross section 
for the radiative capture of 34-Mev m~-mesons_ in 
hydrogen to be o,~0.26 millibarn. For the CH» target 
used this corresponds to 1.0 counts per 10° M counts. 


n~-H Charge-Exchange Cross Section 


We consider the CH.-C difference with Pb converter 
(see Table I) to be a measure of the photon yield from 
hydrogen. The actual number of hydrogen events per 
M count (n/M) is then directly related to the charge 
exchange and radiative capture cross sections, ¢, and 
ty? 


n/M=(NH/a_)\(o.n+o,n,). 


In this expression, // is the surface density of hydrogen 
in the target (0.42g cm~?), and .V is Avogadro’s number. 
n, the telescope etliciency for r°-decay photons, is to be 
chosen (see Table IV) according to the assumed 7° 
angular distribution. (It should be noted that the 
radiative capture process accounts only for a few percent 
of the observed effect.) For an isotropic r°-distribution, 
one finds for the charge-exchange cross section, 


(o2)iso=5.0+0.75 mb. 


A cos*6-angular distribution would increase this value 
by about 14 percent, while a sin’6-distribution would 
decrease it by 7 percent. Although the angular distri- 
bution is not known, it is reasonable to assume that 
higher powers of cos@ will not contribute significantly. 
Thus, the lack of knowledge about the angular distri- 
bution means only that uncertainty in the cross section 
is somewhat larger than that given above. The most 
likely source of error in the computation lies in the 
application of the shower theory af Wilson, which is 
admittedly approximate and has been only partially 
checked by experiment. As a consequence of these 
factors, we conclude that the charge-exchange cross 
section in hydrogen has been ascertained within a 
provisional uncertainty of 30 percent. 


Charge-Exchange Scattering in Deuterium 


The relevant data for deuterium are given in Table II. 
For xt-mesons, the D,O-H,O difference yields the 


0 J. Steinberger and A. S. Bishop, Phys. Rev. 86, 171 (1952). 
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deuterium effect directly. The w~-result can be inter- 
preted by using the hydrogen results of the previous 
section. Assuming that the results are reduced to equal 
members of hydrogen nuclei, 


D» effect = (D.O— H.O)+ Hz effect. 


Because of the large H effect, this procedure is much 
less accurate than the direct subtraction possible with 
7 t-mesons. 

The net deuterium effect, expressed as events per 
10° M counts is given below, together with the hydrogen 
effect reduced to the same number of atoms: 

rtt+D: 8.0+3.. 
m+D: 9.0+6.5 
wt+H: 


w-+H: 23.2+2.6. 


0.4+5.2 


A direct comparison of cross sections between H and 
I) is inexact for several reasons. The 7°-mesons are not 
monochromatic ; the angular distributions may be quite 
different; and it is difficult to estimate the relative 
importance of radiative capture. 

If one neglects these difficulties and assumes the 
charge-exchange processes to be identical in H and D, 
then one concludes that the deuterium cross section is 
about one-third as large as the hydrogen cross section. 

The smaller cross section of deuterium compared 
with hydrogen can be understood in terms of the 
exclusion principle, parity conservation, and the mo- 
mentum distribution in the deuteron. As has been 
pointed out by Marshak" and Cheston,” s-wave scat- 
tering on deuterium cannot lead to a 4S state of the 
product nucleons. *P states of the nucleons are possible 
for both s- 
transition probabilities are expected to be small, because 


and p-wave incident mesons, but the 


of the predominance of low momentum components in 
the deuteron wave function. 

Equal cross sections for charge exchange with both 
7'- and mw -mesons are expected on the hypothesis of 
charge symmetry. 


B. Two-Photon Detection 
Detection Efficiency 


As shown in Fig. 2, the axes of 7, and 7» define a 
plane perpendicular to the incident meson beam. The 
relative directions of the axes in this plane were chosen 
to favor the detection of photons whose angular sepa- 
ration was near 112°, the most probable angle between 
the decay photons of a 28.7 Mev 2°-meson. Since the 
acceptable range of angles varies considerably over the 

1 R. E. Marshak, Proceedings of the Rochester First High 
Energy Conference, 1950 (unpublished). 

2 W. B. Cheston, Phys. Rev. 83, 1118 (1951). 
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target volume, it is difficult to derive an exact expression 
for the two-photon detection efficiency m2. We can, 
however, develop an approximate formula, using the 
r-decay kinematical relations. It is known" that the 
most probable correlation angle @ between the two 
photons is the minimum angle ¢o and that the corre- 
sponding photon energy is Eo= yu/2. 

Now suppose a 7°-meson decays at some point in the 
target into photons having a particular correlation 
angle @. The meson will be detected, provided (a) it is 
emitted within a particular solid angle Q,, (b) the 
photons lie in a plane whose azimuthal angle about the 
direction of +°-motion is within a particular range Ay, 
and (c) both photons convert into electrons capable of 
detection. 

We have graphically evaluated 2, and Ay for various 
points in the target and for different angles @. The 
average efficiency n2 is approximately 


(Qa) my (Ax Ay 
= : 
4dr 2r 


where (2,)4 and (Ay), are averages over the 
weighted by the angular correlation function 


(es(eyeo(yu kk) 


tel e(yu—ki))m, (6) 


target, 
for the 
photon pairs. For simplicity, the product of the con- 
version efliciencies can be approximated by 2{ €( Ko) /*. 
This is justified in view of the high probability of 
detection for ¢=¢@o. At the mean 7°-energy of 29 Mev, 


Q,)av/4r=0.0145, (Ax)yw=m/4, and e(Ko)=0.53. 


The resulting efficiency is n.=1.010~*. This is four 
times as large as the value which would be obtained if 
there were no angular correlation between the two 
photons. 


Two-Photon Data 


Let us now consider the results with the H.O target 
(Table IIT). It seems reasonable to attribute the 10.4 BC 
events obtained with: Pb converter with m-mesons to 
reactions in hydrogen; if they were produced in oxygen, 
it would be difficult to understand the absence of a 
similar yield with Under this 
assumption we find for the differential cross section, 


ABC| 4aMna NH |! 
0.8+0.25 mb/sterad. 


mt-mesons incident. 


day (90 )/dQ 


The indicated error here is only the statistical error. 
This result and that obtained from single-photon de- 
tection are easily compatible with an isotropic or sin’@ 
distribution. For a cos*@-distribution we would have 
expected 0.7 detected ABC events rather than the 
observed ten. 

The events obtained with the D,O target are too few 
in number to be significant. They do, however, lend 


3 Panofsky, Steinberger, and Steller, Phys. Rev. 86, 180 (1952). 
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support to the supposition that the photons produced 
in D are, as in the case of H, principally caused by 
charge-exchange. 


C. Photons from Carbon and Oxygen 


The Pb-C converter difference for x~ on C (Table I) 
is about half as large as the H effect. This would give 
a cross section equal to that for hydrogen, if the yield 
of photons from C were all the result of isotropically 
emitted 2°-mesons. To assume this seems unjustified, 
however. The Pb-C difference for * on H.O is small, 
in fact compatible with zero. There are no data for the 
Pb-C difference for x* on C, but one may reasonably 
expect that the photon yield from C is about as small 
as that from H,O. One may take this as evidence that 
r-production from carbon causes only a small part of 
the total effect, since the principle of charge symmetry 
(neglecting Coulomb effects) would require equal pro- 
duction of 2°-mesons by wt and wm in nuclei with 
isotopic spin zero. Such a conclusion would be borne 
out by the results of Kessler et al.'* who find an upper 
limit of 15 mb for charge-exchange of 150 Mev x in C. 

The small cross section for charge-exchange scattering 
in nuclei with isotopic spin zero can be understood in 
terms of beta-ray theory, as Petschek'® has pointed out. 
The nuclear transition involved is always unfavored, 
since a change of the partition is required. One might 
therefore expect larger charge-exchange cross sections 
when the nuclear transition is favored. This would 
occur for rt-bombardment of the 7;=4 nuclei Li’, Be’, 
etc. 

The data with two-photon detection are insufficient 
to permit any conclusions concerning 7°-production in 
C or O. 

The single photons observed from C and O might be 
tentatively ascribed to radiative capture processes ; 
but these, too, might be expected to be equal for a* 
and #~. It is perhaps possible that the effect is in 
part due to stopped x~-mesons. This and other possible 
effects of stopped mesons are discussed briefly in an 
appendix. 

CONCLUSIONS 

The analysis presented in this article leads to several 
conclusions. 

(1) The cross section for charge-exchange scattering 
of 34-Mev #--mesons in hydrogen is 5.0+1.5 millibarns, 
assuming any reasonable angular distribution. 

(2) The differential cross section for charge-exchange 
scattering of 34-Mev --mesons in hydrogen at 90° is 
about 0.8 mb/sterad. This is compatible with an 
isotropic or sin’6-distribution of mesons but not with a 


predominantly cos*@-distribution. 


“ Kessler, Byfield, Lederman, and Rogers, Bull. Am. Phys: 

Soc. 28, No. 1, 14 (1953). 
348A. G. Petschek, thesis, 

(unpublished). 
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(3) The total cross section for charge-exchange scat- 
tering in deuterium is about one-third the value in 
hydrogen, and is the same for r*+- and x~-mesons, within 
wide limits of error. The latter result is in accordance 
with the notion of charge symmetry in nucleon-meson 
interactions. 

(4) The cross section for charge-exchange scattering 
in carbon and oxygen is not larger than the hydrogen 
cross section and may well be much smaller. 


Comparison with Other Results 


Anderson, Fermi ef a/. found that at higher meson 
energies (115 Mev and up) the charge-exchange scat- 
tering of m~-mesons in hydrogen accounted for nearly 
all of the total scattering cross section. The total cross 
section for 37-Mev m-mesons in hydrogen has been 
measured by Barnes et al.'® in this laboratory. Their 
preliminary results indicate that the total cross section 
is at least 17 millibarns. Thus, one would conclude that 
charge-exchange is no longer dominant at low energy. 
However, Shutt et a/.'”7 found for the elastic scattering 
cross section at 57 Mev the value 32 mb. It is possible 
that the cross sections are sharply energy dependent at 
low energies. 

We are indebted to the U. S. Atomic Energy Com- 
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for the use of the Z-focusing magnet and to the Cornell 
Laboratory of Nuclear Science for the use of the hori- 
zontal focusing magnet. We have received much help 
in all stages of this work from William F. Spry. We 
wish to thank Fred Tenney and Melvyn Halbert for 
assistance in taking data. We have had useful and 
illuminating discussions with R. R. Wilson and J. B. 
French. 


APPENDIX: EFFECT OF STOPPED x -MESONS 


If a few x~-mesons have somehow lost large amounts of energy 
and stop in the target, some gamma-rays may well be emitted in 
the ensuing nuclear capture. The Pb-C difference with the C 
target is about ten counts per million M counts greater with w~ 
than with w*-mesons. This difference could be accounted for if 
one w~-meson per thousand yields a capture gamma-ray of 
sufficient energy to be counted with reasonable efficiency. 

This effect would of course tend to cancel in the CH,-C differ- 
ence, except in so far as the difference in stopping power of the 
targets may change the number of stopped mesons, or nuclear 
capture in hydrogen may occur. The latter effect!® is known to 

16 Angell, Perry, and Barnes, Rochester Third High Energy 
Conference, 1952 (Interscience Publishers, Inc., New York). 

'7Shutt, Fowler, Miller, Thorndike, and Fowler, Phys. Rev. 
84, 1247 (1951). 

'8 Panofsky, Aamodt, and Hadley, Phys. Rev. 81, 565 (1951). 
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be less than 0.5 percent in CH, and may be much smaller. If it 
occurred for 1 out of 200 stopped m~-mesons, and as many as 
5 percent of the r~’s stopped in the target, this would contribute 
only 2.5 counts per million M counts to the observed CH,-C 
difference. This source of error is therefore negligible. 

That nuclear gamma-rays cannot contribute much to the 
CH,-C difference is also shown by the fact that the results 
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obtained with a 15-Mev minimum detéctable electron energy 
agree with those for 8-Mev minimum, assuming the #°-decay 
gamma-ray spectrum (i.e., high energy gamma-rays). The 2~- 
capture gamma-rays would be expected to be much lower in 
energy, and the change in detection efficiency much more than 
the observed factor of two. In addition, there is the angular 
correlation demonstrated by the two quantum coincidences. 
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On the assumption of central charge-independent two particle nuclear forces, the wave function 
(E+K)*(bE+K)? with & the binding energy, A the kinetic energy, and 6=5.3 is found to be a better 
wave function, in the sense of a variational principle, for the He* nucleus than the optimum Gaussian 
With this wave function, the ratios of the numbers of protons to deuterons to tritons in final states resulting 


from the absorption of 


mesons from K shells of mesic helium atoms are found to be 1:1.3:0.7. For 


reasonable values of the PS(PV) coupling constant, 20 percent of the absorptions take place directly from 
the 2p level. The number of high energy y-rays is less than 1 percent of the number of nonradiative absorp- 


tions. Charge-exchange absorption is energetically forbidden 


INTRODUCTION 


HEN a negative pion is absorbed by a Het 
nucleus, three types of final states are available 
for the nuclear system, namely, 


p+3n, d+2n, lt+n, 
to which we shall refer as the proton, deuteron, and 
triton final states, respectively. The transition to any 
of these states may be accompanied by the emission of 
electromagnetic radiation but not, because of the 
conservation of energy, by the emission of neutral pions. 
A calculation of the relative probabilities of transitions 
to these final states is of interest not only to corroborate 
the information concerning the r-meson which is gained 
by a study of its interaction with the proton and the 
deuteron,' but also because, through the dependence of 
the relative probabilities on the nuclear wave function, 
it sheds light on the structure of the nucleus. The Het 
nucleus is the nucleus next in complexity to the deuteron 
that is available in sufficient quantity to make an 
experiment practicable. It is also the lightest nucleus 
with structural resemblance to heavier nuclei in that 
both the binding per energy nucleon and the average 
kinetic energy per nucleon are close to the corresponding 
figures for heavy nuclei. 

For these reasons it was thought worth while to 
extend to the He* nucleus the calculation on the 
absorption of slow negative pions by nuclei carried out 


* This paper is based upon a thesis submitted to the University 
of Rochester in partial fulfillment of its requirements for the 
degree Doctor of Philosophy. 

1R. E. Marshak, Revs. Modern Phys. 23, 137 (1951). 


at this laboratory by Marshak,? Tamor,’ and Messiah.‘ 
In addition to these calculations, several others of 
similar scope precede ours, namely, two calculations of 
Bruno,® and one of Clark and Ruddlesden.*® Besides the 
use of a less carefully chosen wave function for the Het 
nucleus and differences in the detailed treatment of the 
final states, the latter calculations differ from ours in 
several important respects. The first calculation of 
Bruno employed a meson mass of 100 Mev in accordance 
with the experimental data at that time. Moreover, 
transitions to the triton final state alone were calcu- 
lated. In his next calculation Bruno revised the meson 
mass, and because the larger mass is expected to lead 
to a larger yield for the proton final states, he calculated 
the transition rate to such states (for vector mesons) 
and found it to be larger than the triton rate. In the 
calculation of Clark and Ruddlesden the nucleons are 
taken to be infinitely heavy in calculating the inter- 
action Hamiltonian (not, of course, in the kinematics) 
and the electromagnetic radiation accompanying the 
absorption is not considered. 

The present calculation resembles in many respects 
the calculation of Messiah for He’. Section I describes 
the method of calculation in general terms and allows 
the construction in Sec. II of the wave functions both 
of the initial He* nucleus and of the final nuclear 


2k. E. Marshak and A. S. Wightman, Phys. Rev. 76, 114 
(1949). 

3S. Tamor, Phys. Rev. 82, 38 (1951). 

4A. M.L. Messiah, Phys. Rev. 87, 639 (1952). 

5B. Bruno, Arkiv Mat. Astron. Fysik 36A, No. 8 (1948) and 
Arkiv Fysik 1, 19 (1949). 

6 A. C. Clark and S. N. Ruddlesden, Proc. Phys. Soc. (London) 
64, 1064 (1951). 
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fragments. Section IIT contains the principal part of 
the calculation, including a calculation of the relative 
frequency of the three final states for absorption from 
sand p states of the r-mesic helium atom, an estimate 
of the ratio of optical transitions from the p state to 
direct nuclear absorption from it, and an upper limit to 
the number of gamma-rays accompanying nuclear 
absorption from s states. Finally, Sec. IV presents an 
evaluation of the results and a discussion of the validity 
of some of the approximations employed in their 


calculation. 


I. GENERAL METHOD OF CALCULATION 


Throughout this calculation we shall assume that the 
pseudoscalar nature of the meson is_ established.' 
Furthermore only pseudovector coupling is considered 
in order to allow a phenomenological treatment of the 
nuclear force.’ 

The wave -function of the initial He* nucleus is 
calculated as a wave function of four Schrédinger 
particles bound by two-particle nuclear forces which 
are taken to be central and charge independent. The 
effect of the tensor component of the nuclear forces on 
the wave function is taken into account in the calcu- 
lation of the absorption of mesons from the mesic p 
state, where it is most important. The range of the 
nuclear forces is taken from the two-particle scattering 
data,® while the strength is adjusted to give the proper 
binding energy for the alpha-particle. 

Subsequent to the calculation of the wave function 
the nucleus is treated as an assemblage of Dirac 
particles whose momentum distribution is given by the 
Schrédinger wave function.’ This and the next approxi- 
mation are both valid in the limit v/c1. The maximum 
v/c of interest occurs for the free neutron in the triton 
final states and is (v/c)?=0.19. 

The interaction between the meson and the nucleons 
is taken to be the nonrelativistic limit of the pseudo- 


vector interaction, namely, 
O= (24/u)4(f/u) [oi Vib ino, Pig Je, (1) 


where @ is the meson wave function, f, the coupling 
constant, u, the meson mass, and @,, ¢,, P; the spin, 
isotopic spin, and momentum of the 7th nucleon, respec- 
tively. The units used throughout are h=c=M=1, 
Occasionally, the second term in Eq. (1) has been 
neglected.*" Not only does this term arise quite natur- 
ally in taking the nonrelativistic limit of the PS(PV) 


theory but it is necessary to preserve the Galilean 
invariance and the two-particle nature of the meson- 


7K. Brueckner, Phys. Rev. 82, 598 (1951). Pseudoscalar 
coupling may, however, give similar results. See, for instance, 
S. D. Drell and FE. M. Henley, Stanford Microwave Laboratory 
Report 165 (unpublished) 

SJ]. M. Blatt and J. D. Jackson, Phys. Rev. 76, 18 (1949), 
J. D. Jackson and J. M. Blatt, Revs. Modern Phys. 22, 77 (1950). 

*Chew, Goldberger, Steinberger, and Yang, Phys. Rev. 84 
581 (1951). 
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nucleon interaction. Galilean invariance requires that 
the interaction depend only on a relative velocity, and 
the two-particle nature of the interaction requires that 
this be the relative velocity of the meson and one 
nucleon, rather than some other relative velocity, such 
as that of the meson and the entire nucleus, for in- 
stance. An estimate of the reiative importance of the 
two terms may be obtained by assuming that the 
meson is in the Coulomb field of the nucleus and that 
this field is cut off at some small radius. The ratio of 
the first term in Eq. (1) to the second is of the order 
1/60 for absorption from s states. In case the meson is 
absorbed from a p state the first approximation to the 
first term in the interaction is a constant rather than 
zero. The relative importance of the two terms is 
nevertheless maintained in Het because of a selection 
rule associated with operators independent of position. 
The higher approximations to the first term are then 
roughly of the same order as for the s state. 

In view of these remarks, it is a good approximation 
to take the meson wave function to be a constant 
within the nucleus for s states and to have a constant 
gradient for p states. Wherever it is necessary to assign 
a value to this constant it is chosen to agree with the 
wave function corresponding to a pure Coulomb field. 

In calculating the emission of radiation resulting from 
the nuclear absorption of a slow ~ meson, three terms 
in the interaction Hamiltonian must be taken into 
account: the coupling between the radiation field and 
the free meson and nucleons; the triple term in the 
meson-nucleon-radiation interaction introduced to main- 
tain gauge invariance ; and, finally, the coupling between 
the radiation field and the mesons responsible for the 
nuclear forces. The first part of the interaction is easily 
discarded since it is of higher order in v/c than the 
second. Several reasons may be put forward for neg- 
lecting the third part of the interaction also: first, it is 
of higher order in the coupling constant and would 
therefore not appear in a consistent weak coupling 
calculation; second, in the impulse approximation 
(which is, however, quite hard to justify for a structure 
as tightly bound as the Het nucleus) terms of this 
it is possible to 
terms with their 


nature are neglected; and, third, 
compare the importance of these 
importance in other processes. In the photodisinte- 
gration of the deuteron this type of term becomes 
important in the vicinity of 80 Mev because of the 
rapid fall-off of the deuteron wave function at high 
energies.” In our case such high momenta are not 
involved (in addition they are abundant in the Het 
nuclear wave function) and the third interaction is 
being compared with the second rather than the first 
as is the case in the photodisintegration. On the other 
hand, there are of course more mesons in transit at 
any one time in the He* nucleus than in the deuteron. 
It is difficult to evaluate the merits of these arguments, 


 B. Bruno and S. Depken, Phys. Rev. 86, 1054 (1952). 
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but it does seem reasonable to assume that the third 
interaction should be somewhat less than the second 
for the 100-Mev photons that are of interest for our 
case. Therefore, only the second part of the interaction 
will be considered. The transition is then a first-order 
process taking place through the operator, 


Ovs= fo (20/u) (e°/uk) tea,- 2A,(k), (2) 


where k& is the photon momentum, e its polarization, 
and A,(k) the transfer of momentum k to the /th 
nucleon. 

The final states are calculated neglecting the forces 
between unbound particles. A discussion of this approx- 
imation is deferred until Sec. IV. 

Finally, the matrix element for a transition is given 


(0 || 
(v Bt | Y=). ©) 


where ¥, and W, are the initial and tinal wave functions, 
respectively. 


by 


II. THE WAVE FUNCTIONS 


In this section the wave functions of the initial and 
final states will be discussed. In order to facilitate this 
discussion we begin by discussing the symmetry group 
on four letters. Much of this discussion has been carried 
out by Gamba,'’ whose notation we have adopted, 
except for trivial changes. The operators 7 given by 
Gamba form part of the normal representation” of the 
group. These operators obey the multiplication table, 


_ ts 
0i)'Okm = Oim OjxOrt, 


and their Hermitian conjugates are given by 
0;;"t= 0;,". 


Finally, if ¢ is a normalized wave function symmetric 
in the exchange of m particles and orthogonal to itself 
upon any other exchange, then a wave function trans- 
forming according to the representation s and also 
normalized is 

(0°/m!)hoi%@ (4) 


with 6* the ratio of the number of elements in the 
permutation group to the dimension of s. 

Operating with o* and 0,;;* on the coordinate Ry and 
momentum P, of the fourth particle generates our 


1! A. Gamba, Nuovo cimento 9, 605 (1951). 

2D). E. Littlewood, The Theory of Group Characters (Clarendon 
Press, Oxford, 1940). In order to obtain detailed agreement with 
Gamba, the natural order of the integers has been taken to be 
2314 and some of the operators have been rearranged. 
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coordinate system, 
Q . 3(Rit+ R, UZ R;+ R,), 


Q,=}3 '(3R,—R,—R.—R,), 


Q, 2 1(R,— R;), 
Q, 6 1(2R,—R.—R,), 
= 4(P,+P.4+P,+P,), 


1, = 43-)(3P,—P,—P.—P,;), 


11,= 2-'(P.— P;), 


II, = 1(2P,— P.— P), 


where the normalization has been chosen so that Q; is 
conjugate to HI; and so that the kinetic energy in the 
center-of-mass system is AK = }3°1I,*. 

It can be shown" that in a reasonable zeroth approxi- 
mation the space wave function of the ground state of 
the He* nucleus has spin and isotopic spin 0 and is a 
completely symmetric S state in space. The assumption 
that this is a sufficient approximation for our calcula- 
tions will now be justified. Irving" has calculated, using 
the forces of Pease and Feshbach, the admixture of D 
state to the wave function to the He* nucleus and finds 
it to be only 3 percent. The principal effect of the tensor 
forces is to reduce the binding energy through this 
coupling to the D state. That the spin-exchange char- 
acter of the nuclear forces cannot be neglected in all 
cases is best illustrated in the calculation below of the 
wave function for final states involving deuterons. 
On the other hand, a minimal principle is relied upon 
to determine the excellence of the space dependence of 
the wave function, and may equally well be relied upon 
to determine whether the assumption of space sym- 
metry is satisfactory or not. 

If the space part of the wave function is to be sym- 
metric the spin X isotopic spin part must be completely 
antisymmetric. From reference 11 it is deduced that 
the spin and isotopic spin must both transform in R?, 
that they therefore correspond to spin 0 and isotopic 
spin 0, and that a separate assumption about the 
eigenvalues of these operators is not necessary. It can 
be seen from the matrices corresponding to the elements 
of the permutation group given in reference 11 that the 
determinant of the matrix corresponding to any odd 
permutation is —1 and that therefore the antisym- 
metric combination of the spin and isotopic spin wave 
functions is the determinant 


v2 x” 


18 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(J. Wiley and Sons, Inc., New York, 1952) p. 202. 
4 J. Irving, Phys. Rev. 87, 519 (1952). 
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It is evident that a unitary transformation may be 
carried out on x’, x’’ to give one wave function that is 
singlet in 1,2 and one that is triplet. For these wave 
functions the form of the antisymmetric wave function 
is unchanged, 


With this form of the wave function it is simple to 
calculate the matrix element of a potential of arbitrary 
exchange character, yielding 


(E*| a+ boy -@2+ 641° t2+-doy- oot) t2| &*)=a—b—c— 3d. 


This is the same as the corresponding result of Mes- 
siah,‘ so that any difference in the strength of the forces 
required for H* and He* nuclei cannot be explained 
in this approximation by adjusting the exchange 
character of the forces. 

The spin and isotopic spin part of the wave function 
having been separated out and the exchange character 
of the potential eliminated, the problem of finding a 
wave function for the He‘ nucleus reduces to finding a 
satisfactory space dependence of the wave function. 
In order that the overlap integrals which will appear 
later in our calculations be reasonably simple, a wave 
function with a simple dependence on the momenta is 
desired. The method chosen was a simple variational 
method in momentum space such as the zeroth approxi- 
mation of Svartholm'® (an iteration of the zeroth 
approximation is clearly at variance with the require- 
ment of simplicity) using wave functions similar to 
those of Messiah. This method has the sizable disad- 
vantage that there is no way of predicting the analytic 
form of the wave function that is necessary in order to 
obtain a satisfactory minimum and the compensating 
advantage that the form of the wave function is 
imposed at the beginning of the calculation and may 
therefore be taken as simple as desired. 

The procedure consists of inserting the chosen wave 
function into the expression 


A *\¢Y A t E Y) (¢| V1 ¢), 


where A is the kinetic energy, FE the binding energy, 


and V the space dependence of the potential energy 
which we take to be a Yukawa well,* 


V=e"/ur, 1/xK=5.54. 


The parameter \ gives the strength of the potential 
and is minimized with respect to whatever adjustable 
parameters may be contained in the wave function. 
The integrals that appear in the ratio above are quite 
tedious but in contrast to those arising in the three-body 
problem may all be evaluated in terms of elementary 
functions for our wave function. We have calculated 
the minimum for two different wave functions and 


‘6 N. Svartholm, Thesis, Lund, 1945. 
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\ of Svartholm with Gaussian wave function is 1.73; 
\ for wave function (E+ A)'(bE+ A) 
at b=0.4 is 2.00; 
\ for wave function (£-+-K)~?(bE4+-K)~? 
at b=5.3 is 1.66. 
We have therefore chosen as the wave function of 
the He* nucleus 


(SCT — TS) (E+ K)2(bE+K) 


b='5.3. (5) 
which is somewhat better than the optimum Gaussian 
wave function. 

For the final state wave functions we proceed as 
follows: According to Sec. 


for the transitions in which we are interested is (1) or 
(2), which clearly transforms as a vector in both spin 


I the operator responsible 


and isotopic spin space and must therefore lead from 
the initial state to a state in both of 
operators have the eigenvalue one. Furthermore, the 
space part of the operator transforms under permuta- 
tions in R* and R,*. Then because of the transformation 
character of the spin and isotopic spin wave functions, 
and because R* is excluded for the space part of the 
wave function by the over-all antisymmetry require- 
ment, all three wave functions transform in R,*. The 
determinants of the matrices of odd permutations in 
this representation are all —1 just as they are in R*, 
and therefore the three wave functions, 


which these 


gi xX 
J / g : 
6 1 ge? ef : : (6) 


| ¢;° x? 

are completely antisymmetric. Since Ry’ xX RXR, 
contains R* only once, these three wave functions also 
exhaust the possibilities. We have chosen to neglect 
internuclear forces except in bound systems, and there- 
fore the wave function g on which the operators 0 
operate to generate the ¢,‘ is simply the product of 
Dirac 6 functions. Here and also in the deuteron and 
triton wave functions we have used g,'=8'0,;*¢, which 
is not properly normalized because of Eq. (4). The 
improper normalization is corrected in the numerical 
factors in the wave functions. 

In the case that the tinal state includes a bound 
deuteron it is necessary to take into account spin- 
dependent forces; otherwise, singlet and triplet ‘‘deu- 
terons’”’ would appear with equal frequency. Since the 
spin wave functions are not eigenfunctions of all the 
operators @,-0; that then appear in the Hamiltonian of 
the system, a wave function may no longer be written 
arbitrarily as a product of space, spin, and isotopic 


“ce 


spin wave functions. The wave function ¢ is now 
¢g= 5( P,-— Po)5(P2+ P;— P40) 5( P,— Py) ¢a(P2— P;) 


= § (10, — 1049) (I1y— M30) ga (Ms), (7a) 
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which is symmetric in 2, 3 and has been chosen so that 
0i2* vanishes when applied to it. It is easily shown that 
the most general antisymmetric wave function is 


6 TA git ‘+ Bes't'+Co_'é,* 
+ (3/2)§D(g’t”— pt’) |, (7b) 
with 


i(x*y*— x¥f"), 

*ixgt* 3%), 

(x'g?— 74"), 

—2x'f + x23], 

IEE C1 V2 (824K) J, 

I xtES+ x81 V2 (x2? — y3E8) J, 

V2 (x8? 254) — (x'S24+-x7F%) ], 
OMLV2 (xt 8S) +A XP). 


Then if it is possible to choose the constants so that ¢ 
which occurs in some of the ¢,' is multiplied only by 
triplet spin wave functions (i.e., x' or x*) and singlet 
isotopic spin wave functions (i.e., ¢°), a proper wave 
function for the deuteron final state is achieved. The 
antisymmetry ensures that any permutation Pg of ¢ 
is multiplied by proper spin and isotopic spin wave 
functions. There are two wave functions that satisfy 
the requirements, to wit, 


C=6', D=—-3-; 


B=25 ; : 
C=33, D=63. 


(7c) 
’ 

In the case of tritons in the final state the situation 
is much simpler. The space part of the triton wave 
function transforms in R*+ R,? and only the latter part 
of the wave function (R,*) can enter into an anti- 
symmetric wave function with the spin and isotopic 
spin parts, and only in the following manner: 


¢g! a 
1 2 2 2 
61% xX S$ 
3 3 3 
e.¢ § 
which gives the final state wave function for a triton. 
For the deuteron and triton wave functions, we have 
used the Hulthén 


(8) 


’ 


ga= (VY +K)'— (e+ KK)", a=0.0485, y=0.326, (7d) 
and the Messiah 


gr=(E+K)"(bE+K)?, b=8, (8a) 


wave functions, respectively. Here, K is internal kinetic 
energy of the deuteron or triton. 

In order to determine the effect of the wave function 
on the results of the calculations, some of them have 
been repeated using the wave functions of Bruno, and 
of Clark and Ruddlesden which read, in momentum 
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space, 


Ga=exp(—K/8a), 


¢u=exp(— A 4a), 


K 6a), 


Ct exp 


The average kinetic energy for this He* nuclear wave 
function is 48 Mev, which is much less than the value 
130 Mev obtained for our wave function. 

An attempt is made elsewhere to assess the effect 
upon the absorption of mesons of the forces between 
unbound systems which have been neglected in calcu- 
lating the wave functions above, but the following 
remark may be in order. Since no forces are taken into 
account in calculating the wave functions of the proton 
final states, forces between only two particles are taken 
into account in calculating the wave functions of the 
deuteron final states, while the forces between three 
particles are taken into account in calculating the wave 
functions of the triton final states, the three kinds of 
wave functions are not eigenfunctions of the same 
Hamiltonian and are therefore not automatically 
orthogonal. That they are in fact orthogonal results 
from the stability of the bound systems which ensures 
that 

(TNs*)ecitons> (T11") deuterons 
and 


its + II,” | PRE. [1 t IT,’ 


which, in turn, is sufficient to ensure the orthogonality 
of the wave functions that are here considered. 


Ill. THE TRANSITION PROBABILITIES 


The evaluation of the various transition probabilities 
now proceeds in a perfectly straightforward manner. 
Except for the differences in the normalization of the 
space wave functions indicated in Eq. (4) and the 
differences in the amplitude of that part of the final 
wave function that transforms in R,*, both of which 
have been incorporated into the numerical factors 
appearing in Eqs. (6)—(8), the calculation of the matrix 
elements for the direct absorption of mesons is inde- 
pendent of the final state. 

In particular, the square of matrix element for 
absorption from an s state of the pi-mesic helium atom 
leading to the proton final state is given by 


|e," x! t 


1 | 
( —_ 
12 


¢;° x3 


S S| 2 


, is Seu 
. lcod_@i" P;7; | Pal . : » . 
} x? tT 


The scalar product appearing here may be written 
o-P=2¢-P++o,P,+20tP-, P+=}(P,+i1P,). 


Written in this way it is evident that each of the terms 
leads to a distinct final state (with spin magnetic 
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quantum number 1, 0, —1, respectively), and because 
of the zero spin of the initial system all of the matrix 
elements may be calculated from symmetry when one 
of them is known. It is therefore only necessary to 


calculate 


9 


a7) : ’ x xX 
le? x? $7) |Lo-Pitr-| ee 


3 x 


ie? x’ 


or, upon evaluation of the spin and isotopic spin matrix 


elements, 
(40/9) {> ¢g,'| ye 


Finally, summation over / and over the spin magnetic 
quantum number of the final state, and an evaluation 
of the space part of the matrix element give 


Pa)}° 32 v(¢| Il ;* | Pa)’. (9) 


(ME), 32K 960" Ga? (Ko), (10p) 


where Ay is the kinetic energy of the final states. 

The formulas derived on exactly the same basis for 
the deuteron and triton final states give, after evalu- 
ation of the space part of the matrix elements, 


(ME) 2=8K acc? J e0(Ket He) ga(4ttz)ann| _ (10d) 


(ME) ?= (16 )Kuat| f eal + 5 11.?+ 3I1,") 


9 


X o (Fl? +411,?)dIT di, ; (10t) 


where Ay, A; are the kinetic energies available in the 
final states, and the wave functions have been assumed 
to depend on the kinetic energies alone, as ours do. 

In this method of calculation the sum over the final 
spin states has already been performed, and therefore 
the density of states is calculated without taking into 
account the possible final spin orientations. The final 
formulas for the transition rates are 


(2048/315)m®vV2c0?K 09? pa? (K 0) = 4.0c,?, (11p) 


s2eteKA f eo(Ket SM) 
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The total transition rate is 2.410" sec at P=}, 
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In considering the absorption of mesons from the p 
state of the r-mesic helium atom, somewhat more care 
is necessary. In the first place, since the spin of the 
He‘ nucleus is zero, the magnetic quantum number of 
the mesic p state is evidently irrelevant, and will be 
taken zero in what follows. The meson wave function 
may now be written to good approximation, as we 
have already indicated, as ¢=2z grad@¢, grad@ being 
taken constant, and the interaction becomes 


Ox= (29 /p)'(f/u) gradglo.:— ipo, Pz, J7,-. 


The first part of the above operator gives zero if the 
initial wave function is completely symmetric as we 
have assumed but there may be an appreciable contri- 
bution from the D state of the He* nucleus. The esti- 
mate of this contribution is rendered uncertain by the 
fact that the momentum dependence of the S and D 
parts of the wave function are not identical, as we 
have been forced to assume below. The D state is a 
quintet and therefore the spin wave function is com- 
pletely symmetric. If it has zero isotopic spin, that is, 
if the tensor force is charge independent, then it must 
have space part in R®. Since the operator being con- 
sidered does not affect the space coordinates, the final 
state also has space part in R® and therefore no tritons 
are possible. Moreover, since a given initial symmetry 
must be preserved, there is only one possible final space 
symmetry. This materially reduces the number of 
possible final states. Departing for a moment from the 
assumption that the initial meson is in an m=O state, 
consider the part of the He* nuclear D state with 
m,= —m,=2. Evidently only o, not a, or ot, lead to 
acceptable final states; therefore 4 of the m~ mesons 
are absorbed by this final state or, alternately, only 4 
of the D state is effective in the absorption of a 7 

meson. The amount of D state initially present is 
3 percent (see above) so that finally the ratio of the 
squares of the matrix elements for transitions from the 
D and S states of the Het nucleus is 


0.01y?: wP?2Pi."(dy/dK)*= 1:1. 


Therefore, because of the difference in the number of 
available final states, the absorption from the p state 
through the small part of the operator dominates by a 
factor of 2-3. 

We have therefore performed the calculation only for 
the small part of the interaction operator and the S 
state of the initial He* nucleus. Inasmuch as the 
absorption from the p state is not a large effect, certain 
additional approximations have been made. In dis- 
cussing them we shall refer to the momenta within 
bound systems in the final states as internal momenta, 
and to the momenta between bound systems as external 
momenta. In the calculation for the absorption from s 
states only external momenta appeared, while for p 
states the internal momenta appear as well. Upon 
integration over the internal momenta, because of the 





ABSORPTION OF SLOW -f 


spherical symmetry of the wave functions, the internal 
momenta remain in only 4 of the matrix elements (they 
tend to reduce the matrix elements). Furthermore, 
since the wave functions decrease quite rapidly with 
increasing energy, the average square of the internal 
momenta is less than the square of the external mo- 
menta. Therefore, the terms involving the internal 
momenta have been neglected. Finally, again because 
of the rapid variation of the wave function, the factor 
¢a 'dg./dK in the integrals may be treated as a 
constant. This again overestimates slightly the matrix 
elements. The above approximations together should not 
introduce an error above 25 percent in the relative 
numbers of protons, deuterons, and tritons arising in 
the absorption from the p state. Even a larger error in 
these ratios makes, however, very little difference in 
the observed ratios because of the small amount of 
absorption taking place from the p state. 

The result of the calculation of the absorption from 
the p state gives for the transition rates 
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The optical transition rate from the p to the s state 
of the mesic atom is'® 


28X10" sec", 


so that if f? is }, 20 percent of the absorptions of 
mesons take place from the p state of the mesic helium 
atom. 

In calculating the electromagnetic radiation accom- 
panying the absorption from the s state, we have used 
the closure approximation. In this approximation the 
square of the matrix element (3) is summed over all 


16 A. M. L. Messiah and R. E. Marshak, Phys. Rev. 88, 678 
(1952). 
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final nuclear states regardless of whether or not they 
conserve energy, and the sum and the density of states 
by which it is multiplied are both evaluated at. their 
maximum with respect to the photon momentum. This 
approximation certainly gives an upper limit to the 
number of photons to be expected. In the case of 
deuterium and He’, where the final states include no 
more than two similar particles so that the matrix 
elements leading to low excitations of the nuclear 
system are large and where, because of the large 
amount of energy taken away by the photon, the 
nuclear forces are strong and tend to bind the tinal 
particles and thus increase the average photon energy 
further, the closure approximation is very good. In 
He‘ on the other hand, the final states contain three 
neutrons and the effect of the Pauli principle is to give 
nuclear wave functions of low energy small values near 
the origin, thus depressing the nuclear matrix elements 
for small excitations of the nucleons. Therefore, for 
large photon energies, matrix elements leading to 
nuclear states of high excitation which conserve energy 
badly are prominent and also in a correct calculation 
there would be no peak for high energy photons. Both 
these effects mean that the closure approximation is no 
longer a good approximation to the actual transition 
rate but rather an upper limit. 

The actual calculation is quite simple. The square of 
the matrix element 


W/o: 0,:\va= (bali O,4*35; Oy; |Wa) 


is rewritten, by taking advantage of the antisymmetry 
of the He* nuclear wave function, in the form 


Mp.|O,2+ [O,2+ 3043 |lWa). 


The polarization sums and spin and isotopic spin 


matrix elements are calculated to give 


2eo?(Qme?/ 2k) ga) 1 — Ao( —k) A; (k)! ga 
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Equation (14) yields for the transition rate 
beo?e"u 7k (1+ k/4) 1 - f eaith, I_+V2k, 1,) 


X ¢a (Th, Mh, n.)dnnitiath =().113¢9?, (15) 


which is 1 percent of the total nonradiative transition 
rate. 

Some of the calculations here reported have been 
repeated using the wave functions of Bruno, Ruddles- 
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den, and Clark. The results of these calculations, in 
which only the integrations are different from ours, are, 


for absorption from the S state, 

(11’p) 
(11’d) 
(11’t) 


protons 0.76¢¢" 


deuterons 0.306," 
tritons 0.0196," 

and for absorption from the p state, 
(12’p) 
(12’d) 


(12’t) 


protons 6.2 10" f? sec”! 


deuterons 


3.6 10" f? sec! 


tritons 0.066 X 10! f? sec. 


The reasons for the difference between (11) (12) and 
(11’) (12’) are quite evident. First, the low average 
kinetic energy of the Gaussian wave function means 
that this wave function is quite small at the final 
kinetic energy of the fragments, so that the rate of 
absorption from the s state is reduced. The rapid 
decrease of the wave function for higher kinetic energies 
means that the matrix elements that depend on the 
value of the wave function there are depressed even 
relative to the matrix elements for pure absorption 
Since the triton is more tightly bound than the deuteron, 
this affects the triton transition rate more strongly 
than the deuteron rate. 

The small values of the Gaussian wave function at 
the final kinetic energy of the fragments is compensated 
to some extent, for the absorption from p states, by a 
large logarithmic derivative so that the transition rates 
leading to free particles are quite comparable for the 
two wave functions. For the same reason as above, 
deuterons and tritons are much less frequent. 


IV. DISCUSSION 


(Jualitatively, the results of the preceding calculations 
are hardly surprising. As pions are absorbed in larger 
and larger nuclei with greater and greater binding 
energies, the effect of the nuclear forces should become 
more prominent and lead to larger and larger propor- 
tions of bound fragments until ultimately in the vicinity 
of neon the absorption of a pion to produce a com- 
pletely unbound system becomes energetically im- 
possible. In particular, the kinetic energy available in 
the final state for absorption by He‘ nuclei is less by 
20 Mev than in the case of He* because of the larger 
binding energy of the He* nucleus and must be shared 
by three degrees of freedom, as opposed to two for He’. 
The ratio of free to bound products, based on the 
preceding calculations and the similar calculations of 
Messiah is 1:2 for Het and 3:1 for He’. 

The number of photons that is calculated is also in 
agreement with the trend from deuterium through He® 
(deuterium, 47 percent; tritium, 4.5 percent; He’, 10 
percent of nonradiative absorption). The reason for 
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this decrease in the amount of radiation is due to the 
fact that as the nucleus gets heavier the high energy 
part of the wave function is accentuated and augments 
the pure absorption whereas the low energy part is 
unaffected ; hence, the radiative absorption is unable to 
keep pace. This trend is expected to continue for larger 
nuclei and appears to be in agreement with an estimate 
in the literature!’ that the radiative absorption is less 
than 1.3 percent of the total absorption in heavy nuclei. 

A word might be said about the absorption of 
negative pions leading to final states involving neutral 
pions. According to the calculation of Messiah, upon 
which reliance will be placed for all the relevant facts, 
the transition rate is proportional to the momentum 
of the emitted pion and to the square of a matrix 
element that does not involve the spin but is propor- 
tional to the overlap of the wave functions of the initial 
and final nuclei, for negligible momentum transfers. 
Inasmuch as the emission of y-rays also involves low 
momentum transfers, the neutral pion emission may 
profitably be compared with it. Because of the large 
rest energy of the neutral pion, less than 5 Mev is 
available for the reaction and only low-lying final 
nuclear states are important. This is not so for photon 
emissions as has already been pointed out in connection 
with the closure calculation. 

The rate of neutral pion emission is comparable to 
the rate of photon emission for He’. It is evident that 
the number of neutral pions will.be negligible (<0.1) 
with respect to the number of photons, which is already 
small, unless the nucleus in which the negative pion is 
absorbed is the decay product of a negatron beta-decay 
superallowed with Fermi selection rules. Since the only 
two such nuclei are the proton and He’, absorption 
leading to neutral pions will be completely negligible 
for any other nucleus. An equivalent formulation of 
this result without recourse to beta-decay theory may 
be given as follows: In order for the overlap integral 
mentioned above to be large, it is necessary that the 
initial and final nuclei belong to the same supermultiplet 
and have the same spin. Two nuclei in the same 
supermultiplet with the same spin must have the same 
isotopic spin. However, the only stable nuclei that can 
decrease their charge by 1 without changing their 
isotopic spin are the proton and He’. 

The effect of the nuclear forces on the nonradiative 
processes is brought in evidence more clearly by con- 
sidering only states whose symmetry is such that they 
admit the bound states. In the case of the He* nucleus 
this state is the one with space symmetry 0;;* and the 
ratio of protons to deuterons to tritons is 1:2:2.1, 
while for He’ it is one of the states with spin } and the 
ratio of protons to deuterons is 1:1. 

It is, however, a disturbing feature of calculations of 
this nature that, although it is evident from the number 
of bound systems occurring in the disintegration 


17 Brueckner, Serber, and Watson, Phys. Rev. 84, 258 (1951). 
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products that nuclear forces play an important part in 
the reactions, the nuclear forces have been completely 
neglected except within bound systems. Bruno has 
argued that the binding forces are equivalent to an 
increase in the kinetic energy of the disintegration 
products and that therefore the number of unbound 
products is overestimated by neglecting the forces. 
This seems a reasonable idea upon which to base at 
least an estimate of the order of magnitude of the effect 
of nuclear forces. Irving!’ gives about 60 Mev for the 
potential energy of the triton. On the assumption of 
Serber forces the potential energy in a proton final state 
is probably somewhat less because of the poorer 
correlation between the particles. The transition rate 
to proton states would be about halved if the effective 
final kinetic energy were increased by 40 Mev. Actually, 
it is by no means evident that such an estimate has a 
sound basis. 

Another disturbing approximation that has been 
made is the neglect of higher powers of (v/c)?=0.19. 
There does not even appear to be any basis for esti- 
mating the effect of this approximation, except to 
assert that it is probably quite good for radiative 
absorption where the momentum transfers are small. 

Finally, serious consideration must be given to 
possible inadequacies in the He‘ nuclear wave function 
besides those involving neglect of v/c. Inasmuch as the 
part of the wave function relevant to the absorption 
calculation is in the vicinity of the average kinetic 
energy and the part of the wave function near the 
average kinetic energy is the part that enters most 
importantly into the variational calculation of the 
wave function, the present wave function appears 
quite well founded for use in this problem. I[t is far 
better founded than the deuteron wave function, to 


18 J. Irving, Phil. Mag. 42, 338 (1951) 
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mention an extreme case. No account has been taken 
of possible correlations among the nucleons leading to 
a wave function that is not a function of A alone. Here 
again, there is no basis for estimating in what direction 
the results of the calculation might be changed. 

At this time no extensive comparison with experiment 
is possible. A preliminary experiment (involving the 
observation of 23 absorptions in a high pressure helium 
cloud chamber") on the absorption of negative pions in 
helium has led to the following results: the number of 
tritons per absorption is 0.14+0.1, as evidenced by one 
possible triton final state observed. Also, low energy 
charged nuclear fragments seem to be much more 
abundant than one would expect from a statistical 
spectrum; in fact, the observed spectrum of charged 
fragments has no maximum above 5 Mev. The number 
of tritons observed appears to be within range of our 
calculations, but the distortion of the spectrum cannot 
be explained since our calculations always lead to a 
statistical spectrum (the sum of the squares of the 
matrix elements Eq. (10) is independent of the distri- 
bution of momenta) with an average energy of about 
30 Mev. In order to qbtain a momentum distribution 
different from the statistical distribution, it is necessary 
to use a wave function which does not depend only on 
the total kinetic energy. 
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The transition probability for the decay of a u-meson resulting in the simultaneous ejection of an electron 
and a photon is computed. Its dependence on the energies of the two emitted particles and on the angle 


between their direction of emission is given for the general case of an arbitrary mixture of three basic Fermi 


type interactions for the p-ec ay process. 


I. INTRODUCTION 


NNER bremsstrahlung, i.e., photon production ac- 

companying charged particle transformations, has 
been studied in the past in connection with nuclear 
B-decay,'* K capture,’® charged meson production in 
high energy nucleon collisions,®? and the decay of 
charged m-mesons.*? The occurrence of inner brems- 
stralilung in w-decay has also been considered,'® but the 
calculations have been made with the now abandoned 
one-neutrino model of w-decay. It is the purpose of the 
present paper to derive the transition probability for 
inner bremsstrahlung in w-decay on the basis of the 
presently accepted model." 

The results may be of more than theoretical interest. 
The interaction Hamiltonian responsible for y-decay 
can be chosen in a variety of ways, and, in the general 
case, can be expressed as a sum of certain basic inter- 
action types. The coupling constants appearing in such 
a sum are to be determined by experiment. It is known, 
however,'' that even a complete knowledge of the en- 
ergy spectrum of the decay electrons can yield at most 
two relations between these coupiing constants. For 
this reason, one is naturally led to search for other 
phenomena involving the basic u-decay that depend on 
the coupling constants, in order to obtain further rela- 
tions between the latter from experiment. Inner brems- 
strahlung is such a phenomenon. This investigation 
shows that, indeed, a sufficiently accurate measurement 
of certain features of the phenomenon would yield 
additional new information on the coupling constants, 


* Based on a thesis submitted to the Graduate College of the 
State University of lowa in partial fulfillment of the requirements 
for a Ph.D. degree 

'J. K. Knipp and G. E. Uhlenbeck, Physica 3, 425 (1936). 

2F. Bloch, Phys. Rev. 50, 272 (1936). 

3C.S. W. Chang and D. L. Falkoff, Phys. Rev. 76, 365 (1949) 

‘*P. Morrison and L. I. Schiff, Phys. Rev. 58, 24 (1940). 

5]. M. Jauch, Oak Ridge National Laboratory Report No 
1102, (1951), unpublished. 

®S. Mayakawa and S. Tomonaga, Progr. Theoret. Phys. 2, 161 
(1947). 

‘71. I. Schiff, Phys. Rev. 76, 89 (1949). 

8H. Primokoff, Phys. Rev. 84, 1255 (1951). 

*T. Eguchi, Phys. Rev. 85, 943 (1952). 

107), B. Feer, Phys. Rev. 75, 731 (1949). 

"L. Michel, Proc. Phys. Soc. (London) A63, 514 (1950); Phys. 
Rev. 86, 814 (1952). A calculation of the effect has already been 
presented by A. Abragam and J. Horowitz, J. phys. et radium 
12, 952 (1951), but they limit themselves to the case of pure 
scalar interaction for the spinor particles. Our interest is pre- 
cisely the dependence on the coupling type. 


although the effect is small and its detection would re- 
quire the production of large u-meson densities. 


II. GENERAL FORM OF THE INTERACTION 


The interaction Hamiltonian density for the u-decay 
is constructed out of the quantized spinor field com- 
ponents V, y, and ¢ of the u-mesons, electrons, and neu- 
trinos, respectively. The presently adopted model re- 
quires the emission of two neutrinos in the basic decay 
process, consequently, the Hamiltonian is quadratic in 
¢, while it is linear in both W and y. The procedure for 
forming Lorentz-invariant Hamiltonians from four 
spinors and their Hermitian conjugates is well known 
from the theory of nuclear 8-decay. Let us write sym- 
bolically 's=1, Ty =iy,,” Pr= ty = ily —Wu), 
Ta=V,¥s, Where ys=Yoviyz7v3, and finally I'p=75. 
Furthermore, let x; and x2 be any two spinors. It is 
known that, if we define the spinor conjugates as" 


X=x"*A (1) 
with A defined by 


Ay,A7=—y,', A=At, (2) 


the five expressions (Xi I'wx2)(t=S, V, T, A, P) have the 
transformation properties of a scalar, vector, anti- 
symmetric tensor of second rank, axial vector, and 
pseudoscalar, respectively, under Lorentz transforma- 
tions excluding the time reflections. Thus, from four 
spinors one forms the five invariants, 

(Xil x2) (X30 x4), (3) 
where summation convention with respect to the sup- 
pressed tensor indices is understood. It is convenient 
to consider, together with any spinor x, its charge 
conjugate, 

(4) 
where C is defined by 


CyCta>y,* C=C. (5) 


For quantized field operators charge conjugation means 


24, are four Dirac matrices satisfying yp¥o+7Y/¥u= 2gu», Where 
£11 = £22= £33= — Lo=1, guy=O for pv. 

3 It will be understood that, if x is a quantized field operator, 
x* denotes the hermitian conjugate operator. Matrix multiplica 
tion with respect to spinor indices is indicated unambiguously by 
the order of factors. f denotes Hermitian conjugation with respect 
to spinor indices. 
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simply the replacement of Jordan-Wigner operators of 
particles by those of their antiparticles. Under Lorentz 
transformations, x° behaves the same way as x; conse- 
quently, one can replace each spinor in (3) by its charge 
conjugate without destroying relativistic invariance. 
Further arbitrariness is involved in the order in which 
the four spinors appear in (3). 

All this is well known, of course. Perhaps it has not 
been sufficiently emphasized in the past, however, that 
the number of physically different interaction Hamil- 
tonians is much smaller than the above considerations 
would seem to indicate. In particular, the classes of 
interactions designated by various authors as “charge 
retention,” “charge exchange,” etc.'* do not really 
represent physically different theories. The reason for 
this is to be found in the following two theorems: 


“ce 


Theorem 1 


(Xil x2) ats —Flx2°T X0' ), 


where 
A= Cp ” f, 


p= —1. 
Theorem 2 


(XV x2) (Kal xa) = Div Pa (Kal exe) (Kile xs), (7) 


where Fy is a square matrix whose rows and columns 
are labeled by the five interaction types S, V, 7, A, 
and P in this order: 


Theorem 1 follows easily from the two relations, 


AT A“=TP;,t (8) 
and 
CTCTH=¢0 4, (9) 
together with the antisymmetry property of the matrix 
1*C 15 
é ’ 
C4. 


A*C= —(A*C)T= (10) 


Equation (10) is verified most easily with the fre- 
quently used standard representation of the Dirac 
matrices, but it is not dependent on it. Theorem 1 has 
been used in the past in various contexts.'''® Theorem 2 
is also known and was first given by Fierz."? 

The immediate consequence of these theorems is 
that the order of the four spinors in an expression like 


"This terminology was introduced by J. Tiomno and J. A. 
Wheeler, Revs. Modern Phys. 21, 144 (1949). 

'° The superscript 7° denotes transposition with respect to 
spinor indices 

'6 An interesting application has been found by S. R. De 
Groot and H. A. Tolhoek, Physica 16, 456 (1950). 

‘7M. Fierz, Physik 104, 553 (1937). 
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(3) is purely conventional and can have no physical 
significance, provided linear combinations of all five 
interaction types are admitted. It will become evident 
in the following that there is a particular order which 
is more convenient than the others. We shall adopt this 
one and write for the Hamiltonian density for u-decay: 


Huy =DKigdVlw)(Sl ¢)+Herm. conj., (11) 


where g;, are five coupling constants of the dimension of 
the square of a length.'* We may point out immediately 
that replacing V by W‘, for instance, will also not alter 
the physical content of the interaction Hamiltonian 
(11), for this transformation leaves unchanged its 
matrix elements between states specified physically in 
terms of occupation numbers, momenta, spins, and 
charges of particles involved. Somewhat less trivial is 
a similar question raised in connection with the neu- 
trino field operators. We are concerned with replacing 
the factor (Tg) by (¢l:v*) and want to inquire 
whether this change can have any physical significance. 
The matrix elements of (¢1'.¢*%) corresponding to the 
emission of two neutrinos are antisymmetric in the 
quantum numbers characterizing the neutrino states. 
On the other hand, (¢l'.g) can only emit a neutrino 
and an antineutrino, so that no requirement of anti- 
symmetry arises from the exclusion principle. Note, 
however, that the antisymmetric matrix element from 
the Hamiltonian (ZI',¢°) is 


(HP v2") — (HoT 1) = (14+ 62) (HiT v2"), (12) 


where we have used Theorem 1. But in the last line, 
we have precisely the matrix element of the Hamil- 
tonian (¢I',¢) for the emission of two neutrinos, multi- 
plied by a numerical factor 1+ ¢;. This establishes the 
equivalence of the two theories and also shows that 
(11) is indeed the most general form. We may also 
remark that, if the Majorana theory'® of the neutrino 
is adopted, there is no choice in the matter to start 
with, because then g= ¢° is true as an operator identity. 

From a practical standpoint a further restriction is 
possible. Consider, for instance, the relationship of 
the scalar and pseudoscalar interactions. Since Ys anti- 
commutes with all four Dirac matrices y,, ¥, and ysW 
satisfy Dirac equations with opposite sign of the elec 
tron rest mass. Thus, the relationship between matrix 
elements is simply that of reversal of the sign of the 
rest mass. But, in view of the largeness of the u-meson 
rest mass compared to the electron rest mass, momenta 
of all particles participating in a reaction will be large 
compared to the electron rest mass over an over 
whelming portion of their momentum space. Thus, the 
difference between the scalar and the pseudoscalar 
cases can be neglected for all but the smallest momenta. 
A similar argument applies to the vector and axial 

'§We shall use units such that h=c=1, thus energies and 
momenta are measured in wave numbers. 

'?See, for instance, W. Pauli, Revs. Modern Phys. 13, 203 
(1941). 
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vector interactions. We shall thus retain only the three 
interactions (scalar, vector, and tensor) and, consis- 
tently with this approximation, neglect all terms that 
are multiplied by the electron rest mass. 


III. ELECTRON SPECTRUM FROM u-DECAY 


We shall recall here the computation of the energy 
spectrum of electrons resulting from p-decay, because 
it illustrates the method that will be used in the inner 
bremsstrahlung without the additional 
complications of that case. In particular, a short method 
of integrating over neutrino momenta had to be devised 
to prevent calculations in the latter case from becoming 
prohibitively lengthy. It was found that this problem 
can be dealt with rather satisfactorily by making full 
use of relativistic covariance properties. 

The transition probability per unit time for the 
decay of a u-meson into an electron of given momentum 
p and two neutrinos is given by 


Py d°p=(2n) bf vw 


d 
x$ dX [Cf Ria)|*6(P—p 


spins 


calculation 


k k’)d*p. (13) 
Here k and k’ are neutrino momenta and the argument 
of the 6-function contains the energy-momentum four- 
vectors P, p, k, and k’ of the initial w-meson, the electron, 
and the two neutrinos. The transition amplitude 
(f|R!i) is obtained from the Hamiltonian (11) by first 
order perturbation theory in the usual way. We take 
note of the fact that this matrix element is actually a 
product of two factors, one involving the u-meson and 
electron momenta and one involving the neutrino 
momenta only. It is evident from the form of the 
Hamiltonian that these two factors have the respective 
transformation properties of a scalar, a vector, and an 
antisymmetric tensor of second rank and are contracted 
over corresponding tensor indices. We may now square 
the neutrino factor, carry out the spin summation, and 
integrate over neutrino momenta, regardless of the 
other factor which contains dependence on quantum 
numbers of the observed particles only. The advantage 
of this procedure is that the same integral occurs in 
the problem of inner bremsstrahlung or, for that matter, 
in the expression for the probability for any process 
which involves the basic interaction (11) in a linear 
fashion (this condition can always be regarded as 
satisfied on account of the smallness of the coupling 
constants g,). We write then”? 


1 
eeee th Trf{ (pyre (Py PeyJie, 4) 
2(2r) ek ut 
where €= (p’+m*)!, E=(P°+ M*)!, m and M being the 
rest masses of electron and u-meson, respectively. The 


* The Lorentz invariant product of two vectors a and 6 will 
be denoted by (ab) = a,b“= a- b—a®%b® 
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contribution of the neutrinos is included in the tensors 


Ji t J Trl’ Te} yw, 


| ae f forewace- p—k—k’)kuk,/xx’. (16) 


x and «’ are neutrino energies: k={k!, x’=|k’|. In 
(14), terms proportional to m have been neglected al- 
ready. The integral (16) can be evaluated efficiently by 
noting that it depends only on the vector 


(15) 


where 


G=P-—p, (17) 


that it is of the dimension of a momentum squared, 
and that it is a symmetric tensor under Lorentz trans- 
formations. These conditions suffice to fix its form as 
1 ,»= AG,G,+ Bg,,(GG), where A and B are dimen- 
sionless numerical coefficients. One can easily find them 
for a special tensor component. The result is 


I 4v=bn[2G,G,4+ ¢,(GG) }. (18) 


We next observe the important fact that, for (#/, 


TryTa Te} = — Try Ty’T ev}. (19) 


This has the consequence that the double sum in (14) 
reduces to a single sum and that the transition proba- 
bility for a general linear combination of interaction 
types appears as the linear sum of transition probabili- 
ties computed from pure interactions with the squares 
of the respective coupling constants as coefficients. 
This simple result holds only if the order of field opera- 
tors is chosen as in (11). Equation (19) actually holds 
for ¢ as well as /’ running through all five types. The 
evaluation of (15) is immediate, and we list the results 
below: 


J s,s 
Jvv= 


J=rn(GG), 
Jo, ,=4n[(GG)g.,—GG, |, 


GoGZ or + GoGyZ ox 


page (20) 
2 al G,GiLor 


GGygoul+ }m(GG)[goKor— Sor8ox |: 


Jr / =J o, ad 


Here we have again written out the tensor indices for 
the sake of clarity. One can even go one step further. 
The tensors (20) are always contracted with expres- 
sions of the form 

wy , 4 

‘Tr{OTO'Te}, (21) 


where Q and Q’ are two Dirac matrix products de- 


pending on momentum vectors. It is easy to verify 
that the following results obtain: 


LTHOPO'T s}J x. s=a(GG)} TOO’), 
2x[} Tr{O(Gy)0'(Gy)} 
(GG)t Tr{OvO'y,} ], 


Y TrOrVOT yyy. 


(Sx/3)C} Tr{O(Gy)y,0' (Gy)¥*} 
(24) 


‘ TrHOPTOT ry} J 1 1 
~(GG)} Tr{QO'} ]—24(GG)} Tr{Qy,0'y"’}. 
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The last term in (24) can frequently be omitted, since 
it vanishes whenever Q or Q’ contains an odd number of 
y-factors. 

The foregoing results can be now applied to evaluate 
(14). The result will be expressed in terms of the in- 
variants (pP) and (PP)=—M?. It is customary to 
write it in the rest system of the initial y-meson. One 
obtains the following: 

Em 


PO uy= Y 
(2r)4 


[ gs + 2ey?+ 8g7°) (€m —¢ 


€ 
+ (2g 1647] (25) 


Here ¢,,=M/2 is the maximum electron energy. Inte- 
grating over all energies the lifetime of the u-meson 
becomes 7, where 


1 tm je 
=irf 0 (,,ede=— (gs*+4¢y?+ 24¢77). 
r A 6(27)* 


These are the results derived by Michel,”! provided one 


(26) 


sets 


p= (3gv?-+24gr?)/(gs?+4ev?+24gr"). (27) 


The two quantities 7 and p are subject to experimental 
determination from the simple u-decay. According to 


2 93 


present experimental evidence,” 


r= (2.22+0.02) x 10-8 sec, (28) 
and 


p=0.26+0.26. (29) 


The considerable uncertainty still attached to the 
value of p, as well as the fact that only two of the 
coupling constants can be determined so far, makes it 
worth while to explore further consequences of the 
theory. This leads us to the problem of inner brems- 
strahlung which is the main subject of this paper. 


IV. INNER BREMSSTRAHLUNG 


The transition probability for the decay of a u- 
meson into an electron plus a photon of energy- 
momentum K = (W’, K) is given by 


5 d*pd*K = (2n) foe few EL“ RD!? 


spins p 


x 5(P—K—p—k—k’)d*pd'K, (30) 
where now the matrix element (f|R!i) must be ob- 
tained from second-order perturbation theory with a 
Hamiltonian that takes into account the electromag- 
netic interactions of the charged particles involved in 
the reaction. In (30), p denotes the state of linear 


*!L. Michel, Phys. Rev. 86, 814 (1952), Eq. (1) 

”W. E. Bell and E. P. Hincks, Phys. Rev. 84, 1243 (1951). 

23H. W. Hubbard, Thesis, University of California (1952), 
unpublished. 
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~*~ 





(2) 
ee Hee 
= 


Fic. 1. Feynman 
graphs for inner brems- 
strahlung in p-decay. 
(a) Contribution due to 
meson acceleration, (b) 
Contribution due to elec 
tron acceleration. 





—>— »-meson tine 
~ electron line 
- neutrino line 


~~ photon tine 


polarization of the outcoming photon; we sum over 
this variable, since detectors are assumed to be in- 
sensitive to polarization. 

The Hamiltonian is now written 


H=Hyw tH, (31) 


the second term being the electromagnetic interaction. 
The latter consists of two terms, 


Hy) =iel (Vy,¥)+ Wr) JA", 


where A* is the transverse™* electromagnetic potential 
field operator, and e= (42/137)!. The two terms involve 
the current vectors of the u-meson field and the electron 
field. Correspondingly, the total amplitude for the 
transition desired will be a sum of the two amplitudes 
arising out of these two terms. The Feynman graphs 
corresponding to the two contributions are shown in 
Fig. 1. Evidently, in one case, the acceleration of the 
u-meson into the intermediate state is responsible for 
the photon emission, while, in the other case, the emis- 
sion is caused by the acceleration of the electron from 
the intermediate to the final state. One obtains the total 
amplitude by applying the Feynman rules*® to the two 
graphs. The result is 


(f| R! =e > gil (kT w(k’) | 


(wy) (qy)+im 
x(a] Ts 
(2W)* (qq)+m? 


(Qy)+iM (wy) 
rT, Jew). (33) 
(00)+M? (2)! 


(32) 


Here v(k), u(p), and U(P) are properly normalized 
eigenspinors belonging to indicated momentum values, 
for instance, (u(p)u(p))=m/e, etc.; w=w/(p) are two 
unit polarization vectors perpendicular to the photon 


* For a justification of using the transverse field for computing 
transition amplitudes see, for instance, F. Coester and J. M. 
Jauch, Phys. Rev. 78, 149 (1950), Sec. IV. 

25 See, for instance, F. J. Dyson, Phys. Rev. 75, 1736 (1949) 
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momentum and each other 
v=), (yw)=1, (wkK)=9, (34) 
and g and V are momenta in the intermediate states 
g=pt+k, 
O=P-K. 


(35) 


Squaring and summing over spins is carried out in the 
usual manner. As has already been observed, the in 
tegral over neutrino momenta has the same form as 
(15), the only difference being that now the photon 
momentum A also appears in the argument of the 6 
function. The result (18) is still applicable, provided 
we set 


G=P-—p-K. (36) 


This will be understood in the following. The result of 
these manipulations can then be written as 


1 
a 3 £051, (37) 
(2r)*16/el t 
where 
(wy) 
vy E Juvt Te rn] ((py)+ (Ky): 
p (pK) 
(wy) (wy ) 
I'.((Py)—(Ky)) 
(PK) 


Gg | ry ((py)+(Ky)) 


(pK) 


(wry) 
((Py)- (Ky) (38) 
(PK) 


Here we have written two different indices ¢ and ¢ in 
order to indicate unambiguously which pairs of tensor 
indices are being contracted. There are, of course, no 
cross terms between different interaction types; and 
this is so for the same reason which has been pointed 
out in Sec, III. A property of the &,, providing a valu- 
able check at various stages of the calculation, is 


S(p, P, K)=5(P, p, —K). (39) 


This symmetry has its origin in the relationship of the 
two graphs of Fig. 1 which contribute to the process. 

Further steps in the calculation involve the applica 
tion of the formulas (22)-(24) to the expressions (40) 
and finally the reduction of the resulting traces to a 
sum of products of invariants involving the vectors , 
P, K, G, and w. By judicious application of (36), one 
obtains the following results: 


(GG)| (GG) + M? \b/W 
MGG)(KG) (pR)(PR), (40) 
(GG)| (GG) + M2/2 |+M*/2)@/W? 


1(GG) + (AG), —2(GG)+ MP |/(pK)(PRK), (41) 


Fr = (3(GG)| M?— (GG) |4+- M*—4(pK) (PRK) }o/W? 
32 


+ 4(GG)+(KG)*L (GG) +4(pP) |/(pK)(PR) 


+ 4[ (pK)*—(PK)* | (pG)+ (PG) ]/(pRK)(PR). (42) 


Here we have used the abbreviation 


(wp) (wP)P 
o=W r| | ; 
oL(pK) (PRK) 
The function ® does not depend on the photon energy, 
only on its direction of emission. 


V. DISCUSSION OF RESULTS 


In order to visualize the significance of these results, 
it is advantageous to rewrite them in the rest-system 
of the u-meson as a function of e, W, and the angle 6 
between the directions of propagation of the emitted 
electron and photon. The main angular dependence is 
contained in the factor @ which can be expressed as 


B8sin@d \? 
b= ; (44) 
1—£8cosé 
where @ is the velocity of the emitted electron. This 
function has a sharp maximum in the “forward” direc- 
tion 0= m/e. It is convenient to express all the remaining 
angular dependence in terms of the function 


Em 


W o= & 
€m— de(1 Bb cos@) 


Here, as before, ¢,=M/2 is the maximum energy 
attainable by the electron. The significance of Wo may 
be clarified by the remark that W’=W is the solution 
for W of the equation 


(GG)=0, (46) 


which is an expression of the fact that the two neu- 
trinos have been emitted in the same direction. This, 
in turn, means that the photon energy is a maximum, 
consistent with given e and @. In this notation one can 
write, for instance, 


(GG) = — 46), (€.—e)(1—W/W) (47) 
and 
(KG) = — 2€mn(€m—€) W/W, (48) 


etc. Making these substitutions, one then rewrites 
?,,) in terms of the desired variables. Since these sub- 
stitutions are of a rather trivial nature, we shall not 
write down the results but merely call attention to 
some special cases. 


Let us consider first the limiting case of small photon 
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energies. This means that from (40)-(42) only the lead- 
ing terms in 1/W are retained. The results are very 
simple, for comparison with (25) shows that 
1 ¢ 
VK = ® 


2 (2x)? W 


dW 
dQ, 0 (, ‘ (49) 


where dQ, is the solid angle element into which the 
photon is emitted. The significant feature of this rela- 
tionship is that it is independent of the values of the 
coupling constants. That this is to be expected can be 
made plausible by means of an argument based on 
classical correspondence.® The relationship (49) can 
also be proved quite generally by using the quantum 
electrodynamics of spinor particles.” The function ® 
may be said to represent the ‘‘classical’”’ radiation pat- 
tern resulting from the sudden acceleration of a point 
charge. 

Consider now the behavior of inner bremsstrahlung 
at the maximum photon energy W=Wo. It follows 
from (40) and (46) that at this energy the contribution 
of the scalar interaction vanishes. This situation is quite 
analogous to that of the ordinary u-decay, as shown by 
(25). There the contribution of the scalar interaction 
vanishes at the upper end of the electron energy spec- 
trum. Neither is the connection accidental: it has its 
root in the formula (22), for in both cases the emission 
of the two neutrinos in the same direction implies (46), 
so that the transition probability vanishes. Since this 
situation obtains at all angles 6, perhaps one has here, a 
method of obtaining further corroboration, as already 
shown by the existing experimental results® on u- 
decay, of the preponderance of the scalar interaction. 

Further information of a more quantitative nature 
may be obtained by looking at the actual form of the 
photon spectrum for given electron energies € and 
angles 6. We shall be content here with giving the re- 
sults for the simplest such case, viz., 0=a. Then &=0 


26 See reference 3, Sec. III. 

27 The proof is based on comparing the squared matrix clement 
for an arbitrary graph with one obtained from it by inserting into 
an external spinor line an external photon line in the limit of small 
photon energy. See, for instance, R. Jost, Phys. Rev. 72, 815 
(1947), where this procedure is applied to estimating the cross 
section for the double Compton effect in the limit of small energy 
for one of the outcoming photons. For greater detail, the reader 
is referred to the author’s thesis. 
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and Wo=€,. One obtains, after some algebra, 
WV 5)d* pd®*h 


W 
dedWdQ..dQ, (€m €) 
(2r)? €m 


where 


A = 195?(€m—€)?+ bgy? (Sen? + 2e— en€) 
+ 97? (O€n2-+4 


and 
B=} ¢5"(€n—€)? + dev? (enr-+ €)+ 3 e77(Ent ©”. 


dQ, is the solid angle element into which the electron is 
emitted. It is clear that a precise knowledge of the 
photon spectrum (50) at some or several electron ener- 
gies would yield more than sufficient information to 
fix the values of all the coupling constants. Of par- 
ticular interest in this connection may be the value of 
the spectrum at its high energy end as well as at its 
maximum. 

The practical limitations imposed on such a measure- 
ment are, however, considerable, mainly on account of 
the smallness of the effect. The principal reason for 
this is that, in order to utilize most of the information 
supplied by the theory, one would have to do coin 
cidence measurements between electrons and photons 
both of which occupy only a small part of the available 
momentum space. An estimate for the magnitude of the 
effect is easily obtained from the formula (50), for 
instance, where, for the sake of definiteness, one may 
assume that only the scalar interaction contributes to 
it. Putting W=e,,/2 at which energy the rate of transi- 
tions is 4 maximum, one gets 


(53) 


Vi, I pd*k 


e* dedW dQ, dQ, . € ) 1 


ber €», €, 40 40 2r tin 


7 


It is clear that, even for the smallest energies « and 
with an optimistic estimate for the energy intervals and 
solid angle factors, one needs a meson source of around 
10° mesons produced per second in order to obtain a 
reasonable coincidence counting rate of the kind desired. 

The author wishes to express his indebtedness to 
Professor J. M. Jauch who suggested the problem and 
supplied encouragement and advice during the course 
of its solution. 
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It is shown that analysis of the pseudoscalar interaction in beta-decay theory results in the appearance 


of the two sets of nuclear matrix elements, 


f OBys and 


i 
2M J 


0,0 °{V}, 


6, denoting the angular part of the pseudoscalar lepton covariant and {V} the gradient operation on the 
radial part of this covariant, instead of the single matrix element, 


f 7. 


As a consequence pseudoscalar interaction correction factors containing derivatives of the lepton wave 


functions are deduced 


1. INTRODUCTION 
I N the theory of beta-decay, the transition probability 
is 


P(W)dW = (1/2°) FCW (Wo—W)?(W2—1)'dW, (1) 


with the Fermi function 
F=4(2pp)?Ver| (s+ 16) |?/1?(2s4+1), 
6=ZW/137p, s#'=1— (2/137), 

and the correction factor 


C=2r|ME|?/F(W?—1), 
where 


ME=>n(f| Hinw|i)= (f| Hint! 1) 
denotes the transition matrix element, 


Hinw={GBwW'Bet+G, Ll tle— ay pag | 
+Gi[ (Ba) y-W'Bae+ (Ba)y-P'Bag | 
+Gul en Vog—ysn'rs¢ ] 
+Gy(Brs)wW'Brsg}On (5) 


the interaction Hamiltonian for the Nth nucleon, Oy 
the charge coordinate transformation operator for the 
Nth nucleon, and y and ¢, respectively, the electron 
and neutrino wavefunctions evaluated at the position 
of the Nth nucleon; the sum }-y is to be extended 
over all nucleons; G,, », ¢,a, p are the scalar, vector, tensor, 
axial vector, and pseudoscalar coupling constants. 


2. THEORY 


The following procedure is adopted for the evaluation 
of the pseudoscalar transition matrix element, 


f ME,= (f|BysLp| 1), 


* Assisted by the joint program of the U. S. Office of Naval 
Research and the U. S. Atomic Energy Commission. The article 
contains part of a thesis submitted in partial fulfilment of the 
requirements for the Ph.D. degree, obtained under a U. S. Atomic 
Energy Commission predoctoral fellowship. 

t Now at Convair, Fort Worth, Texas. 


(Bys is here the abbreviation for G, >> y(QBys)n, and Ly 
for ¥'Bys¢): Subtract an initial state many-nucleon 
Dirac equation from a Hermitian conjugate final state 
many-nucleon Dirac ejuation after the first has been 
multiplied from the left by Yt Si v(Qys)vZ,p and the 
second from the right by }>y(Qys)vL,yi. Integration 
and rearrangement then yields 


2M (f|Bysl.p|i)=(Wi—W,) (f| v5Lp| 1) 

til(f a {VL YD+C\0V, ysLp]/i), (6) 
where V is a perfectly general internucleon potential 
energy operator and W,, Wy, are initial and final state 
energy eigenvalues. Evaluating the radial part R, of 
the lepton covariant 1, at the nuclear boundary p 
wherever possible, transforms Eq. (6) into 


2M (f|BysLp| D=(Wi— Wy) (fl 9p!) Rp], 
+i(f|o-{VO,}|i)R,],+i(f|O,0-{V|i)Rp}, 
+(f|LV, vp ]| Rp lo+ (flrs 1V, RyJ|i). (7) 
But in a similar way, 
2M (f|Bysp| = (Wi — Wy) (f| 59>! i) 
+i(f\o-{V6,}|i)+C//LV, vs) ]|2), (8) 
whence, multiplying (8) by R,], and subtracting the 
result from (7), 
ME, = (f|BysL-p| = (f|By9p| Rp], 
+ (i/2M)(f|0,0-{V|i)Rp}, 
+(1/2M)(f|ys0.LV,R,]|i). (9) 
The analysis thus leads, assuming sufficiently small 


velocity dependence in V, to the two sets of nuclear 
matrix elements in the expression for ME, 


i 
fosr and feo, 
2M 


(10) 
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DOSCALAR INTERACTION IN 8B-DECAY THEORY 
TABLE I. Correction factors for parity change transitions: AJ =0 (yes). 


2‘p)* O( gogo 


K Poke ~ ae KT (fot fo'p) got (g_2+ 8 op) f—2 
[ (go? f_)+ 3 (fc? g_9*) | ° t 


3 K 
266y|| for 


TABLE II. Correction factors for parity change transitions: AJ=0, +1, +2; no 0-0, 4-4, 01, (yes) 


} [ (fot fo'p fy (gate 
| 9 


2 KY (fotfo'p)?+ (g-2+8-2'p)? [fifi gogo’ K? 
+2i 2 Fi; (F ij)*3 


p 


RP | 
2 4 [ fo? t g 2? lp? 472 
9 


kK? 
[(fo t fo'p)fo (gate 2'p)g 2] + > cult fi 
g 7 


| (fotfo'p) fot (g-2 


9 


instead of the single matrix element, [4p7s.' 

paper’ deals with these expressions as applied to 

Al =0, (yes) transitions. , : P ‘ ee 

Aes : : ME, =G, } (—xy'(o'- p+ V;+o'- Vi) 

A check on the above method is provided by the , : ™" P 

calculation of the pseudoscalar transition matrix ele- 

ment in the one-nucleon representation of the initial * (Wy+2M+Viteo'-V2) H0( 
1. J. Konopinski and G. E. Uhlenbeck, Phys. Rev. 60, 308 : 

(1941 , , Ul 7 

24. M. Smith, Phys. Rev. $2, 955 (1951) x (— (Wi+2M+ Vite'’-V,)" 

3 Ahrens, Feenberg, and Primakoff, Phys. Rev. 87, 663 (1952); 


referred to as I x (a’- p +Vz to’: V;)x,)d2, (11) 


2Anearlier and fial states. Here, 


0 


a 
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in terms of the one-nucleon large spinor components x ; 
the connection of ME,“ to the general ME, is given 
by the independent particle model. In Eq. (11) Vi2%4 
denote combinations of the one-nucleon potentials due 
to all five covariant interactions;‘ @’ is Pauli’s spin 
operator. Expanding in ascending powers of 


(W+V,+o'-V,)/2M, 


and dropping all but the first two terms, yields 


ME," fou p+Vs+o'-V,) 


x | 
(—L. 


L,/2M+(W,+ Vite’: V2) L,/4M?] 


2M+1,(Wi+e'-V2)/4M?] 


p 


x (a’ p+ Vateo’-V4)x,}d2, (12) 


which, assuming again that the Vj234 are velocity 
independent, permits the derivation of the partially 
relativistic approximation to 


(f\ByOp\DRp|+-1(f\0,0°-{V|i)R,p},/2M, (13) 


in agreement with Eqs. (9) and (10). 


3. APPLICATION OF THEORY TO PARITY 
CHANGE BETA-DECAY 


The result of applying the above theory to parity 
change transitions is exhibited in Tables I and II in 
the form of a pseudoscalar square correction factor 
and of tensor pseudoscalar and axial-vector pseudoscalar 
cross-correction factors. The new symbols in the tables 
are defined as 


2 or 5— $95; 2p 5 — 39°6;; 
Ei; for , Fy for : . 
’ r 
rer ;— ¥r°6,; . 
Gj; fr : ° 
r- 


Gy = 
2M 
Evaluation of the terms containing Coulomb functions 
and their derivatives may then start with the relations, 


aZ (K—1) ; 
f_e-1 (wv 1+ )e K-1t sae eo 
’ r 
(A +1) 
)imr ens; 
r Yr 


the resulting f_x—1°, g-«—1*, and f_x-1Xg_x-, being ob- 
tained by using the expressions Z, M, and N,!* or, if 
‘From a generalized one-nucleon Dirac equation, 
aM IV. +a@-V, —Be- V8" —Ba- V8" 
a: V,°? +y5Va —BysV py=(W+M)y; 
and, with y= & ), one obtains V;= Vat+-V_ ; Vo= VEO + Vv. 


Vs=Vp— Val; Ve= V9 — V0, 


(—a-p BV, 


AHRENS 


the order to which the latter are carried is insufficient, 
by using (a= 1/137) 


(2SaZW — ap)r 
2y+1 


r [Sa2z?(4y+3)W? 
(2y+1)?(y+1) 
aaZ (4y+3) pW—S(+y)°p? 
+ (1+) (6?+ y?) p? Jr? }, 


2 


g_K_v=APrO-) (W+ ilo (20aZW-+ap)r 


dy+1 
Z 
+ [ Oa2Z? (474 3)W 
(2y+1)?(y+1) 
taaZ (4y+3) pW—O(1+y)*p° 


+ (1+ 7) (&+ y’) p’ at 


f—-n-18-K-1= A*?-p (laaZW'+ bp)r 


| 
- [ aa®Z? (4y4+ 3)? 
(Qy+1)*?(vy+ 1) 


+ baZ (4y+ 3) pW viene, 


where A =e™/?|I°\(y+ 16) | (2p)7/(2W)4T'(2y+1); thus, 
eg., F=2A°Wp??-)/p? with | K| =1 and 


F\=72A2W21-2) / ps 
with |K|=2, s:=4—(Z/137)*, y= K*— (Z/137)*.5 
a=6(y/W—RK), 
S=8(1+1/W)+yv(vy7+K), 0=8(1—-1/W)+y(y—). 


b=Ky+e/W, 


4. PLANE WAVE APPROXIMATION 


As a check it is opportune to perform a plane wave 
treatment of the lepton covariant. Because of the 
simple structure of the individual terms within the 
exponential function of the plane wave, the evaluation 
of the radial part of the lepton covariant at the boundary 
of the nucleus would not be necessary if it were not for 
the particular property of the pseudoscalar interaction 
to possess in the Coulomb treatment two sets of nuclear 
matrix elements instead of one; therefore to obtain 
manifest agreement with the results of the Coulomb 
calculations the plane wave calculations must also 
employ relation (9) (without the last term). This was 
done and agreement achieved with the Z=0 limit of 
the expressions in Tables I and II, upon addition of 
some third- and fourth-order terms in p; these last 


5M. E. Rose, Phys. Rev. 51, 484 (1937) 
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however are very small and were not entered in the 
tables. 


valuable in the case of the decay of RaE; there, how- 
ever, additional corrections due to the finite size of the 
nucleus must be calculated. 

The author wishes to thank Professors E. Feenberg 
and H. Primakoff sincerely for suggesting this work and 
for extending their advice. 


5. CONCLUSION 


The foregoing should enable correct treatment of 
first forbidden transitions with an arbitrary amount of 
pseudoscalar admixture. This is at present particularly 
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Quantum Theory of a Damped Electrical Oscillator and Noise* 


J. WEBER 
Glenn L. Martin College of Engineering and Aeronautical Sciences, University of Maryland, College Park, Maryland 
(Received October 24, 1952) 


Field quantization is applied to an electrical oscillating circuit. Damping effects are treated by perturba- 
tion theory. Quantum effects occur both in the damping and in the noise, and are discussed in detail. An 
interpretation is given of the infinite zero point contribution which appears in the theory of Callen and 
Welton. The average electromagnetic field energy of an oscillator with capacitance C, conductance G, and 
natural frequency w as a function of time is given by 
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The mean squared noise voltage which would be measured in an experiment with a damped oscillator is 


given by 
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The maximum noise power which a conductance G at temperature 7 can transfer to a damped oscillator 


approaches the value 
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The vacuum fluctuations are shown to be observable in certain noise experiments 


INTRODUCTION 


IRTUALLY all of the phenomena occurring in 

electric circuits are described classically in a 
satisfactory way by Maxwell’s equations. Application 
of classical statistics has led to a satisfactory under- 
standing of most electrical fluctuation phenomena. The 
classical description is usually adequate because ordi- 
nary measurements are made at room temperature with 
circuit currents exceeding noise currents. If measure- 
ments were made at low temperatures, with smaller 
currents, the quantum effects would be significant. No 
experiments have been carried out under such condi- 
tions. The present paper is an effort to provide some 
basic work for a general quantum theory of circuits and 
noise. 

Recently Callen and Welton! presented an elegant 
quantum theory of noise. Their results showed as one 
of the quantum effects an infinite zero-point noise con- 
tribution for a pure resistance. The theory to be pre- 
sented here gives insight into the origin of the infinite 
zero-point contribution and predicts finite quantum 
effects in certain experiments. 

* Supported by the U. S. Office of Naval Research. 

1H. B. Callen and T. H. Welton, Phys. Rev. 83, 34 (1951). 


AN OSCILLATING CIRCUIT WITH NO DISSIPATION 


We consider first an electrical oscillator which we 
imagine made up of perfect conductors with no radia- 
tion. One is tempted to treat such a system as Fig. 1 
as an ensemble of particles and to discuss its behavior 
in terms of charges and currents. This procedure leads 
to difficulties because with perfect conductors there are 
no tangential electric fields near the conductors. In 
order to allow currents to change without electric fields, 
charged particles without mass or an infinite number of 
carriers with mass would be required. To avoid these 
difficulties we choose to discuss the fields. The energy is 


1 
U= fw + H?)dr, 
&r iY 


and // are the electric and magnetic fields, 


(1) 


. 


where E 
and the integral is throughout space. We represent the 
magnetic vector potential as the product of a time-de- 
pendent and space-dependent part q(¢)A (r). In terms of 
the vector potential, 


E=—(1/c)gA, H=qVxA. (2) 
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Fic. 1. Electrical os- 
cillator with no dissi- 
pation. 


Irom (2) we get, using Maxwell’s equations, 


VxXH=[V(V-A) VA |g ~ (1/0? )gA. (3) 


The fields are entirely outside of the perfectly con- 
ducting boundaries, and the most general? solution of 
Maxwell’s equations can be expressed in terms of po- 
tentials such that the divergence of A is zero, and 
the sealar potential is also zero. If q oscillates har- 
monically with time, with angular frequency w, (3) 
becomes 


V?A+ (wA/c?) =0. (4) 


We normalize A so that 


fru tire. 
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We introduce a variable p canonically conjugate to q 
by letting p -(1/c)pA. The total 


energy in the electric field becomes 


q; from (2), E 
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The magnetic energy is 
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Substitution of (2) into the first term on the right side 
of (6) reduces it to 


(yi Siw) [ exias, 


where the surface integral is over a closed surface sur- 
rounding the circuit. From Poynting’s theorem this 
term is proportional to the radiated power which is 
postulated to be zero. Equation (6) becomes 


1 gw" 
fu “dt ; 
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The Hamiltonian (1) is now 
H=}(p’+*g’). (8) 


-L. TL. Schill, Quantum Mechanics (McGraw-Hill Book Com 
pany, Inc., New York, 1949), p 205. 


Our variables p and g must be noncommutable opera- 
tors; otherwise it would be possible* to measure in the 
same region simultaneously the electric field and the 
magnetic field with arbitrarily great precision. We there- 
fore adopt the commutation rule: 


py—gp= —th. (9) 

Expressions (8) and (9) make the problem of the un- 

damped electrical oscillator formally identical with the 

harmonic oscillator. The wave functions for g are the 

well-known harmonic oscillator wave functions. The 
atlowed values for the energy are LU’ = (n+-})hw. 


HARMONIC OSCILLATOR WITH DISSIPATION 


We represent a damped oscillator by an oscillator of 
the type discussed above, coupled to a resistance, as 
shown in Fig. 2. We follow the general method of 
Callen and Welton.! The Hamiltonian can be written as 


H=}(p’+w'y’)4 H+ Q f Bodh (10) 


Here Hy is the Hamiltonian of the ensemble of par- 
ticles making up the resistance; Q is a function of the 
coordinates and momenta of the particles of the re- 
sistance, and the line integral is over the length of the 
resistance. In terms of the capacity C we can write 


1 2 
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Making use of (11) the Hamiltonian becomes 


(11) 


H=3 (p+?) +H rt (pO/v C). (12) 


We treat the last term as an interaction term which 
will cause transitions with exchange of energy between 
the LC circuit and the resistance. We assume that the 
oscillator is weakly damped; if we use first order per- 
turbation theory, the transition probability can be 
shown to be: 


ar 
W, [p(Er } hw)(E-R Q Er 4 hw “ 
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XK (ER @) Er ha <0 Oe p VC ky + fia 2 |. (13) 
The symbol (Er|Q| Ex+hw) indicates the matrix ele- 
ment of the operator corresponding to Q between the 
quantum states of the resistance with eigenvalues Ep 
and Ert+hw, (Er) p/y C| Er—hw) has the corresponding 
meaning for the quantum states of the field. p(Er+hw) 
is the density in energy of the quantum states of the 
resistance in the vicinity of the energy Erx+hw. Ex- 
pression (13) gives the total transition probability from 


IW. Heisenberg, Physical Principles of the Quantum Theory 
(Dover Publications, New York, 1950), p. 50 





DAMPED 


an eigenstate of the unperturbed system in which the 
field has the eigenvalue Ey, and the resistance has the 
eigenvalue Ey. We may assume that initially the cir- 
cuit is in an eigenstate (before being coupled to the 
resistance). There will never be enough information 
about the resistance tc say that it is in an eigenstate, 
but its state will be partially specified in that its tem- 
perature will be known. It is therefore necessary to 
average (13) over an ensemble of similar systems, the 
result is 


2r p 2 pt 
W = t@ Kp- ho) [ p(ii,+hw) 
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Consider f(E) the statistical weighting factor, and 
S(E+hw)/f(E)=exp— (hw/kT). The second integral 
has hw as a lower limit because energy is conserved in 
these transitions, and no resistance in the ensemble can 
undérgo transitions which reduce its energy if its energy 
is less than Aw. We introduce the quantity 


: f p(E,+hw)(E,|O| E+hw) 
h Jy 
X p(E,) f(E,)dE,. 


2dr 
(15) 


By making a change of variable in the second integral 
of (14) and making use of (15) we can put (14) into 
the form: 


W ,= SU(Er p VC| Ep—hw) 
tip p/VC| Erthw) exp— (hw/kT) |. (16) 
The first term of (16) is the probability per unit 
time that the circuit and fields will lose a quantum, 
and the second term is the probability per unit time 
that the circuit and fields will gain a quantum. The net 
probability that a quantum will be lost will be the dif- 
ference of the two terms. The average rate of change of 
energy of a circuit in the ensemble will be 


dU /dt=Shol (Ep p/VC| Erthe  exp— (hw/ kT) 


—(Ev! p/VC| Ep—hw)*)}. (17) 


If we insert the well-known harmonic. oscillator 


matrix elements into (17) the result is 


dU S(hw)? 


[(n+1) exp— (hw/kT)—n], (18) 


dt a 


where # is the quantum number of the circuit. Equation 
(18) states that the circuit may either gain or lose 
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energy, depending upon n. It is interesting that the 
equilibrium value of » [for which (18) is zero | is 
n=1/[exp(hw/kT)—1]. 

The principal quantum effects are evident in (18); 
classically the rate of energy loss would be proportional 
to the energy at time /¢. This is only true in (18) if 
is large. 

If the relation for the energy, U = (n+ })hw, is in- 
serted into (18) and the resulting equation integrated, f 


we obtain 


U= ES 


hw 
exp (hw/kT)—1 


hwS | 
x1 -exp| ———[1—exp— (hw/kT) vt 
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hwS 
+ Uvexn| ——[1—exp— (hw/kT) V. (19) 
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In Eq. (19), U is the average energy of a circuit in the 
ensemble as a function of time and the initial energy 
Uo; C is the capacity, and S is defined by (15). For 
large energy (classical limit) the second term is the only 
significant one. Comparing this with the known classical 
solution U=Uvye~%"©, where G is the conductance, 


we obtain: 


hwS 
G=-—[1—exp— (hw/kT) ]= rol 1—exp— (hw/kT) | 
) 


xf p(E,+hw) (Ek, O)\ E,+Ahw)’p(E,) f(E dk, (20) 


0 


in agreement with the result of Callen and Welton. In 
terms of (20), (19) becomes 


hw 
U= [11 t 
exp(hw/kT)—1 


[1—« Gti \+ { o€ GUC. 
(19a) 


EQUIVALENCE OF RESISTANCE AND A NOISE 
GENERATOR 


In this section we prove the following theorem: The 
Johnson‘ noise plus ‘“‘spontaneous” emission is entirely 


Fic. 2. Damped ele 
trical oscillator 





ft The procedure of this section is based on the discussion of 
Ik. C. Kemble, The Fundamental Principles of Quantum Me- 
chanics (McGraw-Hill Book Company, Inec., New York, 1937), 
Chapter 12 

‘J. B. Johnson, Phys. Rev. 32, 97 (1928). 
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Fic. 3. &lectrical oscillator and current generator. 


equivalent to all damping effects which the resistance 
has upon the oscillating circuit. The noise is seen to 
play a role in the damping process. To show this let us 
imagine that the resistance is removed, and that it is 
replaced by a “current generator” which has an infinite 
internal impedance. 

It may readily be shown by comparison with the 
classical differential equations that the Hamiltonian of 
the system of Fig. 3 is 


‘ 


H=}(p'+w%g?) (21) 


(qi VC) sin(w,t). 


It is well known that an interaction term of the form 
of the last term of (21) will not give a transition proba- 
bility proportional to time. To obtain transitions 
equivalent to those of the resistance we need a current 
generator with a continuous spectrum in the vicinity 
of w. Under these conditions the transition probability is 


x{i2(w) |w 
[(Er\g| Ev+hw)’ 
CH 


Wa 


hw)? |, (22) 
where C is the capacitance, and the mean square value 
of the current over a range dw is [ 7?(w) |adw. Inserting 
the harmonic oscillator matrix elements, (22) becomes 


m{ 1°(w) |av 


Wa [(n+1)+n], (23) 


2Chw 


where n is the quantum number of the oscillator. 

In order to compare the transition probability in- 
duced by the current generator with that induced by 
the resistance we insert the appropriate matrix elements 
into (16). Making use of (15) and (20) and rearranging 
terms, (16) becomes 


Gp (n+1)-+n 
W, + (24) 
CLexp(hw/kT)—1 


Comparison of (23) and (24) shows that the transi- 
tion probability will be the same, in so far as the first 
term of (24) is concerned, if 

2Ghw 
[ 2? (w) Inv (25) 


rl exp(hw/kT)—1 | 


Equation (25) is the Nyquist® formula in the equivalent 
current representation, modified for quantum effects. 


5H. Nyquist, Phys. Rev. 35, 110 (1928). 


There is still the last term of (24). It is apparent that 
the last term in (24) is just the transition probability 
at T7=0, that is, the transition probability if the re- 
sistance is in its lowest state and the quantum number 
of the circuit is . This is closely analogous to the spon- 
taneous emission which atoms undergo even if the 
radiation fields are in their lowest states. We therefore 
conclude that the transitions required by (24) will be 
produced by a noise current generator described by 
(25) plus spontaneous emission, that is, plus the effect 
of the absorber in its lowest state. 

We can get a more formal analogy with the spon- 
taneous emission induced by the radiation modes in 
atoms if we imagine the second term of (24) to be 
equivalent to that of a current generator which can 
only induce downward transitions. Comparing the 
second terms of (23) and (24) we see that the equiva- 
lent current for such a generator is 


(i?(w) |w= 2Ghw/x. (26) 


This result is formally analogous to that obtained in 
the treatment of spontaneous emission of radiation by 
Park and Epstein.® 


MEAN SQUARED NOISE VOLTAGE AND 
AVAILABLE POWER ; 


We can calculate the result of precise measurements 
of the mean squared noise voltage of the damped oscil- 
lator by averaging the equilibrium value of the quantity 
[ f E-dl ? over the ensemble. From (11) we obtain 


Pfr) 
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3 nen | p?/C i Dra » exp (++ 5 hw kT | 


(27) 
>» exp — (n+ })hw/kT ] 


Carrying out the summations indicated in (27) we 
obtain 


1 hw 
y= [i | 
“i exp(hw/kT)—1 


Aw ho 


st ’ 
exp(hw/kT)—1 


(28) 
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where Aw is the classical half-breadth. The first term of 
(28) is hw/2C and represents noise which would be 
observable even if the oscillating circuit were in its 
lowest state. It represents the fluctuations of the vac- 
uum surrounding the circuit. It will now be shown that 
this term cannot be removed by making formal changes 
in the Hamiltonian which remove the zero-point en- 
ergy.” The proof follows the discussion of the corre- 

61D. Park and H. T. Epstein, Am. J. Physics 17, 301 (1949). 

7 The author is indebted to the referee for suggesting investiga- 
tion of this point. 
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sponding problem® in the quantum theory of the fields 
in vacuum. We introduce the auxiliary variables 8 and 
8*, defined by 
q=B+6*, p=—iw(B—8"). 
The Hamiltonian 8 can be written 
H=w'[8*8+(8"]. 
The correspondence with the classical theory is equally 
good if (29) is written 
H = 2u"8*8= } (p’?+w"q") 
The eigenvalues of the Hamiltonian (29A) do not have 
the zero-point energy, but the eigenfunctions of this 
Hamiltonian are the same as those of the Hamiltonian 
(8). The quantity 


(Epn|P* C\Eny)= [dest C)Pendr 


(29) 


Shw. (29A) 


is unchanged, and the summation (27) is also un- 
changed. ‘The zero-point noise contribution is seen to 
be independent of the choice of zero-point energy. It is 
in fact due to the random interaction of the apparatus 
for measuring the electromotive force, with the circuit, 
and is related to the uncertainty principle. Equation 
(28) does not assert that one can observe the zero-point 
energy; it does assert that one can observe the zero- 
point fluctuations. 

Another quantity which is specified in the classical 
discussion of resistance noise is the available power. To 
calculate the power which a resistance would transfer 
to another resistance within a specified frequency range 
we consider the experimental arrangement of Fig. 4. 
The Hamiltonian of such a system is 


H=}(p+o°g?)+(p/VO)[Qi+02}. (30) 


We can deduce the expression for the rate of change 
of the field energy in the same manner as (18) is ob- 
tained, the result is 


du (hw)? 
[Sil (n+ 1) exp— (hw/kT 1) —n | 
dt Cw 
+ Sof (n+1) exp— (hw/kT.)—n]], (31) 
where 
ar rf” 
S\= f p( ER, +hw)(ER,|Q1| Erit+-hw)* 
h 0 
X p(Er) f(Er)dER,, 
2dr ” 
= f p(ERy+hw) (ER! Oz! ER hw g 


hy 


S: 


Xp(ER2) f ( Er)dER». 
The stationary value of dU/dt is obtained for a value 
of n which makes (31) zero. In terms of the conduc- 


8W. Heitler, Quantum Theory of Radiation (Oxford University 
Press, London, 1944), p. 60. 
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ances G,; and Gz» this is 
q Gy, Ge ; 
exp(iw/kT,;)—1  exp(hw/kT2)—1 


(Gi+G2). (32) 


The average rate at which G, transfers energy to the 
system is obtained from (18) if we insert the stationary 
value of m as given by (32). The result is 


soa 1 
C lexp(hw/kT,)—1 


( Gy G 
{ 
exp(hw/kT\)—1  exp(hw/kT>2) 


)/ 


(Gy + «| (33) 


Equation (33) gives us the net power transferred to the 
system by G;. Equation (33) will be a maximum if 
T» 0 and G./Gy »>D, 


Gilhiw hw(Aw); 


Pnes (34) 


CLexp(hw/kT)—1 ] exp(hw AT) —1 


where (Aw);=G,/C. Equation (34) is somewhat dif- 
ferent from the classical value because we have chosen 
to specify the maximum power in a way which is dif- 
ferent from the classical one but more precise for our 


purposes. 


NOISE MEASUREMENT EXPERIMENTS 


Callen and Welton have given an integral for the 
noise of a pure resistance. They did not discuss the 
spectrum of the noise, and their integral contains an 
infinite zero point contribution. 

We might measure the power spectrum of the noise 
by employing a filter with a flat response within the 
pass band and infinite rejection outside of the pass 
band. For simplicity we choose instead to measure the 
power spectrum in the vicinity of w by connecting an 
LC circuit of natural frequency w to the resistance, as 
in Fig. 2, and measuring the expectation value of the 
square of the electromotive force. The result of such an 
experiment is given by Eq. (28). Although (28) was 
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4. Electrical oscillator coupled to conductances 
at different temperatures 
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calculated as an average over the ensemble, the ergodic 
theorem guarantees that the same result will be ob- 
tained if repeated measurements are made with a single 


resistance. This is because the measurements do not 
affect the known partial specification of the state of the 
system. This measurement gives the noise contribution 
in the vicinity of w. To obtain the noise over all fre- 
quencies we would need an infinite number of circuits 
of the kind discussed in this paper. The resulting zero- 
point contribution is therefore infinite. This is believed 
to be the interpretation of Callen and Welton’s result. 

All resistances have physical size, and there will 
always be a certain amount of inductance and dis- 
tributed capacity. We would always have an arrange- 
ment somewhat similar to that of Fig. 2. In making 
the measurements we can always couple to either a 
single mode or at most a finite number of modes, and the 
zero-point noise contribution is finite. 

Equation (34) shows that the maximum power which 
a resistance can transfer to a system tends to zero at 
low temperatures, while according to (28) the mean 
squared value of the electromotive force approaches 
the limith w/2C. Lawson’ suggested noise measurements 
as a method for measuring temperature. If the noise 
measurements are made by measuring the transitions 


9 A.W. Lawson and FE. A. Long, Phys. Rev. 70, 220 (1946) 
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induced by the resistance (power measurements) there 
will be no zero-point contribution, according to (34). 
On the other hand if we measure the mean squared 
value of the electromotive force there will be a zero- 
point contribution as given by (28). 


CONCLUSION 


In this paper we have examined some of the conse- 
quences of the application of field quantization to elec- 
trical circuits. The theory gives the familiar classical 
effects and includes in addition the noise and quantum 
effects. It shows clearly the role of noise in damping. 
The zero-point noise contribution which appeared first 
in the theory of Callen and Welton is shown to repre- 
sent an observable effect, independent of the choice of 
zero-point energy. Experiments at low temperatures 
and high frequencies offer an opportunity to study in 
detail the quantum effects of a single mode of the elec- 
tromagnetic tield. When precise noise measurement 
techniques are developed it should be possible to observe 
directly the vacuum fluctuations in a low temperature 
noise experiment. In a subsequent paper the interaction 
of circuits with radiation fields and with electrons will 
be discussed. I wish to acknowledge stimulating discus- 
sions with Dr. M. H. Johnson. 
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Momentum Space Wave Functions. II. The Deuteron Ground State* 
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Previously a procedure was given for carrying out numerically an iteration method to get approximate 
solutions for wave functions in momentum space and for eigenvalues. This procedure is applied to the ground 


state of the deuteron in nonrelativistic approximation, using central potentials only 


Tables illustrating 


the rapidity of convergence of the iterations are given. Values for the momentum space wave functions 
corresponding to different potential shapes are tabulated, and simple analytic approximations are given 


1. INTRODUCTION 


N a previous paper,’ hereafter referred to as I, an 

iteration procedure suitable for numerical treatment 
was discussed with relation to solutions of the Schréd- 
inger wave equation in momentum space. The present 
paper is a continuation of I; the iteration procedure is 
here applied to the ground state of the deuteron. We 
consider only central potentials and obtain nonrela- 
tivistic wave functions for several different potential 
shapes. Two to three iterations were carried out, both 
to determine the momentum distribution in the deu- 
teron and to investigate the rapidity of convergence of 
the iteration. Details of the method and results are 
given in the following two sections. Some approximate 
analytic wave functions for the deuteron ground state, 
both in position space and in momentum space, are dis- 
cussed in Sec. 4. 

The notation used is the same as that of I, and fre- 
quent references to Table I of I will be made. We 
express all momenta in units of y, where hy” is the 
deuteron radius, viz., 


y= (2MEp)'= 45.69 Mev/« 
=h(4.317K10—-" cm). (1) 


M is the reduced mass of the neutron-proton system 
and Ep is the deuteron binding energy (2.225 Mev). 
The experimental probable error in y is about +0.1 
percent. 

In Table I of I, a momentum uy, fixing the range of 
the position space potential U’o(r), is defined for three 
forms of the dimensionless function U(r), corre- 
sponding to Yukawa, exponential and Gaussian 
shapes. The corresponding momentum space potentials 
[(2r)!Vo(p) |, which are the Fourier transforms of 
U(r), are also given in I, Table I. We write the triplet 
neutron-proton potential in position space U(r) in the 
form 


U(r) =d(w2/2M)U o(r), (2) 


where A is a dimensionless parameter proportional to 
the “coupling constant.” An analysis of low energy 


* Work supported in part by the U. S. Office of Naval Research 

+t Present address: Institute for Advanced Study, Princeton, 
New Jersey. 

1E. E. Salpeter, Phys. Rev. 84, 1226 (1951). 


experiments on the neutron-proton system? * gives a 
value for the triplet effective range of the n—p po- 
tential of 


pO, — Ep) =1.703(140.02) X 10-8 cm. (3) 


An effective range theory analysis,’ using a compromise 
between Eq. (3) and data on photodisintegration of the 
deuteron,’ then yields values for the momentum u for 
the three potential shapes. We adopt the following 
values: 

0.313 (Yukawa) 
0.154 (exponential) 


(4a) 
(4b) 
(4c) 
The probable error in (y/u), coming mainly from the 
experimental uncertainty in the effective range, is 
about +2.5 percent in all three cases. 


Y/u 
Yu 
y ‘wu =0.349 (Gaussian). 


2. METHOD 


The nonrelativistic® Schrédinger equation in mo- 
mentum space for the spherically symmetric ground 
state of the deuteron has the form 


(p?+¥")b(p) 


1 e 
dane f wdko(k) f dvvo(p+ 2pkx). (5) 


0 1 


In Eq. (5), (27)'Vy is one of the momentum space po- 
tentials defined in I, Table I, $(p) is the momentum 
space wave function to be determined, and AX the 
“coupling constant,” Eq. (2). We assume y and yu to 
be known and consider A as the eigenvalue of the 
problem. 

It is convenient to define a modified function x(p) by 


x(p)=(P?+7")o(p). (6) 
As discussed in I, we write the nth iterated function 


2 Burgy, Ringo, and Hughes, Phys. Rev. 83, 512 (1951). 

3 J. M. Blatt and J. D. Jackson, Phys. Rev. 76, 18 (1949) 

‘H. A. Bethe, Phys. Rev. 76, 38 (1949); E. E. Salpeter, Phys. 
Rev. 82, 60 (1951); G. Snow, Phys. Rev. 87, 21 (1952). 

5T). H. Wilkinson, Phys. Rev. 86, 373 (1952). 

6 We shall consider the nonrelativistic equation (5) for all mo- 
menta p. Actually (207/c) is approximately equal to one nucleon 
mass, and Eq. (5) has, of course, no physical justification for 
pz 204. 
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TABLE I. Iterated values of a,(p) and of the coupling 
constant Any: for a Yukawa potential. 


IT. Iterated values of a,(p) and of the coupling 
tant Any: for an exponential potential. 


TABLE 


con 


1 o Anyl 
2.070 


2.063, 
2.0625 


p/m 0 1 
1.380 
1.232 
1.229 


1.380 
1.326 
1.322 


1.380 
1.382 
1.379 


1.380 
1.393 
1.395 


aol p) 
ay(p 


az(p) 


TaBLE III. Iterated values of a,(p) for p/2u=0 and 2, of 
b,(p) for p/2un=4 and ~, and of the coupling constant A,41 fora 
Gaussian potential. 


Anst 


3.880 

3.864, 
3.863> 
3.8625 


p/2lu 


ay(p), bol p) 
a;(p), b,(p) 
ax(p), b (p) 
a3(p), bs(p) 


Xn(p) in the form 
Xn(p) 
Xn(p) 
xXn(p) 


The function a,(p), defined by Eqs. (7), is a slowly 
varying function of p and hence more suitable for 
numerical work than x,(p) itself. For the initial wave 
function of the iteration procedure, we take ao(p) to 


(7a) 
(7b) 


(7c) 


[1+ p’/a,"(p)u?}' (Yukawa) 


[1+ p’/a,2(p)u? }' (exponential) 


exp{ — p’/4a,2(p)u? | (Gaussian). 


be a constant, dp. 

In I, Sec. 2, the iteration procedure was discussed 
in detail. Once a,,(p) is known, the integral equation (5) 
furnishes a value A,,, for the coupling constant by re- 
quiring that x,,:(0) be unity. The integral equation 
then gives @n,1(p) and hence a,,4,(p). In all three cases, 
an analytic expression for a,(0) as a function of dp 
could be found with relative ease. The requirement 
that a,(0) equal a) gave the following values for ao: 
1.74, 1.38, and 1.17 for the Yukawa, exponential, and 
Gaussian potentials, respectively. For the exponential 
and Gaussian potentials, these values of do were actu- 
ally used in the iteration. For the Yukawa potential, 
the ranges of integration involving large momenta were 
also found to be fairly important. For this reason, the 


TABLE IV 


0.5 


Yukawa a(p : 1.772 
Exponential 1.390 
Gaussian 
Gaussian 


AND J. S. 
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value of ay for which a;(~) equals do was also calcu- 
lated. The mean between these two values for do, 1.86, 
was (rather arbitrarily) adopted for the iteration in the 
case of the Yukawa potential. 

For the Yukawa and exponential potentials the first 
iteration can be carried out analytically, but the for- 
mulas for x;(p) are rather complicated. For all three 
potential shapes, a;(p) was evaluated for about ten 
values of p and a simple interpolation method used 
for intermediate values of p. Using these values of 
a,(p), a second iteration was then carried out giving 
values for A» and a2(p) for a few values of p. At least 
for fairly small values of p, a;(p) and a2(p) differed 
from each other by only a small fraction. Finally, one 
single further integration, using the interpolated values 
for a2(p), gave 3. Values for A, and a,(p), for a few 
values of the momentum f, are given in Tables I, IT, 
and III. 

As may be seen from the tables, the rapidity of con- 
vergence of the iterated values of A is very good in 
all three cases and of a,(p) fairly good for the Yukawa 
and exponential potentials. For the Gaussian potential 
the convergence of a,(p) is also fairly rapid for p=u 
but becomes progressively worse for large values of 
p/u. In fact, the correct asymptotic behavior of x(p) 
for p>* is a much more slowly decreasing function 
of p than x0(p), Eq. (7c). Because of the rapid decrease 
of the Gaussian function, xn41(p) depends mainly on 
the behavior of x,,(&) for values of & in the neighborhood 
of p. For large values of p, therefore, the iterated func- 
tions xn(p) do not approach the correct function 
rapidly, once a function xo(/) with an incorrect asymp- 
totic behavior has been used. 

The correct asymptotic form of the wave function 
for the Gaussian potential can be obtained as follows. 


We write ¢(p) in the form 


o(p) ~expl — pf(p) J, (8) 


where f(p) is a function to be determined. For p>u, 
the integral equation (5) takes the following asymp- 
totic form: 


p* expl — pf(p) ] 
(Au 2a f kdk exp| — (p—k)?/4p?- kf(k) }. (9) 


The integrand has a sharp maximum near k=[p 
—}f(p)]; the integral can be evaluated approximately 
by using a Taylor expansion for the integrand about 


Extrapolated values for a(p), 6(p) and of the coupling constant A for three potential shapes. 


? 4 5 2 


1.946 
1.228 


1.918 
1.301 


1.906 
1.321 


1.853 
1.385 
1.215 
0.940 


0.75 0.70 1.018 











MOMENTUM 
TABLE V 


p /y 1 4 ‘ 


f 2 
Yukawa 
Exponential 
Gaussian 


0.970 
0.976 
0.978 


0.890 
0.908 
0.914 


this value of & and dropping higher powers of wp. The 
resulting equation for f(p) has the solution 


S(p) = 23Ln(bp) }}, (10) 


where 6 is a known function of the coupling constant 
A, independent of p. 

The iteration procedure for the Gaussian potential 
was modified slightly by using Eq. (7c) only for p<4u, 
and using instead’ for p>4yu the form 

re ° 


on(p)=A, exp{—2'p[ Ind, (p)p }}}. (11) 


In Eq. (11), A, is a constant determined by requiring 
the two formulas for @,(p) to agree for p=4y, and 6,(p) 
is a function analogous to a,(p). The function bo(p) 
was taken to be a constant by) and was determined by 
requiring 6;(%) to be equal to 69. This modification of 
the iteration procedure improved the rapidity of con- 
vergence of ¢,(p) for p>>4u, but is unnecessary for 
small p and for evaluating A.* Some iterated values for 
b(p) are given in Table III. 


3. RESULTS 


In Tables I, I], and III, the iterated values of A, and 
of a,(p) are given for a few values of p, merely to dem- 
onstrate the rate of convergence. In Table IV we give 
the final estimates for \ and for a(p) as a function of 
p/u for each of the three potential shapes. For the 
values of yu given in Eq. (4), the computational errors 
in the numbers given in Table 1V are about +5 in the 
last figure given, or less. For values of p/w not given 
in Table IV, a simple interpolation method can be used 
for a(p). The probable errors in a(p) and in \ due to 
the experimental uncertainty in the yalues used for 
y/u, Eq. (4), on the other hand, are slightly more than 
half a percent. 

Using these values for a(p) and Eqs. (4), (7), and 
(11), values for the modified function x(p), Eq. (6), 
can be calculated. In Table V we give these values for 
x(p) for the three potential shapes, with the momentum 
p expressed in units of the constant y, Eq. (1). For the 
values of y/u given in Eq. (4) the probable errors, from 
computational sources alone, in x(p) are of the order of 
magnitude of +0.002 for relatively large values of p. 
The experimental uncertainty in the values used for 
y/u introduces much larger errors for x(p). This ex- 


7™The logarithmic derivatives of the 
approximately equal for p=4x. 

5 In fact, the asymptotic behavior of @(p) is only of academic 
interest, since the nonrelativistic approximation, used throughout 
this paper, breaks down for momenta fp not much larger than 4y. 


two torms tor p(p) are 


SPACE 


0.678 
0.700 
0.700 


WAVE FUNCTIONS 


Extrapolated values of x(p) as a function of (p/y) for three potential shapes 


5 6 8 10 2 14 


0.100 
0.085 
0.020 


0.209 
0.203 
0.123 


0.362 
0.317 


0.252 


0.496 
0.485 
0.453 


0.580 
0.589 


0.575 


perimental probable error in x(p) is of the order of 
magnitude of +0.010. 

In Fig. 1, we give a rough plot of the wave function 
x(p) as a function of p/y for the three potential shapes. 
It will be seen from this graph that for p< 5y ~ 230 
Mev/c, the momentum space wave functions (nor- 
malized to the same value at p=0) for the three po- 
tential shapes are very similar, although the Yukawa 
wave function decreases slightly more rapidly than the 
other two wave functions. For larger values of the 
momentum, however, the Yukawa wave function de 
creases much less rapidly with increasing momentum 
than the exponential wave function and the Gaussian 
wave function much more rapidly. 


4. APPROXIMATE WAVE FUNCTIONS 


It will be seen from Table 1V that the functions a(p) 
vary only slightly with p for all three potential shapes. 
One therefore obtains fairly accurate but simple ap- 
proximations to the momentum space wave functions 
by replacing a(p) in Eqs. (7) by a constant a, as was 
done for the initial wave function in our iteration 
method. Using Table IV, an appropriate value can be 
chosen for the constant a, if the momentum space wave 
function is required to be most accurate for a par- 
ticular range of momenta. We also give below the values 
for a which give best agreement with the experimental 
effective range of the triplet neutron-proton system. 


1.0 














Fic. 1. The modified wave function in momentum space 
x(p) for four different potential shapes. 
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For the Yukawa and exponential potentials, the 
Fourier transforms of these approximate wave fun 


tions are also simple functions. These approximate 


position space wave functions are (unnormalized) 
Yy(r)=r ler 
¥.(r)=r "(ev —e-%")- 


The potentials in position 


(Yukawa): (12a) 


Be-*"", (12b) 


(exp): 
where B= (ay? —-y*)/2au 
space, for which these wave functions are exact solu- 
tions of the Schrédinger equation, are (except for con- 
stant multiplying factors) 

(Yukawa): 


rpy(r); (13a) 


V(r) «xe 8" /b(r). 


V(r) re our 


(exp): (13b) 


The values of the constant a@ which give the correct 
experimental effective ranges’ * are a=1.84, (ay/y 
=5.9) for the Yukawa potential and a=1.38, (ay/y7 
9.0) for the exponential potential. 
The Fourier transform of the approximate momentum 
space wave function for the Gaussian potential’ is not 
very simple. It is, however, similar to the wave function 


exp(— dr? — ar) |, (12c) 
where 


(Qd°y?+ yy")? 


and d is a constant of the order of magnitude of unity. 
The wave function, Eq. (12c) is the exact solution for 


a potential similar to the Gaussian potential, namely, 


V(r) « (1+-d?u’r/a@) exp(— dr’ —ar) par). (13c) 


The value of the constant d, which gives. the correct 
effective range is d=0.98, (a/y= 4.0). 


¥N. Svartholm, thesis, Lund (1945), unpublished 
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Wave functions corresponding to an attractive posi- 
tion space potential with a ‘‘repulsive core’! may be 
of some interest for the deuteron problem. We consider 
a position space wave function of the form 


Wre (7) 


corresponding toa position space potential of form 


(13d) 


f 


cig? 11+ (a- y)r le wil) (12d) 


V(r) 1— (a4 ¥ \r | ry reo (r). 


This wave function is zero at the origin, the potential 
repulsive at short distances (with an r~® singularity 
at the origin) and attractive at large distances (with 
asymptotic form exp| —(a—y)r}). This potential thus 
bears some similarity to those employed by Jastrow 
and Levy,'' but the effect of its repulsive singularity 
is much Jess marked than that of an “infinite repulsive 


10 


core.” 4 
The momentum space wave function corresponding 
to Eq. (12d) has the form 


Pl (P+) (p+at), (14) 


which changes sign as does the potential itself. The 
value of a which gives the correct effective range is 
approximately 11..y. This wave function is illustrated 
by the dotted curve in Fig. 1, from which it will be seen 
that the function is similar to that for the Gaussian 
potential for small momenta but has a much larger 
“tail” of opposite sign for large momenta. 

We are indebted to Mrs. D. Kellog, Mr. P. Kellog, 
and Mr. R. Margulies for extensive help with the 
computations and to Dr. McWeeney for pointing out 
related calculations.” 


pre(p)e [a(at 2y) 


1 R. Jastrow, Phys. Rev. 81, 165 (1951). 
' M. Levy, Phys. Rev. 88, 725 (1952 


' R. McWeeney, Proc. Cambridge Phil. Soc. 45, 315 (1949) 
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HE thick film which forms on solid surfaces in contact with 

bulk liquid helium below its lambda-point can be considered 
an adsorbed film which is close to saturation. Consider a vertical 
surface the lower edge of which dips below the surface of bulk 
liquid. At a height Z above the liquid level the pressure of vapor, 
assumed an exp(— MgZ/RT), where Po is the 
vapor pressure of bulk liquid, M/ is the molecular weight, and g 
Then there will appear on the 


ideal gas, is P 


the acceleration due to gravity 
vertical surface a film whose thickness, at the height Z, is that 
which is appropriate to an adsorbed film at temperature 7 and 
saturation 

WeZ/RT) (1) 


¥=€xp(\— 
Let o be the difference between the partial molal entropy of a 
film (i.e., 0S/Om where S is total entropy of the unit area of the 
film and m is the number of moles adsorbed per unit area) and 
the molar entropy of bulk liquid. Let @ and » be defined similarly 
for the Gibbs free energy and the enthalpy, respectively. One then 
has the relations 

go= RT |Inx=— MgZ, 


a=—(do ol 


n=o+ To 


From Eqs. (2) and (3), 
(5) 


o=—Me(dm/dT)z/(dm/dZ)41 


Adsorption studies! relate m, x, and 7 and thereby lead to thermal 
data through Eqs. (2), (3), and (4 
Burge and Jackson® relate film thickness (practically propor 
tional to m) to Z and T, and can therefore give the same thermal 
data through Eqs. (2), (4), and (5 

Bulk liquid can be considered an adsorbed film of infinite 


Experiments such as those of 


thickness; then the adsorption isotherms (plots of m vs x for fixed 
7) must start from the origin and become infinite asymptotically 
as x-+l. An isotherm corresponding to any temperature always 
lies above one corresponding to a higher temperature. If one of 
these temperatures is below the lambda-point (7) and the other 
above, the difference between the two, for fixed x, might well 
become very great or even infinite as x1. At T7=1.8° and Z=1 
cm the saturation, from Eq. (1), is seen to differ from unity by 
only 3X10°5; so if the difference between the two isotherms does 
become very great, the film thickness at Z=1 cm should fall off, 
more or less abruptly, as the temperature is raised above 7). This 
has been observed by Burge and Jackson.? Assuming that their 
results represent true equilibrium observations, we may apply 
the thermodynamic equations to them 

Just below 7), at Z=1 cm, the saturation is 0.99997, and the 
film is very thick. A film as thick as this could exist above 7) only 
under a saturation of 1, essentially. According to Burge and 
Jackson the change takes place in an interval of about 410% 


degrees. Thus, at this point, (0x/d0T)_~0.75X 107%. From Eqs 
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and (4), then, »=— (RT? OT) »~—O.02RT. The 
100 cm, where the film is thinner, still 


(2). tay v) (Ox 
same calculation at Z 
assuming that the interval is 4103 degrees (which should be 
checked experimentally), gives 9»~—2KT, 


value. Since 7 is practically zero just above 7) it would thus seem 


a quite appreciable 


that films of intermediate thickness undergo a change at 7 which 
closely resembles a first-order transition. That the change occurs 
just at 7 suggests that it is in some way due to the appearance 
of superfluid in the outer layers of the film, which ¢ losely resemble 
bulk liquid. As the film just below 7) builds up beyond the thick 
ness characteristic for 7>7), then it would appear that the 
appearance of superfluid induces still more superfluid in the layers 
near the wall, and the process begins to cascade for films of inter 
mediate thickness. This would account for the appreciable negative 
value of 7. Just below 7), the film would have a layer of almost 
pure superfluid near the wall. This might possibly explain some 
of the differences between the results of Burge and Jackson and 
the dynamical measurement of the film thickness by Atkins.’ 

We hope, in the near future, to publish a more detailed analysis 
along these lines 
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Solute Distribution in Germanium Crystals 
we Kote 


Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received April 14, 1953) 


SLICHTER AND EK, D 


V ITH germanium crystals growing from the melt, there is 

ordinarily a marked tendency for impurities to remain in 
the melt rather than be incorporated in the solid. That is, the 
distribution coefficient! is less than unity. The impurity atoms 
rejected into the liquid escape from the vicinity of the crystal, 
if they can, through the combined agency of diffusion and fluid 
motion. No matter how violent this fluid motion may be in the 
bulk of the liquid, 
to the solid-liquid interface, where there is virtually no fluid flow 


there must be a region immediately adjacent 


caused by stirring and where the sole motion of the rejected solute 
atoms away from the crystal occurs by diffusion. If crystallization 
is fast enough, diffusion will not suffice togprevent a significant 
accumulation of solute atoms just ahead of the solid. This accu 
mulation will, of course, be relatively greater if the growth rate 
is greater. It is this region next to the crystal which directly deter 
mines the composition of the solid and hence the distribution 
coeflicient. On the other hand, if the melt is stirred more vigorously 
the diffusion-dominated region will be diminished, and the dis 
tribution coefficient will be reduced? 

At the solid-liquid interface, there is a continuing process of 
solute exchange between the melt and the solid. When the crystal 
lization speed is zero, this exchange process reaches equilibrium 
But with nonzero growth rate, the exchange reaction is presumably 


shifted, at least to some degree, in favor of enhanced 


incorporation 
of solute into the solid. Hence, the increase of the distribution 
coeflicient with increased growth rate may be ascribable to two 
effects: (a) a change in the transport of solute in the melt; (b) an 
alteration of the exchange process acting at the interface between 
solid and liquid 

Hall* has discussed a mechanism for effect (b 
experiments of the 
gallium in germanium in terms of this mechanism, discounting the 


and has described 


distribution coefficients of antimony and 


contribution of effect (a). We have grown a number of germanium 
crystals by the pulling method,‘ also using antimony and gallium 
as solutes. Several different growth speeds and rates of crystal 


rotation were used. This rotation constituted the sole means of 


stirring the melt, apart from thermal convection currents. The 


variation of distribution coefficient with growth conditions is 
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Fic. 2. Distribution coefficient of gallium in germanium. 


shown in Figs. 1 and 2. It is seen that the distribution coefficient 
at a given growth rate decreases markedly with increased vigor 
of stirring, which demonstrates the importance of diffusion in the 
liquid. In particular, diffusion clearly is not negligible for a crystal 
rotation of 200 rpm, the rate used by Hall. 

A theory has been developed? which takes account of the dif- 
fusion process in the melt and the nature of the fluid flow resulting 
from rotation of the crystal. If no cognizance is taken of effect 
(b), assuming instead that the ratio of the concentration in the 
solid to that in the melt at the interface is a constant Ko, then the 
theory leads to the following expression for the distribution coef- 
ficient K in the steady state: 

K= ee - 

~ Kot+-(1—K,) exp(— f8/D)’ 
Here f is the growth rate and D is the diffusion coefficient of the 
solute in the melt. The parameter 6 is a characteristic distance, 
measured from the interface, within which diffusion controls the 
transport of solute atoms away from the crystal. The theory 
predicts that 6 varies inversely with the square root of the angular 
velocity of crystal rotation. The theory is fitted to experiment for 
one rotation rate. It is seen then that the theoretical curves agree 
fairly well with all the data, even though effect (b) has been 
ignored. 


THE EDITOR 

It may be true that effect (b) influences the distribution coef- 
ficient, but there is reason to believe that this influence is small, 
under the growth conditions in use. On the other hand, it is 
evident that the diffusion process in the melt has a profound effect 
upon the distribution coefficient. 

1 The distribution coefficient is defined as the ratio of the solute concen 
tration in the solid to that in the bulk of the liquid from which crystallization 
is taking place. This ratio has also been termed the purification constant 
and the segregation constant. 

? These matters were discussed by J. A. Burton at the Institute of 
Radio Engineers and American Institute of Electrical Engineers Con 
ference on Semiconductor Device Research, June 1952, and will be dealt 
with more fully in a forthcoming publication by Burton, Prim, and Slichter. 

*R. N. Hall, Phys. Rev. 88, 139 (1952). 

4G. K. Teal and J. B. Little, Phys. Rev. 78, 647 (1950) 


Electron Spin Resonance in a Silicon 
Semiconductor* 
A. M. Portis, A. F. Kip, AND C, Kittre., Department of Physics, 
University of California, Berkeley, California 
AND 
W. H. Brattain, Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received April 20, 1953) 


E have observed electron spin resonance absorption in the 

9000 Mc/sec range in a powdered n type silicon semicon- 
ductor specimen at temperatures between 4°K and 300°K. We 
believe this is the first occasion that electron spin resonance has 
been reported for a semiconductor. The preliminary results suggest 
that the resonance method will be a useful tool for the study of 
impurity and conduction electron states in semiconductors. 

The silicon was prepared by the Bell Telephone Laboratories 
through the courtesy of S. O. Morgan, E. Buehler, and J. H. Scaff. 
A crystal of resistivity between 0.01 and 0.02 ohm-cm was grown 
with the addition of 1 10'* to 2X 10'* phosphorous atoms/cm to 
high purity du Pont silicon. The crystal was crushed in a steel die, 
washed overnight in HF, and sieved through a 325 mesh screen. 
Microscopic examination indicates that almost all the particles 
have diameters under 10 microns. The calculated skin depth at 
room temperature is about 100 microns. We suspended the par- 
ticles in paraffin wax of insulation. The test specimen contained 
about 0.2 cm! of Si. 

The g factor is 2.001+0.001, independent of temperature 
between 4°K and 300°K. The line width at half-maximum absorp- 
tion is plotted against temperature in Fig. 1. The shape of the 
line is Lorentzian. Saturation effects could not be obtained with 
the klystron source, from which we are able to conclude that the 
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Fic. 1. Line width at half-maximum absorption vs temperature. 





— 


ea cite SER 


LETTERS TO 


spin-lattice relaxation time at 4°K is less than ~~10~% sec. The 
temperature dependence of the line width is baffling. The calcu- 
lated dipolar width taking the electron spins at rest is only 0.1 
oersted. The possible hyperfine interactions are with the phos 
phorous atoms and with the isotope Si® which is about 5 percent 
abundant, but because of motional narrowing it seems impossible 
to account for the width in this way. Surface recombination of 
electrons and holes does not appear to be a sufficiently rapid 
process. 

The susceptibility data plotted in Fig. 2 were obtained from a 
comparison of the integrated intensity of the absorption with that 
of a crystal of CuSO,-5H.O. The relative accuracy of the point 
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Fic. 2. Reciprocal paramagnetic susceptibility vs temperature. 


at 4°K is quite good; we therefore conclude that the transition 
from Langevin (nondegenerate) paramagnetism to Pauli (degener 
ate) paramagnetism is exhibited experimentally by these results. 
The slope of the high temperature portion of the 1/x vs T curve 
suggests that the electron concentration is (1.5+-0.1) X 10"8 per cm’. 
This figure is compatible with the concentration of phosphorous 
atoms. It may be noted that the susceptibility determined in a spin 
resonance experiment is essentially the pure paramagnetic suscep 
tibility without significant disturbance from diamagnetic contribu- 
tions. It will be of interest to determine the diamagnetism of the 
conduction electrons by subtracting the rf resonance susceptibility 
from the static susceptibility. 

The theoretical free electron degeneracy temperature To for the 
observed concentration of electrons is 56°K, using a one-band 
model. The observed susceptibility value at 4°K leads to an ob- 
served 7)>=38°K. On a one-band model we would therefore have 
m*/m=1.5. Dr. Herring has pointed out that the possible degener- 
acy of the conduction band! in silicon, if one supposes there are 
six degenerate spherical energy surfaces in k space, would reduce 
our effective mass estimate to m*/m= (1.5) (1/6)!=0.45, a value 
in fair agreement with mobility data? for bulk polycrystalline 
silicon. These preliminary results thus give some support to the 
six-minima degenerate band model. - 

There is no evidence in our measurements for the existence of 
discrete impurity states below the bottom of the conduction 
band. This is consistent with the finding of Pearson and Bardeen 
that the activation energy of m type impurity atoms is already 
zero at a carrier concentration slightly below that of our specimen. 


THE EDITOR 989 
Our results, however, might be compatible with the two-band 
model of James and Ginzbarg.* 

No resonance was observed at room temperature in high 
resistivity silicon (~8 ohm-cm). Magnetoresistive effects were 
observed, however. With our present sensitivity we should not 
not have expected to find a resonance here because of the low 
carrier concentration. This negative result supports our inter- 
pretation of the measurements on the m type specimen as asso- 
ciated with authentic volume effects. 

The electrical losses vary in an unusual manner with the 
resistivity p. The electric field F; inside an ellipsoid is related to 
the applied rf field Ey by the relation 


Ey) /Ex=1+Nx0— i(N/pw), (1) 


where N is the demagnetizing factor and xp is the static dielectric 
susceptibility. We have supposed that the particle size is much 
smaller than the rf skin depth. In many cases of interest in semi- 
conductors the term —1N/pw is dominant, and it is readily estab 
lished that in this limit the Q of a particle is ~N*®/8xpw. We see 
that in this limit the Q is lower the higher the resistivity of the 
material. This effect is observed. At 9000 Mc/sec the Q should 
improve after the resistivity exceeds 13 ohm-cm; this has also 
been observed qualitatively at low temperatures. 

Professor W. F. Giauque kindly expedited the installation of 
his new helium liquifier and generously supplied us with liquid 
helium. We have benefited from helpful discussions with E. 
Conwell, F. Herman, C. Herring, H. M. James, and F. Seitz. 

* This research was assisted in part by the U.S. Office of Naval Research, 

1F,. Herman, Phys. Rev. 88, 1210 (1952); F. Herman and J. Callaway. 
Phys. Rev. 89, 518 (1953); Dr. Herman (private communication) suggests 
from his calculations for diamond and germanium that the energy surfaces 
of the conduction band have six minima somewhers within the reduced 
zone along the (100) axes; the energy surfaces near these minima are 
nearly ellipsoids of revolution. The hole states have three nearly spherical 
energy surfaces with the maxima at k =000. 

2G. L. Pearson and J. Bardeen, Phys. Rev. 75, 865 (1949); no really 
reliable effective mass values for silicon are yet available, the polycrystalline 


results being known to be seriously in error. 
3A. S. Ginzbarg, thesis, Purdue University, 1949 (unpublished). 


Second Sound Velocity in He*— He‘ Mixtures 
Below 1°K* 


J. C. KinG AND Henry A. FAIRBANK 
Sloane Physics Laboratory, Yale University, New Haven, Connecticut 
(Received April 16, 1953) 


EASUREMENTS have recently been made of the velocity 

of second sound in mixtures of He® and Het in the tem- 
perature region obtained by adiabatic demagnetization of a 
paramagnetic salt. This is a preliminary report of our findings. A 
more detailed account of the experiment will follow in a final 
paper. 

In previous measurements Lynton and Fairbank! showed that 
small amounts of He’ substantially increased the velocity of 
second sound in the region above 1°K in agreement with the 
predictions of Pomeranchuk.? Below 1°K Pomeranchuk and 
Dingle® predict diametrically opposite behavior. Dingle suggests 
that for dilute mixtures of He® in He‘ the second sound velocity 
will rise to the same high, value, u;/V3, (u;= velocity of first 
sound) as for pure He‘, @fereas Pomeranchuk believes that for 
these mixtures a maximum in the velocity will be reached with a 
subsequent decrease to a small finite value at 0°K. Our results 
are in general agreement with the predictions of Pomeranchuk. 

The velocity measurements were made using a single pulse 
technique.'*5 The second sound cavity, made of copper 8.54 mm 
in Jength and 2.8 mm in diameter, employed a carbon disk re- 
sistor at either end for transmitting and receiving the second- 
sound pulse. The cavity was thermally connected to a pressed 
chromium potassium sulfate pill. A 4-watt carbon resistor in turn 
was thermally connected to the copper cavity and used during 
the runs as a secondary thermometer. This resistor had been 
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carefully calibrated against the magnetic temperature of the salt 
which was measured using the ballistic method. 

With the bath He‘ held at 1°K and the copper cavity filled with 
pure He‘, the warm-up period for the apparatus after demag- 
netization was a little over twenty-two minutes. It should be 
added that during this warm-up period the transmitter was 
pulsed about seventy times. With mixtures of He’ and He‘ in the 
cavity the warm-up period was as long as fifty minutes. Since the 
major heat leak can be attributed to evaporation and recon- 
densation of the creeping film in the filling tube of the cavity, 
this observed increase in the warm-up time clearly indicates a 


reduced creep rate for the mixtures. 








ound velocity versus temperature for various concen 
The experimental points plotted below 1°K are approxi 
ingle demagnetization. 


Fic. 1, Second 
trations of He* 
mately hall those obtained trom a 

Several concentrations of the He* were used, ranging between 
0.017 percent to 4.3 percent.® Representative results are shown in 
Fig. 1. The points on the 0.3 percent curve above 1.1°K were 
taken from previous measurements.' The points for the 4.3 per- 
cent curve above 1°K7 are in rough agreement with the results of 
Weinstock and Pellam* using the thermal Rayleigh disk technique. 
The precision of this method was apparently insufficient to show 
the maximum which occurs at about 1°K for this concentration. 

Significant results of the experiment are as follows: 

(a) As the temperature nears 0°K, the second-sound velocity 
u» for the mixture does indeed reach a maximum and decreases 
finite value in agreement with Pomeranchuk’s 


toward a low 


theory. 
(b) uw» for pure Het reaches a value of 215 m/sec below 0.25°K 


and, as previously observed,” the pulse shape is greatly distorted 
indicating large dispersion. 

(c) For the mixtures no such pulse distortion occurs even at the 
lowest temperatures, indicating little if any dispersion. This effect 
can be understood most readily if we consider Landau’s" theo- 
retical prediction that He* below 0.6°K is essentially a phonon gas 
consisting of elementary Debye excitations. In this temperature 
region near O0°K, the mean free path for a phonon becomes so 
large! "3 that it may travel from the transmitting resistor to the 
receiver by any number of paths without collision with other 
phonons, thereby giving rise to a gradual build-up of the received 
signal. With the addition of a small quantity of He’ the situation 
is radically changed in this low-temperature region. Here the ex- 
citation energy is almost entirely associated with the He* com- 
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ponent. Since the mean free path of these excitations is quite 
small, no such pulse distortion would be expected for the mix- 
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Energy Absorption in Ferromagnetic Resonance 


J. A. YoOunNG, Jr., Epwin A. 
University of Washington, Seattle, 
(Received April 20, 1953) 


AND UEHLING 


Washington 


ECENT results of measurements made in this laboratory 

show that the usual interpretation of ferromagnetic reso 
nance in terms of a complex permeability coefficient! is inade- 
quate. An interpretation based on the concept of a pernieability 
tensor‘ is in closer agreement with the observations. We find also 
that it is possible to distinguish between the Bloch type of 
damping’ and the Landau-Lifshitz (LL) type. The experimental 
results favor the Bloch type. 

The outstanding discrepancy which has to be resolved con- 
cerned the ratio of energy absorption in a cavity for the two cases 
of constant magnetic field parallel and perpendicular to the face 
of a thin ferromagnetic sample constituting one wall of that 
cavity. Denoting by Q,, and Q, the contribution which the ferro 
magnetic material makes to the quality factor of the cavity in 
these two cases, we list in Table I the experimental and theoretical 
values of the ratio R=Q,/Q). 

Uncertainties in the experimental results involve both experi- 
mental errors and variations among different samples. The theo 
retical results given in the third and fourth columns are obtained 
from the usual theory of ferromagnetic resonance phenomena 
derived by Kittel! and employed by Bloembergen® with Bloch 
type damping and by Yager® with LL damping. With the Bloch 
type damping, 

R°=n + (n? + 1)4, 


where n=2ryMo/w. With LL damping there is an additional 
factor in R? of (y?+1)~4. Mo is the saturation magnetization, 


TABLE I. Values of R? at 9200 Mce/sec. 


Predicted values using 
Permeability Permeability 
coefficient tensor 
Bloch Bloch 


Measured 


Material values 


2.6 


Nickel 3 -4 , 3. 
4.5-5.5 i A 2.9 4.6 


Supermalloy 


y=ge/2mc is the gyromagnetic ratio, and w is the circular fre- 
quency of excitation. On the basis of our other data we have 
chosen 47M, to be 5890 and 7690 gauss for nickel and Super- 
malloy, respectively, and ¢ to be 2.28 and 2.07. 

The predicted values of KR? given in the fifth and sixth columns 
of the table are based on a theory which treats ferromagnetic 
resonance in the cavity walls as an electromagnetic wave propa- 
gation rather than in terms of demagnetizing factors. The problem 
has been considered by Polder* with neglect of dissipation, by 
Hogan® for propagation in ferrites along the direction of the 
constant field and by Weiss and Fox’ again for ferrites and with 
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neglect of dissipation. We are here concerned with wave propaga- 
tion in a good conducting medium. In the case of perpendicular 
magnetization one obtains two contributions to Q™ arising 
separately from the two directions of circular polarization into 
which the cavity mode can be decomposed. In the case of parallel 
inagnetization the final solution of the resonance problem is 
identical to that given by the usual theories, although demag- 
netizing factors for the oscillating fields are not specifically intro- 
duced. The results for R? are 


Rtn? n+ (n?+1)4 
“1+ (nwT2)~4(n +1) 


1+n(n?+1)4 
Rag. A) 
1+ (a/n)*(n+1)# 


(Bloch) 


where 72 is the Bloch time constant and a is the coefficient of LL 
damping. We have used 7,>!=3.5 and 1.5X 10° for nickel and 
Supermalloy, respectively, as determined by line width. 

The agreement between measured and calculated values of R?, 
where calculations of the latter are based on wave propagation 
using Bloch damping, is good. There is also an improvement in 
line shape. Further details will be published in a subsequent paper. 

We wish to thank Dr. S. O. Morgan and Mr. R. A. Chegwidden 
of the Bell Telephone Laboratories for supplying the Supermalloy 
samples. 

'C. Kittel, Phys. Rev. 71, 270 (1947); 73, 155 (1948) 

? Kittel, Yager, and Merritt, Physica 15, 256 (1949). 

3N. Bloembergen, Phys. Rev. 78, 572 (1950). 

41D. Polder, Phil. Mag. 40, 99 (1949), 

5 Yager, Galt, Merritt, and Wood, Phys. Rev. 80, 744 (1950). 

6( 


L. Hogan, Bell System Tech. J. 31, 1 (1952). 


7M. T. Weiss and A. G. Fox, Phys. Rev. 88, 146 (1952). 


Theory of Polarized Particles in Nuclear Reactions 
SIMON 
Oak Ridge National Laboratory, Oak Ridge, Tennessee 

(Received April 16, 1953) 


ALBERT 


— the most general two-body nuclear reaction, 
a+X—Y+A, 


where a and 6 have spins i and 7’, respectively, and J and /’ are 
the spins of X and Y. The density matrix for the initial state of a 
can always be written as a linear sum of its irreducible spin tensor 
moments 7,'%, where q is the rank of the tensor and « its com- 
ponent (|x| Sq 27). Similarly, the final states of 6 are deter- 
mined by its spin tensor moments 7,/‘%) (|x’| Sq’ S27’). Ina 
previous communication! an expression was given for the spin 
tensor moments arising from a reaction initiated by an unpolarized 
beam; i.e., one in which all initial tensor moments other than 
g=x=O0 vanish. This expression can now be generalized to the 
case of an arbitrarily polarized initial beam. 

Let 7, be the expectation value of a spin tensor moment 
of b, (in channel a’) measured with respect to the coordinate 
system with z axis along k’ and y axis along kXk’, the normal to 
the scattering plane. The contribution to this quantity of an 
initial spin tensor moment 7, in channel a (measured relative 
to the incident beam direction) can then be written (since the 
effects of several initial tensor moments are additive) : 


Ka2(2i) ![ (2i’—g’)!(2i’ +9’ +1)! (2g + 1)Py(L’/i’ +1) 
. 4[ (2i—g) !(2i+-g+1 )!J8(27+1) Pg (Li/i+1 }§) (27)! 

«DT R*(adisy, a’ly’sy’; Jym1) R(alese, a’le's2'; Jere) 

XW (il gsi; sot)W (a'1'q's1'; 82't") (— 1)" Dayar (, 8, 0) 

XG * (Silisy; Tobese; Lq)Ge(Tili’sy’ 5 Jale'sa’ Iq!) T, (1) 


Ty) 


where 6 and ¢ are the direction angles of k’ relative to k, D is the 
usual representation of the rotation group, W is the Racah func 
tion, and the sum is over L as well as all dynamical variables 
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LilesiseJ Jor, and we. The reaction matrix R is related to the 
scattering matrix S by R=1—S. 

All selection rules are contained in the. “‘geometrical” coefficient 
G, which is related to the X coefficient of Fano® by the relation 
Gy(Iilisi; Jabes2; Lg) 

= [2/,)+ 1) (2l2+ 1) (2514-1) (2524+ 1) (2d, +1) (2J2+1) ji” 

* ET, (2r+1)4(1,1,00 LlorO) (gr«O| gr Lx) 
XX (JS ilisi; Jolese; Lar). (2) 
Note that the elements (Jisi/i), (Jo5al2), (JiJ2L), and (sisag) of 
G must form a possible vector “triad.” In addition, the elements 
(1\l,Lq) must form a possible vector “tetrad.” The G coefficient 
is the generalization of the Z coefficient of Blatt and Biedenharn.* 

The maximum complexity of the angular dependence is given 
by the largest value of L. This is given by the simultaneous con 
ditions 


sé 


max +4 
Wana e—! 
2J max 
20’ tuax +9’ 

\ y: ao t q'- 1 


(x’ = 0, q’ even and q odd) 


(x=0, g even and q’ odd) 


along with the condition that 1 must be even if x(x’) is zero, 
q(q’) is even and the interfering levels have the same parity. 
These rules are more restrictive than those given previously.‘ 

A more detailed paper, which is in preparation, will give the 
derivation of the above results as well as applications to arbi 
trarily polarized target nuclei, reactions involving gamma-rays, 
and the detection of polarized particles. In addition, an alternative 
expression for G which is very convenient for tabulation will be 
given. It is a pleasure to thank Dr. T. A. Welton for many stimu 
lating discussions. 

1A. Simon, Phys. Rev. 90, 325 (1953) 
Welton, Phys. Rev. (to be published) 

?U. Fano, National Bureau of Standards Report 1214, p 
lished) 


3J. M. Blatt and L. ¢ 
‘L. Wolfenstein, Phys 


See also A. Simon and T. A. 
48 (unpub 


Biedenharn, Revs 
Rev 


Modern Phys. 24 
75, 1664 (1949). 
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Cyclic Adiabatic Demagnetization* 
S. C. Cotuins ann F. J. ZIMMERMAN 


Engineering Laboratory, Massachusetts Institute of 
Cambridge, Massachusetts 


(Received March 27, 1953) 


. demagnetization apparatus has been devised and 
used for maintaining the temperature of a paramagnetic salt 
sample at 0.73°K while the heat sink temperature was 1.13°K. 
The refrigerant is a second salt sample 12 cm distant, movable 
within an evacuated case and capable of being forced into contact 
either with the surrounding vacuum case which is immersed in 
pumped liquid helium or the first-named salt sample which is to 
be cooled. 

A sectional view of the apparatus is shown in Fig. 1. The two 
salt samples are placed at a distance from each other so that a 
magnetic field may be applied to one sample only at a time. Tem- 
peratures are estimated from susceptibility measurements. The 
top sample can be brought into thermal contact with the case 
at its upper end or with a tubular extension of the bottom sample 
at its lower end. Iron ammonium alum is the salt used in this 
experiment. It is sealed in a brass capsule with a small amount of 
helium as the heat transfer agent. 

In operation the poles of a permanent magnet (1850 gauss) 
are brought up to the top sample while it is in contact with the 
helium bath and kept there for a period of two minutes. The 
contact is broken and the magnet removed. The demagnetized 
sample, which is now cold, is placed in contact with the lower 
sample. At the end of four or five minutes substantial equalization 
of temperatures has been achieved, and a new cycle is started. 
After several cycles the lower sample acquires an equilibrium 


Cryogent Technology, 
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temperature which is determined principally by the magnitude of 
the heat leaks and the strength of the magnet. 

Heat generated in the system by mechanical vibration seems to 
be much more important than thermal conduction of the sup- 
porting members. It is also more elusive with respect to control 
measures. 


* Supported by the U. S. Office of Naval Research and the U. S. Atomic 


Energy Commission 


Energy Band Structure in Silicon Crystal 


E. YAMAKA AND T. SUGITA 


Electrical Communication Laboratory, Nippon Telegraph and Telephone 
Public Corporation, Tokyo, Japan 


(Received February 6, 1953) 


HE energy band structure in silicon has been calculated in 

a way quite similar to that used by Von der Lage and Bethe! 

for sodium. The levels evaluated are the lowest three having the 
wave vector k=0. Angular functions were constructed from the 
Von der Lage-Bethe cubic harmonics, and radial functions were 
computed numerically up to /=6, making use of the effective 
nuclear charge given in Mullaney’s paper.? Results are shown in 
Table I, with the results obtained by Mullaney? and Holmes.* 
raate I. Energy values for the lowest three levels at k =0, in ev. 


Holmes 
results 


Mullaney's 
results 


Type of wave 

function Our results 
(a +8) a*® 0.405 
(8 +e) 5” 
(a +B) A’ 


very high 4 
0.675 3.24 5 


15.8 18.71 


*® Bottom of conduction band 
» Top of filled band. 
© Bottom of filled band 


The notation a, a’, 8, 8’, «: + denotes the type of cubic harmonics 
after Von der Lage and Bethe. The point group for the diamond 
type lattice is the tetrahedral group which is a subgroup of the 
cubic group. Therefore, function subspaces of this group are com 
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bined into the five types (a+8), (a’+B’), (y+7'), 6+), (6’+e’). 
The symmetric and antisymmetric properties of the wave functions 
for a translation to an adjacent atomic cell polyhedron following 
an inversion operation are indicated by the suffixes S and A. 
Function subspaces of the space group for k=0 are split into the 
types (a+ 8)s, (a+8)a, ---:. For instance, the (a+) s type wave 
function is expanded in terms of @- and B-type harmonics, and 
has the same form in the adjacent polyhedron referring to inverted 
coordinate axes. As boundary conditions, the expansion coefficients 
are calculated according to the symmetry property and Bloch 
periodicity, and fitting is performed at the center and on a circle 
which is an intersection with the equal volume sphere, on the 
hexagonal face of the atomic polyhedron, just as in the case 
treated by Von der Lage and Bethe 

It seems from our results that the more precise method gives 
better agreement with the experimental data. (See Table IT.) 


rasie II. Comparison of results of calculations with experimental data. 


Our results Mullaney 

Energy gap of 
band in ev 

Band width in ev 


Holmes Experiment 


very large 9.96 
15.5 cee 


[In fact, the (6+ 6)s type wave function includes contributions 
from /=3 and =4 of the same order as those from /=1 and =2.] 
Therefore, from this agreement, the highest point of the filled band 
and lowest point of the conduction band presumably occur at the 
center of the Brillouin zone. 

= Von der Lage and H. A. Bethe, Phys. Rev. 71, 612 (1947). 


F 
J. Mullaney, Phys. Rev. 66, 326 (1944). 
IL). K. Holmes, Phys. Rev. 87, 782 (1952). 


The Phosphorescence of Thoria* 


C. E. MANDEVILLE AND H. O. ALBRECHT 
Bartol Research Foundation, Franklin Institute, Swarthmore, Pennsylvania 
(Received April 15, 1953) 


HILE observing luminescent effects resulting from the 

irradiation of various metallic oxides with nuclear par- 
ticles, the writers chanced to note a continuous light emission 
from thoria. This luminescence was detected prior to application 
of any primary excitants such as alpha-particles, beta-rays, 
gamma-rays, or ultraviolet light. The property is exhibited by 
both Norton’s reddish arc-melted coarsely crystalline thoria and 
white pieces of thoria sintered from powdered ThO:.4? The 
measurements of light intensity were performed with the use of 
phototubes RCA-5819 and RCA-1P28 as detectors. 

Owing to the natural radioactivity of Th and its daughter 
elements, ThO, emits ~22 000 a’s per gram per second, ~15 000 
6’s per gram per sec, and ~20000 y’s per gram per sec. These 
internally emitted nuclear radiations give rise through self 
absorption in the thoria to the observed luminescence which has 
apparently attained a nearly constant intensity, decaying with 
the enormous half-period of Th”. When a small piece of crystalline 
thoria was placed before the slit of a small Hilger quartz spectro- 
graph, no noticeable darkening of the photographic plate was 
produced after an exposure of two weeks. However, when the 


1 4d ¢ a dad 


Fic. 1. Luminescent emission of thoria under alpha-irradiation. 
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crystal was bombarded by ~15 mC of polonium a’s, a spectro- 
gram showing an emission band at ~4500A was obtainable within 
two days. The emission band along with the calibration lines of a 
mercury arc are drawn in Fig. 1. 

A crystal of thoria was irradiated by 15 mC of polonium a’s 
for a period of five minutes. A fast decaying alpha-particle excited 
phosphorescence, superposed upon the “natural” luminescence, 
was observed as shown in Fig. 2, curve A. Subtraction of the 
natural luminescent intensity arising from the internally emitted 
nuclear radiations yields curve B, the decay curve of the rapidly 
decaying a-particle induced phosphorescence. Since the curve 
assumes no constant slope in the time interval covered by the 
observations, a likely interpretation is that the decay curve is a 
composite one formed by a superposition of two or more power 
laws. 

Numerous auxiliary experiments were performed to eliminate 
the possibility that the measured natural luminescence be gener- 
ated by irradiation of air surrounding the thoria or by bombard 
ment of the glass envelope of the phototube. 
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Fic. 2. Decay of the alpha-particle induced phosphorescence of thoria. 
Curve A is a plot of the observed emission; curve B, phosphorescent decay 
corrected for the presence of thoria’s “‘natural’’ luminescence. 


It is to be expected that radioactive uranyl! salts also possess 
an intrinsic luminescence. Uranyl nitrate was observed to emit 
light resulting from interval emission of a@-, B-, and y-rays. Its 
light emissions seem, however, to be confined to fluorescence or a 
very short-lived phosphorescence. Measurements commenced 
few seconds after cessation of irradiation by polonium alpha- 
particles and ultraviolet light gave no evidence of any appreciable 


phosphorescence. 

* Assisted by the joint program of the U. S. Office of Naval Research 
and the U. S. Atomic Energy Commission. 

1 The autoexcited luminescence of radium compounds was studied by 
early investigators. See, for example, J. A. Rodman, Phys. Rev. 23, 478 
(1924). References to still earlier measurements are contained in this paper. 

2 The luminescence of ThOs activated by Pr, Sm, and Tb has been 
studied under x-ray, cathode ray, ultraviolet light, and hydrogen flame 
excitation by F. G. Wick and C. G. Throop, J. Opt. Soc. Am. 25, 57 (1935) 
These authors do not comment upon any self-induced luminescence nor do 
they appear to have studied the afterglow in particular. A spectrographic 
analysis ¢ the thoria employed by the writers showed that Al, Be, Ce, Cr, 
Cn, La, Ti, Yt, and Zr were all present simultaneously in activator 
pond ay 


Angular Correlations from Liquid Sources 


R. V. Pounp AND A. ABRAGAM 


Lyman Laboratory of Physics, Harvard University, 
Cambridge, Massachusetts 


(Received April 17, 1953) 


N a previous note, discrepancies between expected and ob 
I served angular correlations, such as that of the a—vy cascade 
of radiothorium, were shown to be attributable to the coupling of 
the nucleus in its intermediate state to crystalline electric fields." 
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Results more nearly like those expected are found when the 
source is put into the liquid state, usually as an aqueous solution. 
The reasons for this can be understood in terms of the analogous 
difference that exists between the liquid and solid states in 
nuclear paramagnetic resonance.? For example, “‘pure quadrupole” 
resonance in the absence of an applied magnetic field can only be 
observed in the solid state. This note will show that discrepancies 
between expected and observed angular correlations from liquid 
sources, such as that reported for Rh® by Kraushaar and Gold 

haber,’ can result from the electric quadrupole moment in the 
intermediate state of the nucleus. 

The liquid state characteristically lacks more than very short 
lived spatial configurations of its component molecules. The effect 
of continual rearrangements, resulting from ‘Brownian motions,” 
would be continuous reorientation, in a random manner, of the 
normal axes of any electric field gradient that would interact with 
the nuclear quadrupole moment. For simplicity the field gradient 
may be supposed axially symmetric and of constant magnitude 
&V /dz", where 2’ is taken along the symmetry axis. With respect 
to a stationary coordinate system, the quadrupole interaction, 
then, has time-dependent off-diagonal matrix elements through 
the time dependence of the functions of the relative angles of 
orientation of the coordinate systems, as given by Eq. (18) of 
reference 2. This time dependence can be expressed by the corre 
lation function of the random functions, taken as their mean 
squared values multiplied by the usual factor exp(—¢/r,), where 
re is called the “correlation time.” If the nuclear lifetime ry>>7, 
and if eQre(#V /dz")/hK1, no preferred direction other than that 
introduced by the first counter can exist. Thus the direc 
tion to the counter can be taken as the direction of quantiza 
tion. The electric quadrupole interaction can then be regarded as 
a “relaxation” mechanism whereby the unequal probabilities of 
the magnetic substates of the intermediate nucleus, initially set 
by the detection of a decay by the counter, are altered toward 
eventual equality. 

If the undisturbed angular correlation is expressed in the form 
1+, AxPs(cosd), this model results in a function 1+ D,Gklg 
X AkPk(cos@), where the factors GkIg’ may be regarded as attenu 
ation factors and are independent of the nature of the radioactive 
transitions to and from the intermediate state. All the factors 
GkIg are of the form 


Gkl p= (1+AkI pLeQ (dV /ds2)/h Pry re} 


where AkIg depend only on k and /g, the spin of the intermediate 
state. Table I gives values of Ak/g calculated from the model in a 
manner to be published in a later, more detailed paper. 


TABLE I 


2 5/2 


17/160 63/1000 
1/16 21/200 


The y—y correlation of Pd'* following B-emission of Rh'* 
shows, aes the results of Kraushaar and Goldhaber,® Gy:=0.779 
and Ga=0.864. These lead, independently, to the remarkably 
consistent values of 2.66 and 2.53 for [eQ(d*V/dz")/h Pryrte. 
Thus a value greater than 1160 Mc/sec for eQ(d?V/d2")/h is 
indicated for ry less than 5X10 sec if 7, is taken to be 10°" sec. 
The failure by Steffen* to observe differences in the angular cor 
relations with different solid samples is explained by such a large 
interaction. All samples are presumably in the condition 
[eQ(dV /d2?)ry ]/h>>1, and thus the correlations are independent 
of 0?V /dz* in the solid state.! 

Although the atomic state of the Pd! following the 2.44-Mev 
B-decay from Rh" is not known, it is unlikely that 6?V/d2’? 
would be much larger than that of a pure # electron in this region 
of the periodic table. In the pure p state, I'? shows a value of 





994 LETTERS TO 
(eOPV/A2"/h) of 2500 Mc/sec and thus the magnitude of Q for 
the excited, spin 2, of even-even Pd! is probably at least as large 
as 0.2K 10“ cm? 

Finally, it might be remarked that for the factors GkIg very 
near unity the attenuation factors for the solid lattice and for 
the liquid give the same results if ry? in the formulas for the solid 
are replaced by ry7-. On the other hand, the “relaxation’’ process 
involved in the liquid can truly be regarded as a “loss of memory.” 
In contrast, the characteristic frequencies produced by static 
interactions in solids or by applied fields could be observed by the 
use of delayed coincidence techniques. Thus the term “loss of 


memory” in those cases is inappropriate. 

1A. Abragam and R. V. Pound, Phys. Rev. 89, 1306 (1953). 
?R. V. Pound, Phys. Rev, 79, 685 (1950) 
+). J. Kraushaar and M. Goldhaber, Phys 
‘RK. M. Steffen, Phys. Rev. 86, 632 (1952) 


Rey. 89, 1081 (1953) 


The Use of the Tamm-Dancoff Method 
in Field Theory 


FREEMAN J. Dyson 


Ithaca, New York 


Nuclear Studtes, Cornell University 
(Received April 10, 1953) 


Laboratory of 


ANY authors! have discussed the application of the Tamm 
Dancoff method? to problems of field theory. In this 
method the wave function of a system is represented by the am- 
plitude a(N) for finding a prescribed set N of occupation numbers. 
N isa set of integers giving the number of particles present in each 
of the normal modes of the noninteracting fields. Let Ey be the 
total energy of the free particles specified by N. The Schrédinger 
equation for a state of the interacting fields with energy E becomes 


(E—Ey)a(N)=Z my H'(MN)a(M), (1) 


where H'(MN) is the matrix element of the interaction operator 
H’' between the states specified by N and M. The Tamm-Dancoff 
method consists in breaking off the infinite set of Eq. (1) by 
omitting all terms involving amplitudes a(.¥/) with more than a 
fixed number of particles. The finite set of equations so obtained 
can then be solved by standard methods 

Unfortunately, the method runs into a serious difficulty con 
nected with the vacuum self-energy. When Eq. (1) is iterated 
once, we obtain 


, WMN)H'(NM) ! 
(E—Ey)a(N) Sy u bata )+other terms. (2) 
{ E I VW 


The sum on the right of (2) is very badly divergent, since H’ has 
matrix elements for creating 3 particles with only one relation 
between the 3 momenta. This divergence cannot be eliminated by 
renormalization. It shows a real inadequacy in the Tamm-Dancoff 
method. Physically, every state of the interacting fields contains 
very many particles which are continually created and annihilated 
in the vacuum. Restricting the total wave function to a fixed 
number of particles imposes an artificial correlation between the 
vacuum fluctuations at points far distant in space. This artificial 
correlation makes itself felt in Eq. (2) as a spurious effect of the 
vacuum fluctuations upon the behavior of real particles 

A simple modification of the Tamm-Dancoff method will avoid 
this difficulty entirely. Let ¥ be the actual state of the system 
with energy /, and let W» be the vacuum state of the interacting 
fields with energy Eo. Both EF and Eo are infinite, but the ob- 
servable difference «= E—E is finite. We write A(N) for the 
product of free particle annihilation operators which annihilates 
the particles specified by NV, and C(N) for the product of the cor 
responding creation operators. Instead of the Tamm-Dancoff 
amplitude a(NV), we define 


a(N’, N)=(Wo*C(N’)A(N)W). (3) 


This describes the amplitude for finding in the actual state V 
the set N of free particles minus the set N’. The minus particles 
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are, loosely speaking, those which are absent in W but present in 
the physical vacuum state ¥ 

The Schrédinger equations for ¥ and Wo now give 


(e— Eyt+ En )a(N’, N) = (Wo*[C(N’)A(N), H’]¥). (4) 


The commutator on the right of Eq. (4) can be expanded into a 
sum of products of creation and annihilation operators with the 
creation operators standing on the left® as in Eq. (3). Then (4) 
becomes a set of homogeneous linear equations for the amplitudes 
a(N’, N). These equations can be handled by the standard Tamm 
Dancoff technique 

Equations (4) differ from (1) in three respects. (a) The physi 
cally observable energy ¢€ appears instead of the meaningless 
quantity &. (b) The commutator on the right of Eq. (4) does not 
have matrix elements involving 3 particles with 2 arbitrary 
momenta. Instead one of the particles created or annihilated by 
H' has to belong to the discrete set specified by N or N’, and hence 
only one degree of freedom is left for the momenta of the 2 re 
maining particles. This means that divergences of the unpleasant 
vacuum self-energy type can bo longer appear in the theory. 
(c) The appearance of “minus” particles in the amplitude a(N’, V) 
restores the symmetry between emission and absorption which is 
lacking in the Tamm-Dancoff method, and so brings the Tamm 
Dancoff method into closer correspondence with formally co 
variant four-dimensional methods 

! This letter was stimulated by an unpublished paper by Marcello Cini, 
to whom the author is indebted for sending him a preprint. 

2]. Tamm, J. Phys. (U.S.S.R.) 9, 449 (1945); S. M 


Rev. 78, 382 (1950) 
3G. C. Wick, Phys 


Dancoff, Phys 


Rev. 80, 268 (1950) 


The Sign of the Phase Shifts in Meson-Nucleon 
Scattering 
H. A. BeTHE 
Laboratory of Nuclear Studies, Cornell University, Ithaca, New York 
(Received April 20, 1953) 


F ERMI and collaborators! have made extensive experiments 
on the scattering of mesons by nucleons and have analyzed 
their results in terms of phase shifts. As is well known, the sign 
of all phase shifts can be simultaneously reversed without changing 
the differential cross section. The relative signs are of course deter 
mined uniquely; in particular, the phase shifts of the two most 
important waves, S and P3/2 for /=3/2, have opposite signs 

Fermi et al. have chosen the S wave phase-shift positive which 
conventionally denotes an attractive interaction. The P3/2 shift 
is then automatically negative, i.e., repulsive. 

On the other hand all theoretical papers on this subject make 
the opposite choice of sign. Indications are that the P3/2 state has 
either an actual resonance or very nearly so which, of course, is 
only possible for an attractive interaction. The § state interaction, 
on the other hand, is mainly the strong repulsive ‘core’? which has 
been discussed especially by Drell and Henley.? 

The purpose of this note is to point out that there is actually 
some experimental evidence in favor of the choice of the theorists. 
Such evidence can, of course, only come from the interference of 
the nuclear scattering of mesons with some other scattering of 
known sign, and this means with Coulomb scattering. The only 
conclusive experiment of this type would be the observation of the 
interference with Coulomb scattering in meson-proton scattering, 
and Van Hove’ has pointed out that such interference would be 
observable at quite reasonable angles (about'20°). However, until 
now no such experiments have been carried out 

The interference with Coulomb scattering has been observed, 
however, in the scattering of mesons by carbon nuclei. Byfield, 
Kessler, and Lederman‘ have shown that at 60-Mev meson energy 
the interference is constructive for negative, destructive for posi 
tive mesons, thus indicating an attractive nuclear interaction with 
the meson. 
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In order to use this result for our purpose, we must know whether 
the nuclear scattering at 60 Mev is predominantly attributable 
to the S or the Ps/2 state. There are two independent pieces of 
evidence in favor of the P state. The first is the analysis of the 
same carbon scattering experiments* by Peaslee.' He was able to 
show from the angular distribution of the elastic scattering that 
the P state gives the major contribution. This is true in particular 
at the small angles (about 20°) at which the main interference with 
the Coulomb scattering takes place; here the ratio of P to S 
amplitude is® about 3. 

The other evidence comes from the measurement of meson- 
proton scattering at various energies.':*.7 These experiments seem 
to show a rapid decrease of the S, /=3/2 phase shift with de- 
creasing meson energy, although the exact behavior of the phase 
shift is not yet clear. Near 60 Mev, there are two measurements, 
one in the cloud chamber of Fowler et al.® giving zero with con- 
siderable uncertainty, and a preliminary one by Steinberger’ giving 
—5°. In either case, the scattering through 20° would be pre- 
dominantly P. 

We therefore conclude that the nuclear scattering of mesons 
in the interference experiments of Lederman et al. is mostly P, 
and that therefore the P3,2 interaction is attractive, and S (at 100 
Mev and over) repulsive, in agreement with theoretical expecta- 
tion. 

It has been assumed here that the elastic scattering of mesons 
by carbon can be calculated by adding the scattered amplitudes 
from the individual nucleons, corresponding to the impulse 
approximation. However, this assumption is used only weakly, 
namely in the sense that the sign of the interaction with mesons 
is not reversed when going from individual nucleons to carbon. 

1 Anderson, Fermi, Nagle, and Yodh, Phys. Rev. 86, 1056 (1952). 

2S9D Drell and E. M. Henley, Phys. Rev. 89, 1053 (1952). 

3L. Van Hove, Phys. Rev. 88, 1358 (1952). 

4 Byfield, Kessler, and Lederman, Phys. Rev. 86, 

61). C. Peaslee, Phys. Rev. 87, 862 (1952). 

6 Fowler, Fowler, Shutt, Thorndike, and Whittemore, 


1053 (1952). 
7 J. Steinberger (private communication). 


17 (1952). 
Phys. Rev. 86, 


Photoneutron Reaction in Ca‘” 


R. Braams* anp C. L. Smitrut 


Department of Radiotherapeutics, University of Cambridge, 
Cambridge, England 


(Received March 18, 1953) 


URE calcium has been irradiated with 30-Mev x-rays pro- 

duced by the electron-synchrotron in the Department of 
Radiotherapeutics of the University of Cambridge, England. The 
calcium was approximately 3 cm square and 4 mm thick, covered 
with a thin layer of paraffin to prevent oxidation, and mounted on 
a thin piece of distrene in front of a Geiger counter with a thin end 
window (5 mg/cm?) of aluminum. The calcium was irradiated 
for a period of 3.4 sec, and the particles emitted were then counted 
for 11 sec. This cycle of events, lasting in all 15 sec, was repeated 
indefinitely. The whole cycle was controlled by a small electric 
motor geared down to give one complete revolution in 15 sec. Onto 
the shaft of this motor three Bakelite rings were attached, each 
with a cam operating a switch and controlling respectively the 
synchrotron, the counter, and a relay which, when activated, 
pulled the calcium target, at the end of a metal arm, into the x-ray 
beam and allowed it to fall in front of the counter when not 
activated. (The metal arm was not irradiated by the x-ray beam.) 
The counter was surrounded on all sides by lead 10 cm thick, and 
a small gap allowed the calcium target to fall in front of the 
counter. The target and the counter were flushed with unirradiated 
and therefore nonradioactive air. By this means the counter 
background was kept constant during the experiment. In addition 
to counting the pulses from the counter electrically, they were 
also fed on to one pair of plates of a double beam oscillograph and 
photographically recorded simultaneously with a 50-cycle sine 
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wave impressed on the second pair of plates. After correcting the 
decay curve of the radioactivity for counter background the half- 
life was found to be 1.00-40.05 sec. This value agrees with those 
found by Huber ef al.! (1.08 sec) and by Boley and Zaffarano?* 
(1.1+0.2 sec). Absorption experiments on the #*-particles have 
been carried out by placing aluminum absorbers between the 
counter and the target. From the absorption curve so obtained 
the maximum energy of the 8*-particles has been estimated by a 
method described by Feather*® to be 6.7+0.5 Mev. In this method 
a correction was applied for the self-absorption of the thick source. 
This value is in disagreement with the value found by Boley e¢ al. 
but not in disagreement with mass considerations using 38.9747 
39.9753 au respectively for the atomic masses of K*® and Ca® 
and 16.0 Mev‘ as the threshold for the (y,m) reaction on Ca®. By 
comparing the number of particles emitted by a similarly shaped, 
but thinner copper target, activated under the same geometrical 
conditions and in the same apparatus, we have estimated the 
activity induced in calcium by the (y,m) reaction to be 4.7 108 
disintegration/gram roentgen at 30 Mev by using the value of 
5.810‘ disintegrations/gram roentgen for Cu®.® A correction 
was again applied for the self-absorption of the source 

Since x-radiation of this energy is used to treat patients with 
cancer, it is of importance to know the contribution to the ioniza 
tion in tissue by the (y,) reactions. Bone contains a higher 
amount of calcium than any other tissue and from the above data 
together with data from the published literature it can be cal 
culated that the ionization produced by the (y,m) reaction in bone 
is negligible (<0.1 percent) compared with the total ionization 
produced by the x-rays. 

It is a pleasure to record the interest and stimulus given to this 
work by Professor J. S. Mitchell 


Utrecht, Netherlands 
Biophysics, Yale 


* Now at the University of Utrecht 

t Higgins Research Fellow, Division ot 
New Haven, Connecticut 

1. Huber et al., Helv. Phys. Acta 16, 33 (1943). 

2F. I. Boley and D. J. Zaffarano, Phys. Rev. 84, 1059 (1951) 

3N. Feather, Proc. Cambridge Phil. Soc. 34, 599 (1938) 

4 Becker, Hanson, and Diven, Phys. Rev. 71, 466 (1947) 

§L. Katz and A. G. W. Cameron, Can. J. Phys. 29, 518 (1951). 
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Decay of Ga*‘ and Ga*® 


BERND CRASEMANN 


Department of Physics, University of California, Berkeley, California 
(Received April 13, 1953) 


PREVIOUS assignment! of a 48-minute positron activity to 

Ga® has been disproved by Mukerji and Preiswerk.2 Ga 
has now been found to decay by positron emission with a half-life 
of 2.64+0.1 minutes. The activity was produced by the Zn™(p,n) 
reaction, bombarding zinc foil and ZnO enriched in Zn™ with 
9.5-Mev protons. It was also produced by Zn™(d,2n) in the bom- 
bardment of zinc foil with 19-Mev deuterons, and by Cu®(a,3n) 
with 40- Mev alpha-particles on copper foil. The bombarded targets 
were dissolved and made 6N in HCI, and the Ga was extracted 
with ether. The ether fractions were washed with 6N HCl and 
evaporated onto the source holders. The decay of the Ga isotopes 
was followed with a scintillation counter and with a trochoidal 
analyzer set for positron detection? 

Positron activities from the Ga fractions of Zn bombarded with 
deuterons and of Cu bombarded with alpha-particles, followed in 
the trochoidal analyzer, showed a component with the half-life of 
15 minutes, characteristic of Ga®.4 Ga sources were mounted in a 
thick lens B-spectrometer of two percent transmission and four 
percent resolution, equipped with a helical baffle for the trans 
mission of positrons only. Decay curves were constructed for 
various current settings, so that the very high background due to 
9.45-hour Ga® positrons could be subtracted. Independent Fermi 
plots were constructed for Ga® obtained by the reactions 
Cu®(a,2n) and Zn™(d,n), which closely agreed. Two groups of 
positrons were observed, as shown in Table I. 
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TABLE I. Positrons from Ga". 


Energy Mev Abundance percent 


2.52 +0.05 10 
2.1 +0.1 90 


The author wishes to express his sincere thanks to Professor 
A. C. Helmholz for suggesting this work and for hisadvice. 
Thanks are also due Mr. G. B. Rossi, Mr. W. B. Jones, and the 
staff of the Crocker Laboratory cyclotron for making the bom 
bardments 


1J. H. Buck, Phys. Rev. 54, 1025 (1938). 

2A. Mukerji and P. Preiswerk, Helv. Phys. Acta 25, 387 (1952). 

*It has now come to the author's attention that similar results have 
been obtained at the Oak Ridge National Laboratory (B. L. Cohen, private 
communication to J. M. Hollander, 1. Perlman, and G. T. Seaborg). 

* Positrons from Ga** have also recently been observed at the Instituut 
voor Kernphysisch Onderzoek, Amsterdam. [A. H. W. Aten, Jr., and M. 
Boelhouwer, Physica 18, 1032 (1952).] 


Differential Cross Sections for the Scattering of 
58-Mev x* Mesons in Hydrogen* 


AND J. STEINBERGER 
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Received March 26, 1953) 

SING counter techniques similar to those used by Anderson, 
Fermi, Nagle, and Yodh,' the scattering of 58-Mev positive 
mesons in hydrogen has been investigated. Figure 1 indicates the 
experimental arrangement. The mesons pass through an opening 
in the shielding wall and are deflected by a double focusing 
magnet. The incident beam, defined by the stilbene counters, 1 
and 2, strikes the liquid hydrogen target,? and the scattered 
mesons are detected in the large rectangular liquid counters, 3 and 
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Fic, 1, Experimental arrangement. 
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4. Both on entering and on leaving the target, the beam must 
traverse the vacuum jacket (0.007 inch of aluminum), the radia- 
tion shield (0.002 inch of aluminum), and the liquid container 
(0.063 inch of iron). Measurements are taken at each point alter- 
nately with liquid hydrogen in and out of the target cup. 

From range measurements in carbon, the average energy of the 
mesons in the hydrogen is determined to be 58 Mev. The width 
of the energy spread at halt-maximum is +3 Mev, partly due to 
the initia] beam spread and partly due to ionization loss in the 
hydrogen. The effective angular resolution is measured by rotating 
the detecting telescope through the main beam. For L=18.5 
inches, A4d=+6.6 deg and for L=27.5 inches, A@=+4.7 deg, 
where A@ is the half-width at half-maximum. 

Table I lists the experimental results for the six laboratory 
angles. 


Counts from hydrogen Ratio of counts 
£ per 10¢ incident from hydrogen 
inches particles to background 
1.46 +2.36 0.02 
2.06 +2.11 0.04 


5.21+1.26 O19 
4.1547.14 0.05 
4464244 0.26 
13.98 + 1.89 0.47 


11.48+1.71 
20,39 +1.59 


1.96 
1.11 


1.44 
1.36 


11.90 +2.08 
30.46 +2,32 


1.04 


.02 +2. 
234 0.92 


1 6 
32.2: .26 


*® One inch of carbon in front of counter 4 


From analysis of the range curve, the incident beam is estimated 
to consist of 89 percent w-mesons. The remaining 11 percent of 
the particles are u-mesons and possibly some electrons, and are 
assumed to undergo negligible scattering in the hydrogen. The 
effective target thickness is determined to be 0.460 g/cm? of 
hydrogen, based on a scanning of the lateral distribution of the 
beam by the use of a }-inch wide counter. 

By placing counters 3 and 4 between the smaller counters 1 
and 2, the efficiency of the detecting telescope is found to be 91 
percent. However, 3 percent of the scattered mesons are lost 
through nuclear collisions in counter 3, and an additional 5 percent 
are lost in those 30 deg runs where one inch of carbon is placed in 
front of counter 4 to reduce the background. 

A correction is made to the 150-deg data to account for the 
10+5 percent of the scattered mesons with insufficient range. 
Also, 0.08+-0.06 millibarn per steradian is added to the uncor- 
rected laboratory cross sections at all angles to account for the 


TaBLe II. Corrected differential cross sections. 


Center-of-mass system 
@ (deg) 


Laboratory system 
6 (deg) do/dQ (mb/sterad) da/dQ (mb/sterad) 
0.24 +0.11 
0.48 +0.08 
0.66 +0.06 
1.24+0.07 
2.10+0.11 
2.79+0.15 


30 0.33 +0.15 36 
40 0.64 +0.10 47 
55 0.81 +0.08 64 
90 1.21 +0.06 101 
120 1.68 +0,09 129 
150 1.95 +0.10 155 


fraction of the background which is not detected because of the 
extra ionization loss in the hydrogen. 

The corrected differential cross sections in the laboratory 
system and in the center-of-mass system are given in Table I. The 
errors quoted combine statistical probable errors with the esti- 
mated errors in the two corrections listed above. 
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Fowler, Fowler, Shutt, Thorndike, and Whittemore* have 
reported a distribution more nearly symmetric about 90 deg, on 
the basis of 20 events. On the other hand, Minguzzi, Puppi, and 
Ranzi‘ find scattering almost entirely in the backward direction, 
on the basis of 10 events in photographic emulsions. Their com 
bined results, although still statistically poor, are not in disagree- 
ment with the results in Table IT. 

The cross section integrated between 25 and 180 deg (in labora- 
tory system) is 15.34+1.0 mb. This is not inconsistent with the 
20+10 mb reported by Chicago’ and 20+4 mb reported by 
Brookhaven,’ but it is lower than the 27.8+2.5 mb reported by 
our group® from attenuation measurements in polyethylene and 
carbon. The discrepancy may be due to systematic errors in the 
attenuation measurements, and experiments are under way to 
resolve it. Pending the outcome, we consider the result reported 
here more valid. 

* This work was performed under the joint program of the U. S. Atomic 
Energy Commission and the U. S. Office of Naval Research 

1 Anderson, Fermi, Nagle, and Yodh, Phys. Rev. 86, 793 (1952) 

2 Lindenfeld, Sachs, and Steinberger, Phys. Rev. 89, 531 (1953). 

3’ Fowler, Fowler, Shutt, Thorndike, and Whittemore, Phys. Rev. 86, 
1053 (1952). 

* Minguzzi, Puppi, and Ranzi (unpublished). We are grateful to Dr. G 
Goldhaber tor calling these results to our attention. 


5 Anderson, Fermi, Long, and Nagle, Phys, Rev. 85, 936 (1952) 
6 Isaacs, Sachs, and Steinberger, Phys. Rev. 85, 803 (1952) 


Phase-Shift Analysis of the Scattering 
of Positive Mesons at 58 Mev* 


ID. Bopansky, A. M. SACHS, AND J 
Columbia University, New York, New York 
(Received March 26, 1953) 
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HE data reported in the previous letter are neither sufficiently 

extensive nor precise to permit definitive phase-shift re- 
duction without arbitrary assumptions. In pseudoscalar meson 
theory with pseudovector coupling! but possibly also in the 
pseudoscalar coupling case,? the bulk of the scattering is expected 
in the p state. The strong asymmetry about 90°, however, must 
be attributed to interference between even and odd angular 
momentum states. It is simplest to assume the even contribution 
pure s, but this assumption is dangerous because of the rapid 


| 
| | 
(\) ——BEST FIT, NEGATIVE 8(s) 
(2)—-—BEST FIT, POSITIVE 8(s) 
PHASE SHIFTS OF (1), 
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WITH PROBABLE ERROR f- 
| 
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Fic. 1. Differential cross section for 58-Mev #*-p scattering. 
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increase of even scattering with energy. This rather suggests* that 
the even scattering is velocity-dependent and probably a recoil 
effect, in which case d and s contributions of the same order may 
be expected.4 Nevertheless, following the Chicago group’ we will 
analyze on the premise that the d contribution is zero. It is possible, 
however, to Gdtain good agreement using only p and d waves: 
C.£.5 5(ps 2) =8.4 a 5( Pia) = —2.4°, 5(d5/2) = —2.3°, 5(d3 2) = 1.0°, 

Assuming then only s and scattering and, in addition, that 
tne Coulomb field is a perturbation on the meson-nucleon inter 
action at distances smaller than its range, the cross section in the 
center-of-mass system may be written :° 


do h? || —ia 
= | — exp ( 
dQ 4k \\sin2(4o) 


ia In sin?40) + P+ Ou! LIRI2(1 


where k=meson momentum, a=e?/hv, and P=exp[2i6(s)]—1, 
Q=[(1+ia)/(1— ia) }{exp[2i5( ps2) ]+exp[215(pis2) ]—3}, 


R=exp[2i6( ps2) J—exp[2i8(pi/2) J. 


ras_e I. S and p wave phase shifts for 58-Mev w*-p scattering 


Phase shifts 
(deg) 
5( py) 


Deviation 
(ds) 5( py) w 
Best fits 
positive 4(s) +7 + 
negative 4(s) 
50 percent fits 
only 6(s) varied 


~o 
mn 
< 


xn 
4. 
> 


in tn be 20 ss 20 30 Be 


only 8(p4) varied 


only (pq) varied 


RS me oe oe tS 
A= = me ADDAD 


all varied* 


NNNNN NNN 


$+44+4+4+44+4+ 
NReBOWNNN 


_ 


* To give maximum variation of 8(s) 


Although the precise determination of v requires solution of the 
relativistic two-particle problem, it is very nearly the relative 
velocity in the center-of-mass system. 

It can be seen from Eq. (1) that the sign of R is free, so that 
the solutions of Eq. (i) will occur in pairs of “Fermi” and “Yang” 
types. We give only the former [large 5(3/2) ]. For the small phase 
shifts the “Yang” type can be obtained from the “Fermi” type by 

5(s)%) =§(s)(P), 
5 (pra) Y= 446 ( paye) ? —5( pra) ®?], 
5 (par) = ALS (ps 2) P+ 285( py 2) (FP) 7} 

The observed differential cross section permits either positive 
or negative 6(s) but favors negative 4(s). The best fits for the two 
cases are compared with the experimental points in Fig. 1. 

“Best fits” are those which minimize the quantity 


w= 3(“) 
i~1 PE; ; 
where e; is the difference between the calculated and observed 
cross sections at the ith angle and PE; is the probable error of the 
cross section at the ith angle. On comparing the observed data 
with the (unknown) true cross section one would expect that 50 
percent of the time w would be less than 11.8. 

The uncertainty in the determination of the phase shifts may 
be investigated in terms of sets of phase shifts which give w= 11.8. 
Four illustrative sets, each for negative 6(s), are listed in Table I. 
In three of these sets only one of the phase shifts is different from 
the best fit values. In the fourth set the values of 5(piy2) and 6(pyy2) 
have been chosen to minimize w for the indicated 4(s), thus allowing 
a maximum variation of 6(s). 

In the absence of the Coulomb field, the two “best fit” solutions 
differ only in the reversal of signs in the phase shifts. However, 
the Coulomb field significantly alters the angular distribution 
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(see Fig. 1) and the experiment in principle offers the possibility 
of distinguishing between the two solutions. Granting the validity 
of an s and p analysis, the question of whether or not the experi 
ment resolves between positive or negative 6(s) depends on the 
expected deviation w in fitting six experimental points in a theory 
with three free parameters. We have analyzed this statistical 
problem using the “Monte Carlo” method and find w expected 
<5 in 50 percent of the cases. On the order of 15 percent of the 
cases are expected to have deviations as large as that observed or 
larger. The experiment, therefore, to a considerable extent favors 


the repulsive s and attractive p interaction, in agreement with the 


pseudoscalar theory 


* This work was S. Atomic 


performed under the joint program of the | 
Energy Commission and the U. S. Office of Naval Research 

! Ashkin, Simon Marshak, Prog. Theoret. Phys. (Japan) 5, 634 
(1950); G. Chew, Phys. Rev. 89, 591 (1953) 

2? Dyson, Schweber, and Visscher, Phys. Rev. 90, 372 (1953); Sundaresan 
Salpeter, and Ross, Phys. Rev. 90, 372 (1953); H. Bethe and F. Dyson 
Phys. Rev. 90, 372 (1953); A. Mitra and F, Dyson, Phys. Rev. 90, 372 
(1953) 
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An Example of Multiple Meson Production 
Observed with a High Pressure Hydrogen- 
Filled Cloud Chamber 


KusuMotTO, SABURO MIYAKE, Koicut SUGA, AND YuzURU WATASI 

Osaka University and Osaka City University, 
Osaka, Japan 

(Received April 16, 1953) 


QOSAMt 
Department of Physics 


N order to study the hard showers produced in hydrogen by the 
cosmic-ray particles, a counter-controlled high pressure cloud 
chamber,? filled with hydrogen gas to a pressure of 100 atmos, 
was operated on Mt. Norikura (2740-m altitude) in the summer 
of 1951. A nuclear event which was most probably due to multiple 
meson production by a proton-proton collision was observed 
As shown in Fig. 1 (a) and (b), five trays (U, A, B, C, and A.S.) 
were used, and individual counters of each tray were connected 
to the hodoscope. A tray consisted of eight counters 3 cm in 
diameter and 12 cm in effective length. The B, C, U, and A\S. 
trays consisted of 10, 10, 2, and 3 counters, respectively, of 4-cm 
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Fic. 1. Diagram of the apparatus and event. (a) Side view. (b) Front view. 
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hard shower produced in hydrogen. 
b) Front view 


Drawing of the 
(a) Side view 


Fic, 2 


diameter and 30-cm effective length. The master pulse was ob- 
tained from the coincidence A(=2) + B(==3)+C(=2). The cloud 
chamber was filled to ca 100-atmos pressure with hydrogen gas of 
99 percent purity (remainder is nitrogen) and a mixture of iso- 
propyl alcohol (3) and ethyl alcohol (1) as vapor source. 

In the course of operation for about 50 days, an event was 
observed which is described below. Figures 1 and 2 are the 
drawings of this event, which occurred in the gas space of the 
cloud chamber. All five tracks, P, A, B, C, and D are at minimum 
ionization. P is inclined by 7.5° to the zenith and believed to be a 
primary particle—probably a proton, A, B, C, and D are secondary 
particles. Particles B, C, D triggered the counters of trays A, B, 
and C as shown by the dashed lines in the hodoscope scheme. 
Tracks B, C, and D penetrated the 4-cm gun metal wa!l and 10 
cm of Pb. Thus their kinetic energy is more than 300 Mev if they 
are m-mesons. The angles between each track and the primary 
particle are as shown in Fig. 2. The primary and the four secondary 
particles are almost coplanar within the experimental accuracy. 
Trays U and A\S. are not fired in this event. 

From the fact that the chamber contained 99 percent hydrogen 
and 1 percent nitrogen and that about 10 percent of the hard 
shower generated in nitrogen gas appeared in a previous experi- 
ment,’ as stars with no heavily ionizing secondaries, it is believed 
that this event is a hard shower produced by the collision with a 
proton, with a probability of 99 percent. The possibility of pro- 
duction of the four charged secondaries by an electromagnetic 
process may be ruled out. If one assumes that hard showers are 
produced with geometrical cross section, the expected frequency 
is consistent with the observation time of this event. 

As for the interpretation of this event, it is possible that the 4 
particles A, B, C, and D are all x-mesons, or that 3 are w-mesons 
and one is a proton, or that 2 are w-mesons and 2 are protons. 
However, from the hodoscope scheme in Fig. 1, it appears 
likely that a neutron of high energy also originates from the nuclear 
interaction in the gas, and then produces a secondary hard shower 
in the upper 5 cm of Pb. The probability of such a process is about 
30 percent. Therefore, the event under consideration most prob- 
ably shows the multiple meson production by a p-p collision 
according to the following process: 


pt+poptnt+at+a +r 
Track A may be the proton and B, C, D may be the x-mesons, but 
the energy balance and kinematics are not clear. Of course, there 
is a slight possibility that it might be due to the following #®-meson 
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bt pptatre+? 
: a 
. 
However, in this event the Q value of such a process is more than 
4 Mev. 

In order to increase the detection efficiency of the hard showers 
and scatterings in hydrogen, the construction of a larger size high 
pressure cloud chamber (50-cm diameter, 20-cm depth) filled with 
150 atmos of hydrogen is now under way. Also, to analyze the 
hard shower secondaries in more detail, an experiment with a 
tank filled with 250 atmos of hydrogen above a multiplate cloud 
chamber is now going on. 


! Watase Suga, and Kusumoto, J. Phys. Soc. Japan 6, 204 
(1951) 

2 Miyake, Suga, and Kusumoto, J. Inst 
No. 1 (1951) 

3 Watase, Miyake, Suga, and Kusumoto (to be published). 


4M. Schein, private communication, 1952. 
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Evidence for the Emission of a Neutrino Following 
the Nuclear Capture of a Negative u-Meson* 
W. F. Fry 
Department of Physics, University of Wisconsin, Madison, Wisconsin 
(Received March 19, 1953) 


HIGH percentage of the stars in photographic emulsions 

that are caused by negative u-mesons, is due to the nuclear 
capture by the heavy elements (Ag and Br) in the emulsion. 
However, in a few cases it is possible to identify, from the charac 
teristics of the star, the nuclear capture in carbon, in nitrogen, and 
in oxygen.' In a few of these cases it is necessary to assume that 
one or more neutrons and a neutrino are ejected from the nucleus 
in order to explain the relatively low nuclear excitation and the 
residual momentum of the charged particles from the star. 

Since the energy of the neutrino from the nuclear capture of a 
negative u-meson is moderately high in many cases (50-80 Mey), 
it seemed possible to observe the effect of neutrino recoil in those 
reactions where a neutron is not emitted. Two reactions should 
be easily identified in a photographic emulsion : 

wu +C2 B+» oLi8+Het+y 
. 
Be* rat a, “Be* Te 
and 
pw +018 »Nis* +»y—B"+ Het+p 


"C?-+-6++p. (2) 


Reaction (1) can be recognized by the Li* “hammer tracks” as 
well as the small departure from collinearity of the Li’ and 
a-particle tracks. The ratio of the energy of the Li* to the energy 
of the a-particle should be approximately equal to the ratio of the 
mass of the a-particle to the mass of Li’, because the momentum 
of the neutrino is usually small in comparison to the momentum 
of the charged particles. Reaction (2) can be identified in electron- 
sensitive plates by the ratio of the energies of the two nuclear 
particles, the small departure from collinearity, and the electron 
track from B®. Two additional reactions can be identified, under 
favorable conditions, by the ratio of the energies of the two nuclear 

particles and the small departure from collinearity : 
uo +N¥ C+ y+ Be + Het +p (3) 

and 

uw +O0'*>Li' + Be*+ v. (4) 
Electron-sensitive G-5 plates and G-5 plates, with two times 
the normal gelatine content, have been exposed to the University 
of Chicago cyclotron. The yw-mesons were separated from the 
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x-mesons of the same momentum by utilizing the larger range of 
the uw-mesons in an absorber.' A total of 17 095 w-meson endings 
in G-5 plates and 2596 in G-5 2X plates has been studied. No 
events have been found which correspond to reaction (1). Two 
events have been found which are ascribed to reaction (2). In 
addition, two events have been found which correspond to reac 
tion (3). Examples of these two types of events are shown in Figs. 
1 and 2. The characteristics of the four events are given in Table I. 
The energy of the a-particles was obtained from the range and 
utilizing the range-energy relationship given by Wilkins? for 
normal plates and by Lees et al.4 for the G-5 2X plates. The range 
energy relationship given by Miller et al.‘ was used to estimate the 
energy of the Be” and B® fragments. 

The multiple scattering has been measured along the minimum 
ionizing track from the end of the short tracks in events 1 and 2 
The energy of the electron was found to be 14-+4 and 12+4 Mev, 
respectively. The maximum energy of the electron spectrum from 
B® is 13.4 Mev.® Since the electron energy is considerably higher 
than would be expected from any known §-emitter among the 
light elements other than B", the identification is quite certain 
The assumption that the short nuclear particle track is B® is 
confirmed by a comparison of the B® range with the range of the 
a-particle in events 1 and 2. In events 3 and 4 the Be™ track and 
the a-particle track depart from collinearity by about 8 and 11 


degrees, respectively. The identification of event 4 is less certain 


Fic. 1. An unusual two prong star caused by a negative u-meson is 
shown in the above projection-drawing. The event is tabulated as event 1 
in Table I. A minimum ionizing track is observed from the end of the short 
track. The ratio of lengths of the two nuclear particle tracks, the energetic 
B-particle from the fragment which produced the short track, and the 
collinearity of the two tracks of the nuclear fragments make it quite 
certain that the ~-meson was captured by an oxygen nucleus with the 
emission of a B" fragment, an a-particle, and a neutrino 
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Fic. 2. A two-prong star caused by 
photograph. The star is tabulated as event 3 in Table Il. The two tracks 
of the nuclear particles are nearly collinear, but a definite departure from 
collinearity of about 8° is observed in the original event. The departure 
from collinearity is in a direction perpendicular to the plane of the photo- 
graph. The event is interpreted as the nuclear capture of a negative u-meson 
by a nitrogen nucleus with the emission of a Be” fragment, an a-particle, 
and a neutrino 


a negative «meson is shown in the 


than the other three events because the Be" track is short. A com 
parison of the residual momentum of the two charged particles 
from the star (column 6, Table I) with the difference between the 
rest energy of the u-meson and the energy of the star (column 7, 
Table I) strongly indicates that a light neutral particle, pre- 
sumably a neutrino, accompanies the nuclear capture of a negative 
p-meson. 


Pasi I, Characteristics of ~~ meson stars. 


Energy* 
Residual of 
momentum neutrino 
(calcu 
late ed) 


Range Range 
ol ot 
short long 
track track 
in mi- in mi- 
crons crons 


ot two 
fragments 
hev/c 


Nuclear 
reaction 


Type of 
Event plate 
G-5 
G-5 2X 
G-5 
G-5 2X 


20 <p <80 
0 <p <80 
1 <p <80 
30 <p <80 


O16; Bi 47.5 
O'*; Bia) y 9.3 
IN; Bea : 86 

»N'4; Be!®, a) j 12.5 


* The energy of the neutrino is estimated from the difference between 
the rest energy of the ~ meson and the sum of the threshold energy of the 
nuclear reaction plus the kinetic energy of the charged nuclear particles 


The author is indebted to Professor H. L. Anderson for per 
mission to use the facilities of the University of Chicago cyclotron. 
A portion of the plates was searched by Mr. T. Thwaites, Mr. K. 
Benson, and Mr. J. Behrendt. The author is grateful to Mr. H 
Morinaga for several discussions 


* Supported in part by the Research Committee of the Graduate School 
from funds supplied by the Wisconsin Alumni Research Foundation. 
'y Fry, Phys. Rev 676 (1952); Phys. Rev. 89, — (1953); 
i Morinaga and W. F, Fry, Nuovo cimento 10, 324 (1953); 7 Fry, 
Nuovo cimento (to be published) 
2J. J. Wilkins, Atomic Energy 
Report G/R-664 (unpublished) 
+ Lees, Morrison, and Rosser, 
*C. H. Millar and A. G. W. ¢ 
*‘W. F. Hornyak and 1 


Research Establishment (Harwell) 
Soc. (London) 66, 13 (1953). 
Rev. 78, 78 (1950). 

77, 160 (1950). 
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Spins and Parities of Excited States in 
Even-Even Nuclei. I* 


MicuakL J. 
Physics Department, University of Illinois, 
(Received April 9, 1953) 


GLAUBMAN 


Urbana, Illinois 


UCH experimental information has been gathered recently 

on spins and parities of excited states in even-even nuclei.' 
Most of these levels have even parity and are considered to 
have the same configuration as the ground state. There exist, 
however, cases in which the parity is odd; according to the shell 
model these must be due to excited configurations in which at 
least one of the nucleons is excited to a neighboring orbit with 
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different parity. There are also even-parity examples in which 
one must assume that the excited states have a different configura- 
tion than the ground state. These occur when the proton and 
neutron groups in the ground state form closed shells (or sub- 
shells). States for which one has reason to believe that one nucleon 
is excited to a different orbit are summarized in Table I.2~7 


Excited states of even-even nuclei of configurations different 
from that of the ground state. 


Taare I. 


Level 
energy and 
Nuc te (Mev) parity 


ou 6.05 
“si 1,38 
isA%* 3.75 


Spin 


Reference Probable configurations 
Prjadsja* 
(d6/2)~siy2* 
daj2fz/2 OF 
(day2)*sisafz/2 
(paj2) "Piya or 
(foi2) Pua 
(pia) 'g9/2 OF 
(fea) “'goy2 
dejvhij2 or 
grj%iryy2 or 
neutrons (hi1s/2)"do/2 
neutrons (#13/2)~! (pasa) or 
(tiaj2) Piya 
(hisj2)~* faye or 


protons 


aor’ protons 


protons 


protons 


s2Pb™ 


a2P bh protons 


neutrons (413/2)~'g9/2 


® These states may be the result of an excited configuration of neutrons 
or protons or a combination of the two 
The parity assignment is based on the beta-decay data 


Considering these examples together with the states which have 
the ground state configuration (the spins of which are 0, 2, and 4), 
it can be seen that all the states that are known to have even 
spins are known to have even parity, and that all the states that 
are known to have odd parity are known to have odd spin. One 
may perhaps generalize and say that in even-even nuclei the 
low-lying odd-parity states have odd spins and the low-lying 
even-parity states have even spins. 

There are a few cases quoted in the literature’ in which an 
odd-spin even-parity assignment had been made. Two of these 
cases, the 2.73-Mev level in Mo“ ® and the 0.764-Mev level in 
Os!*6° could and probably should be interpreted as being 2+ 
states. In the other two cases, the 3.75-Mev level in A** 44 and 
the 2.185-Mev level in Nd'4,” the spin is known to be odd but the 
parity assignment is doubtful. A definitive determination of the 
parities of these, and other odd-spin states would provide a useful 
check for the rule suggested above. 

The rule suggested here for the coupling of identical particles 
is in a sense the opposite of the “strong”? Nordheim" rule for the 
coupling of nonidentical particles. Thus the ground state of an 
odd-odd nucleus with the configuration j;=l+51, j2=le#F5e, will 
have the spin J = | j;— je! = |i —l2+1| ; i-e., the spin will be even 
if the parity is odd and the spin will be odd if the parity is even. 
Furthermore, eight of the configurations listed in Table I would, 
in the case of odd-odd nuclei, be expected to satisfy the “weak” 
Nordheim rule, i.e., J >| j:—j2| (for ji=h+s1, fo=lets2). How 
ever, it can be seen from Table I that only the (413/2)~!(p3/2)! 
neutron configuration, suggested asan alternative to the (4143/2) "p12 


neutron configuration for the 7-state in Pb™, satisfies this rule. 
* Assisted by the joint program of the U. S. Office of Naval Research 
and the U. S. Atomic Energy Commission. 
1G. Scharff Cae, Phys. Rev. 90, 587 (1953). 
oF. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 24, 376 (1952). 
aL. M. Langer, Phy Rev. 77, 50 (1950). 
4 Rolf M. Steffen, Phys. Rev. 80, 115 (1950). 
‘FF. R. Metzger and H. C. Amacher, Phys. Rev. 
6 7 M. Steffen, Phys. Rev. 90, 321 (1953). 
R. Metzger, Phys. Rev. 90, 328 (1953). 
8 oH. Medicus, Helv. Phys. Acta 24, 300 (1951). 
°F. R. Metzger and R. D. Hill, Phys. Rev. 82, 646 (1951). 
” }, E. Alburger and J. J. Kraushaar, Phys. Rev. 87, 448 (1952). 
TL. W. Nordheim, Revs. Modern Phys. 23, 322 (1951). 


88, 147 (1952). 
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Spins and Parities of Excited States in 
Even-Even Nuclei. II 
IGaL TALMI 


Palmer Physical Laboratory, Princeton University, Princeton, New Jersey 
(Received April 9, 1953) 


— evidence has been brought in favor of the rile 
that in even-even nuclei the low-lying levels of (excited) 
configurations with odd parity have odd spins, whereas the low- 
lying levels of configurations with even parity (a special case of 
which is the ground state configuration) have even spins. Such a 
rule can be explained theoretically by considering short-range 
attractive (central) forces between the nucleons, in the same way 
that on the basis of such a force the order of levels in the j* 
configuration (in jj coupling) or the /" configuration (in LS 
coupling) is predicted to be 0, 2, 4, ---. 

In order to see which are the low-lying levels of excited con- 
figurations in even-even nuclei, let us consider the simple case of 
the J,l, configuration of two protons (or two neutrons). In this 
configuration the energies of the triplet and singlet states are 
given as follows: ? 


E (hb, 8L) = (2M | V (riz) |ileLM) 

—(—1)ht'eL£ (LLM! V (ris) [lb LM), 
E(hlg'L) = (LM | V (nie) [ih M) 

+ (—1)8 FL (L1,LM | V (rye) [bob LM). 


In the case of the 6-potential (extreme short-range force) the 
interaction energy vanishes in triplet estates (as the wave function 
is antisymmetric in the space coordinates of the two nucleons). 
In this case, for (—1)"t-4=+1 the singlet state energy 
is E(ule!L)=2(lLM V (ria) UilelLM) ; for (—1)'its L=—}, 
(Ljl2LM | V (ria) lila M)=0 and the singlet state energy E (I,lz'L) 
vanishes a fortiort. (The direct and exchange integrals are equal 
in the 6-limit.) In the first case one obtains, using Racah’s methods, 
(Lila M | V (rie) [bile M) = Ze FR(M | (Cy + C2) |b M) 

= (—1) hth, Fe(L|C|IL1) (lel]C™ |[l2)W (Lilel le; LR) 

= (—1)'4!2(21, 41) (Qle+1)2e FEV (ilk ; 000) 

XK V (Lolek ; OOO) W (Lilolile; LR). (2) 


In the 6-limit F* = (2k+1)F®; inserting this in (2) and using a well 
known formula of tensor algebra, we obtain 
(LylgLM | V (ria) [LileLM) 

= (—1)'*!2(21, 4-1) (2l,+1) F° D4 (2k+1) 

XW (lilalile; LR) V (ik ; 000) V (Lolek ; 000) 
= (21,+1) (2ln+1) F°V (hl ; 000) V (L1,L ; 000) 
= (2,41) (2h4+1)4Cuntk*. (3) 

The result is* 


E(hlg'L) = (2h4+1)(2h4+-)ChhrF*, (4) 


where F® and Cie are defined by Condon and Shortley* (for 
equivalent nucleons put /;=/, and divide by two). Therefore the 
only states with nonvanishing energy are 'L for which (— 1)" t4"4 
=-+1 (among these the lowest occurs usually for minimum L). 
The L’s of these low-lying levels (for which J = L) are odd if 1, +l, 
is odd, i.e., in odd-parity configurations and are even if 1,+/, is 
even, i.e., in even-parity configurations. This order of levels is 
the same also in other cases, particularly in the configuration 
l,l; it is not expected to be appreciably changed if we consider 
also the interaction with the other, nonexcited, group. 

The situation in 77 coupling is essentially the same. In the con- 
figuration j;j2 of two protons (or two neutrons) the energy of a 
state with spin J is given in terms of the LS coupling term energies 
as follows 
E(k jij) =a EThhk (I+1) 4+ ak (hk VJ) 

+as3E[hls?(J—1) ]+asE(hly'J), (5) 


where the a; are positive and are simple functions of [il2, jijo, 
and J.‘ In the case of the 6-potential the only nonvanishing ener 
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gies are E(I,l,'J) for which (—1)"*!4 = +1 (L is equal to J in 
this case) and only for such J’s is E(j,j2J) different from zero. 
Therefore, the J values of the low-lying levels are odd if l+/, 
is odd, i.e., in odd-parity configurations, and are even if /;+/, is 
even, i.e., in even-parity configurations (note that this result is 
independent of the relative orientation of s and lin 7; and Jz). 

The energies of these states are obtained by inserting the values 
of a, in (5) as foilows: 


nz=h+ 4, je=le+4, 

E(jujeJ) = Gitdet IF) (at je—J)$ChnsP*; 
HA=h-4, pzh-h, 

E(jrjJ) = (jitdet+I+2) (fitja-—I+ DV ACunsl"; (6) 
N=h+AI, p=hF}, 

E(jijJ) = (IF jirtjet+l) Jt frF jd sCunsP®. 


For equivalent nucleons (/;=/2, j71=j:) the first two expres- 
sions divided by two give the energies of the j? configuration. 
If we want to find out the order of levels among those 
with nonvanishing energy (which have the proper odd or 
even character) we can use these expressions, although this 
should not be expected to be as accurate as the general relation 
between the spin and the parity of the low-lying states. The 
lowest state will have the minimum J for j;=1:-+}, j2=le+4, and 
this is simply J =|j:—Jjz| [it is odd if (—1)"*/:=—1 and even 
if (—1)"t2=+41)]. In the case j:x=h+}, jo=h¥F}, the lowest 
state will have the maximum spin, namely J=j,+/j2 [also it 
satisfies (—1)"*+4"/ = +1 ]. These rules are in a sense the opposite 
of Nordheim rules concerning the coupling of unlike nucleons (in 
that case the coupling has to produce maximum triplet component 
but in the case considered here the coupling produces maximum 
singlet component as the triplet states have space-antisymmetric 
wave functions). This order of levels holds also in other cases and 
is not expected to change appreciably if the interaction with the 
nonexcited group is also considered. One could choose the probable 
configurations in all the cases of Table I in reference 1, so that 
the resulting spins will conform to these more definite coupling 
rules. 

*It has been pointed out to the author that this formula is found in a 
paper by M. H. L. Pryce in Proc. Phys. Soc. (London) 65A, 773 (1952). 
Also A. de-Shalit (private communication) has independently obtained 
equivalent results 

1M. J. Glaubman, (preceding letter), Phys. Rev. 90, 1000 (1953) 

7G. Racah, Phys. Rev. 61, 186 (1941) 

3 E. U, Condon and G. H. Shortley, Theory of Atomic Spectra (Cambridge 


University Press, Cambridge, 1951), pp. 177 and 182, respectively. 
4G. Racah, Physica 16, 651 (1950) 


Odd-Odd Spins and j-j Coupling* 


R. W. KinG, Nuclear Development Associates White Plains, New York 


AND 


D. C. Peaster, Columbia University, New York, New York 
(Received April 15, 1953) a 


DD-ODD nuclei with neutrons and protons filling equivalent 

shells have the unique feature of providing evidence both 
for and against the j-j7 coupling scheme in nuclei. When the spins 
of these nuclei are plotted against A, they show a regularly re 
peating pattern with a periodicity that exactly matches the 
ranges of the j-7 subshells f3/2, ds/2, day2, and fr. At the same 
time, the pattern entirely fails to show the symmetry within a 
given subshell that would be demanded by perfect j-7 coupling. If 
j-j coupling were ideally followed, the pattern of odd-odd spins 
should be entirely symmetric with respect to holes and particles 
within the subshells; the empirical pattern, however, is that the 
spins tend to increase continuously throughout the filling of each 
subshell. 

This is illustrated in Fig. 1, where the spins of odd-odd nuclei 
having neutrons and protons in equivalent shells are plotted 
against the total number of particles in the subshell. The nuclei 
symmetric with respect to the half-filled shell have the same 
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Fic. 1. Spins of ground states of 
protons filling equivalent shells 
in the given subshell. The spin 
of B-decay data in R. W. King 
(unpublished). Several points for the 
values 


value of isotopic spin 7; they should therefore have the same real 
spins /, if the equivalence of holes and particles is strictly according 
to the 7-7 scheme. The surprising fact shown by Fig. 1 is that the 
holes tend toward higher / values than the equivalent particles. 
Within the limits of present experimental uncertainties, the varia- 
tion of the ground-state spin / appears roughly linear with the 
number of particles in the subshell 

If the variation of spin with the number of particles in a sub- 
shell is truly linear, the spins of a number of the above nuclei 
would be predictable. In particular, the following spins would be 
expected: F'*, J=1; F®, 7=2; AP*, 7=5; Cl4, J=1; K*, J=3. 

More detailed experimental information is needed to establish 
the ground-state spins of many of the above-mentioned nuclei, but 
in some cases even qualitative information will help. For example, 
if Cl can be shown to undergo allowed B-decay to the ground 
state of S*, the possible spin values for Cl* would be restricted to 
I =0, 1. 

For odd A nuclei this increase of / with the number of particles 
in the subshell is much less marked, but the tendency may still be 
present to some degree. The j7=3/2 subshells provide no evidence 
for variations of 7. With 7=5/2 the succession of spins through 
the shell seems to be 1/2, 3/2, 3/2, 5/2 (with the exception of 
nuclei having just one particle or one hole, for which /=j7), and 
the several possibilities of the 7=7/2 subshell cannot now be 
surveyed for lack of data. 


* Partially supported (1DD.C.P.) by the research program of the U. S 


Atomic Energy Commission 


Fermi’s Theory of Nucleon Collisions and the 
Zero-Point Energy of Pions 
F.C, Autuck anp D. S. KorHart 
University of Dethi, Delhi, India 
(Received April 8, 1953) 


ERMI,' on the basis of statistical thermodynamics, has 

recently given a theory to account for the production of 
pions (and also nucleons) in collisions of high energy nucleons. 
The theory, and particularly the predicted distribution, of 
angular momentum of the pions is in rather striking agreement 
with experiment. The fundamental assumption of Fermi’s theory 
is that the pions (and also nucleons) are produced in a small 
volume r which is given by 


r= (4r/3)R3(2M2/W), (1) 


where R= th/uc, — being a dimensionless number of order unity, 
and uw is the pion rest-mass. The factor 24/c?/W arises on account 
of Lorentz contraction: W’ is the energy of the colliding nucleons 
in the system in which their center of gravity is at rest (M is the 
nucleon rest-mass). If W’ denotes the energy in the laboratory 
system of the incident high energy nucleon, we have 


W’= 4 Met (W/Me)*—2). (2) 
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The purpose of this note is to take into account the effect of 
the zero-point energy of the pions. This has not been done in 
Fermi’s treatment. Because of the reduction on account of Lorentz 
contraction of the volume in which the pions are produced, the 
zero-point energy (as shown below), becomes comparable to the 
energy of the colliding nucleons. This results in a substantial 
reduction in the number of pions emitted in the process, and 
further, the number of sufficiently large energies of collision, 
becomes independent of the collision energy. 

Following Fermi, if N particles are present in the final state, 
then the probability P(N) of the final state is 

P(N) =k(r/h8)N(dQn_1/dW), (3) 


where k is a constant and Qy_;(W) denotes the volume of the 

momentum space which contains all those states for which the 

energy is equal to or less than W. Assuming that there are n 

relativistic pions and S nonrelativistic nucleons, we write (fol- 
lowing Fermi) 

1 S-1 S—1 

W= y P?#+(-z 

2M N jo i=1 

Let € be the zero-point energy of a pion. The volume of the 

momentum space bounded by the surface defined by Eq. (4) and 


C| pi| 26, 


P; r+ SM2+ 2% c| py}. (4) 
i=l 


(é=1, 2, «+ +9) 

is given by 

(29M )8S-D/2(4y7)” = 
Sian <P r+35/2+n—}) 

X (W-—SMe—ne) tts, (5) 


2 
arenr* * 


The constants a, are given by 
2n 
(x?+2x+2)"= = ape"—", (6) 
r~0 
Thus, the probability that there are n pions and S nucleons in 
the final state becomes 
k (r/2)'S-) tf i 1 
Me Shon*8-1 \3x 


x( i = wad ay 
~~ Me mp Vn +3(S—1)/2+r) 


x( 5 AT | €9 y” " (7) 
w—-S—- 7 

Me] \Me2 ‘ 
where w=W/Me?. 


It has been shown by Fermi that for moderate energies, the 
probability of there being more than two nucleons (and there are 
the two initial nucleons) in the final state is very small. In the 
sequel we shall therefore confine ourselves to the case of S=2. 
For the zero-point energy «, we take 

€)=he/2R=W (4/2) (u/M). (8) 


P(S, ») = ‘ > 
3nr pi 


The maximum number of pions » is therefore given by 


w 22+ (nx/2t)w(u/M), 


w-22&M 2M 

n <- ——<——. 
w~e#éernsTe. 

Thus we have the relation that n<4.3€ always. 

Tables I and II give the relative values of Mc?P(2, n)/k for &=1 
and £=2, respectively. The last column gives the average number 
of pions emitted. 

TABLE I. Relative probability of emission of » pions in a collision of two 


nucleons for  =1: wMec* is the energy of the colliding particles in the rest 
system; m is the average number of pions emitted. 
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Relative probability of emission of m pions in a collision of 


two nucleons for — =2 


PasLe II 


The angular distribution as modified by the null-point energy 
will be taken up in a subsequent paper, but it is interesting to 
observe that the existence of null-point energy puts an upper 
limit on the number of particles produced during a high energy 
nucleon collision. 


1. Fermi, Progr. Theoret. Phys. 5, 570 (1950) 
2 The effect of the zero-point energy of the nucleons is ignored here. 


Pion Production Ratios by Proton Bombardment 


RYOKICHI SAGANE 
Radiation Laboratory, Department of Physics, University of California, 
Berkeley, California 


(Received April 16, 1953) 
ATIOS of r*- to x~-production at 90°, preliminarily reported 
earlier,! for six elements at 13 Mev, 18 Mev, and 42 Mev 
are listed in Table I. 


TABLE I. w*/x™ ratios at 90°." 


Number Number 
' 


18 Mev+3 rt # © ® 


Number 
13 Mev +3 
2 +0.6 28 1 ; 2 88 13 
2540.55 26 1! (Sn) 169 
95 +0.5 96 3 : / 254 22 
t+0.8 656 110 403. 
556 76 ; 1091 72 
69 ‘ 815 92 


Ph 0O47+40.1 
Ag 0.7040.15 
Cu 2.0 +04 
Al y B | 
( 1.95 +0.4 
Be 1.45 +0.3' 


3 +0.8! 


1 
1 
a 
+().8t ] 4.3 
5 
5.1 +0.9> 496 


* Detection efficiencies for r*- and w~-stars (one or more prongs) were 


assumed as 90 percent and 97 percent, respectively. Probability tor stars 
with one or more prongs (neglecting clubs) was measured to be 69 percent. 
» Single run measurements 


The spiral orbit spectrometer? (27-angular focusing of charged 
particles originating on the axis with the use of an axially 
symmetric heterogeneous magnetic field) was used to focus mesons 
of a given energy close to the so-called “stable orbit.”” The 340-Mev 
proton beam deflected out from the cyclotron was passed through 
a 1}-in. i.d. hole on the axis of the 20-in. o.d. pole pieces of a large 
electromagnet. Focusing of 8-Mev pions was obtained with 2}-in 
gap and 13-Mev pions with a 1}-in. gap. Energy loss through the 
target material was more significant for the energy spread than 
the resolution of the spectrometer. As a result, these settings cor 
responded to average energies of 13 Mev and 18 Mev, respectively. 
Use of a tubular absorber (10-mm wall, Cu) at the 8-Mev setting 
made possible the detection of 42-Mev mesons. 

C2, 200u Ilford plates were used as detectors. A pair of 3-in. 
X1-in. plates were put together with emulsion side face to face. 
Copper foils of proper thicknesses were added in the back of each 
plate. The plates were mounted behind the radiation shield with 
surfaces perpendicular to the incoming mesons, as shown in Fig. 1. 

Since the focusing conditions were quite symmetric for mesons 
of both signs, positive and negative mesons coming from opposite 
directions were stopped in the same portion of the emulsion after 
passing through the glass plates. 

As predicted from the theory of the spiral orbit spectrometer, 
the effect of vertical focusing for the case of the 8-Mev setting 
worked very favorably. Although the resolving power of the spec- 
trometer itself (+3—-+5 percent in //p) was too good and caused 
a loss by a factor 2-5, the angular focusing of about 300° (cor- 
rected for lifetime) and the gain by the vertical focusing resulted 
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Fic. 1. Experimental arrangement (spiral orbit spectrometer) 
in a gain of a factor 20-600, compared with the usual deflection 
method 
A rough computation of relative cross sections for 42-Mev m*- 
mesons was also made. This preliminary result showed a curve 
proportional to Z!. A more accurate experiment on Z dependence 
is now going on. Experimental details will be reported in Univer- 
sity of California Research Laboratory Report UCRL-2161. 
The author is grateful to Dr. W. Powell for the use of the magnet 
and to Dr. W. Barkas for his continuous interest and help through- 
out the work. 


'R. Sagane and P. C. Giles, Phys. Rev. 81, 653 (1951); R. Sagane, 


Bull. Am. Phys. Soc. 27, No. 6, 17 (1952). 

244. Miyamoto, Proc. Phys.-Math. Soc. Japan 24, 676 (1942); Proc. 
Phys.-Math. Soc. Japan 17, 587 (1943); M. Sakai, J. Phys. Soc. Japan 5, 
178 (1950); R. Sagane and W. Gardner, University of California Radiation 
Laboratory, Trans. 111 (1951), (unpublished) 


Calculation of Nuclear Binding Energies with 
Single-Particle Oscillator Wave Functions 


Erwin H. KRONHEIMER 


Department of Mathematics, University of Southampton, 
Southampton, England 


(Received April 6, 1953) 


EASE and Feshbach!? recently proposed a neutral phe- 
nomenological interaction, 
— Vol L1— het gor: oe] f(rie/r) +ySiof(ria/re)}; (1) 
where 
Si=frie 203 (4° P12) (Ge t12) |— Or Go, 
fi rj=e */x, Ti2=fe-Th, 


which was fitted to the singlet potential, the deuteron quadrupole 
moment and binding energy, and the binding energy of H*, and 
was found to predict the triplet effective range satisfactorily. 
Irving’ showed that it also gives the correct binding energy of Het. 

Although it is well known that a neutral interaction cannot 
give saturation of binding energy for heavy nuclei, a calculation 
by the methods of Jahn‘ and Elliott® with single-particle oscillator- 
well wave functions, using this interaction, has shown that it 
predicts a large excess of binding already for Be®. In this calcu 
lation only the lowest (?P) state of highest orbital symmetry of 
the (1s)4(2p)5 configuration, with a single oscillator-parameter v 
[so that yi (1s)~exp(—}vri?), pj(2p)~r; exp(—4er;?)], was 
needed to yield 109-Mev binding (after allowing for Coulomb 
repulsion), compared with the actual figure of 58 Mev. (The 
constants used were Vo=46.1 Mev, g=—0.004, r-= 1.184 10° 
cm;! the tensor force does not couple a-doublet state to itself and 
is not involved.) 

If the interaction (1) is changed to the corresponding charge- 
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symmetric form, leaving unaltered the interaction between two 
symmetrically coupled particles, this will affect only negligibly 
the binding energies of the highly symmetric H# and Het nuclei,?.6 
but it produces a large change (arising of course exclusively from 
the antisymmetrically coupled pairs of particles) in the energy 
matrix of Be®. The simple (1s)*(2p)* term mentioned does not 
describe a bound state of Be® at all with the symmetric form of .(1), 
and while this lends "weight to the view’ that the purely charge- 
symmetric interaction is not an admissible one either, it is not 
conclusive. To investigate more closely the binding predicted by 
this interaction for light nuclei, more states, mixed configurations, 
and wave functions made more flexible by the introduction of 
different oscillator-parameters into the different single-particle 
states must be considered. To this end formulas generalizing 
integrals of Elliott® and Talmi* have been developed. 

In calculations with many-parameter oscillator wave functions, 
for central, tensor, or spin-orbit terms, the radial integrals are 
always of the form 


J .o 
f f rire’? exp (— vrs? vare®) fern, rerPdriredre; (2) 
7 * ) - 


where 1, Lo, k are integers of the same parity (Li, Lz both 2k)» 

the v’s arise as sums of the oscillator parameters, and the f;’s are 

defined by 

DL felri, r2)P(cosw)=Vi(r), [r=riq?=r,2+-1722—2ryre cosw |, 

k=0 

with V(r) the distance-dependence of the interaction (divided by 

r*, for tensor force terms®) 
Then, on putting ».=¢ 

written 


2 ve=r?, L14+-12=2L, Eq. (2) can be 


L 
glit3, Lat4 yo etl Li, La, k; 


i= 


r/a}Ti(1/[o?+ 7? }), 


where 


Ii(4v)=NPCiv) iy ' exp (— dr?) V(r) dr, 


NF(hv) = 1/ - r+? exp (— 4vr*)dr, 

and 
Ia, k; r/o} 
(4[ 02+ 72) E42 tet] _ (+1)! 
trol ‘a- 2gt+1)!! 
«EEK 2. 
p70 n=-2p-20 

fen; L—I) 
x Z 


s=0 


eli, 
m(2k+1) 


(2a) £142(27) 4212 


CLit1—p, Li+1 —p(2g—2p+n) 
(214-1 —2g—2s) 11(2s—1) 1! 


ey ar i 
2s +72 a+r 


Here P!!=P(P—2)(P—4)---5-3-1; (—1) !!=1; and 


°)-0: ‘(Q—R)IR!; 
R ! IR!; 


Ca, p(N)=coefficient of 4’ in the expansion of (1+44(1-04; 
and [a; 6] denotes (the integral part of) the lesser of a and b. 
(4n is the only possibly nonintegral term.) 
An important special case of Eq. (5) is 
kU 
Lymn (Zep 12S (— tye SE 
(21—2g+1)!! 


g~0 


ECO 


p~¢ m~p 


X (2g—2p pieteea tae 


el Lh, la, k; 


, Chit ~p, Lit+1—p 
2m) !!(2m—1)!!. 


(This expression subsumes the results of Elliott and Talmi.) 
4The functions /; of (4) have been evaluated explicitly for 
several types of distance-dependence by Talmi.® For a Yukawa- 
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type distance-dependence, the V(r) in (3) is of the form 
exp(—r/r.)/(r/re) for the central force and of the form 
exp(—r/r,)/(r/r.)? for the tensor force. The J;’s can be most con- 
veniently expressed in this case by single Hh functions,? which 
were used by Elliott, who also pointed out that the coefficient of 
the divergent tensor force term [i.e., (4) when 1=0] always 
vanishes in the complete matrix.® (This result is independent of the 
distance-dependence used.) For an interaction which is constant 
when 0 Sr Sro, say, and of Yukawa type when r>ro, (4) can be 
expressed as a sum of Hh functions, and such an expression has 
been used in preliminary calculations with an interaction pos- 
sessing a finite hard core. 

The author’s deepest thanks are due Professor Jahn for his 
unfailing guidance, and to the University of Southampton for the 
Research Award which made this work possible. 

1R. L. Pease and H. Feshbach, Phys. Rev. 81, 142 (1951). 

2R. L. Pease and H. Feshbach, Phys. Rev. 88, 945 (1952). 

3 J. Irving, Proc. Phys. Soc. (London) A66, 17 (1953). 

4H. A. Jahn, Proc. Roy. Soc. (London) A209, 502 (1951). 

6 J. P. Elliott, Ph.D. Thesis, London, 1952 (unpublished). 

* T.-M. Hu and K.-N. Hsu, Proc. Roy. Soc. (London) A204, 476 (1951). 

7S. F. Edwards, Proc. Cambridge Phil. Soc. 48, 652 (1982). 
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Formation and Decay of Mo*™ { 


ForSTHOFF,* R. H. GOECKERMANN,{ AND R. A. NAUMANN§ 


Prick Chemical Laboratory and Palmer Physical Laboratory, 
Princeton University, Princeton, New Jersey 


(Received April 13, 1953) 


Cc. W 


HE even-odd nuclide Mo*%” was produced by the (p,m) 
reaction on Nb® in irradiations with the Princeton Univer- 
sity cyclotron! Our excitation function shown in Fig. 1 differs 


© Experimental 
x Bloser et of 
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Excitation function of Nb*(p,2) Mo™™ reaction. 
‘he op-curve is theoretical. 
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slightly from that of Boyd and Charpie? but is in agreement with 
the curve obtained by James.* A search was made for the long- 
lived ground state of Mo%, but only a lower limit to the half-life 
of several years could be assigned. 

Additional evidence for the decay of Mo*™ by isomeric transi- 
tion was obtained by studying the associated x-rays. These K 
x-rays were established as originating from Mo by critical absorp- 
tion measurements, by a difference of 17.2 kev in K and L con 
version electrons from the 262-kev gamma-ray, and by measure- 
ments on a bent-crystal x-ray spectrometer at the University of 
California Radiation Laboratory. 

The internal conversion electrons were examined on the pre- 
cision 180° beta-ray spectrometer of Dr. E. P. Tomlinson at 
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Fic. 2. K, L, M conversion of 0.2622-Mev gamma-ray of Mo™#. 

Princeton University. The spectrum obtained is shown in Figs. 2, 
3, and 4 and agrees substantially with other results.s4 Our 
measured K/L ratio of 3.09+0.06 for the 262-kev gamma-ray 
may be compared with values of 2.9+0.2,4 2.8+0.3,5 and 2.79 
+0.15.' Alburger has reported the total conversion coefficient 
of the 262-kev gamma-ray as V,-/N,=0.7.5 Using our measured 
K/L ratio and the ratio of the numbers of K electrons in the three 
conversion lines, K conversion coefficients may be calculated for 
the three gamma-rays in cascade. Using these calculated K elec 
tron conversion coefficients and the new K/L ratio for the 684-kev 
gamma-ray, an attempt was made to assign the multipole order 
and type of transitions involved. Goldhaber’s classification of 
K/L ratios* and the theoretical conversion coefficients of Rose 


TABLE I. Gamma-ray transitions of Mo”. 


Type of 
transition 


Ratio of K 


electrons 


K/L 


Ey 
(Mev) 


E.- 
(Mev) 
0.2423) 

0.2595 0.2622 1 
+1) X10~3 


0.6640 
1.459 +1,6) X10-4 


* See reference 6. 


aK =Ne-K/Ny 





0.53 3.09+0.06 E4* 


(1.5+0.3) X10~* 8.0 +1. M1 


0.6842 (4.8 
(2.4 +0.5) X10¢ E2 or M1 


1.479 (7.8 
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Fic. 3. K, L conversion of 0.6842-Mev gamma-ray of Mo*, 
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1G. 4. K conversion of 1.479-Mey gamma-ray of Mo, 





ef al.,’ were used. We assign an 4/1 type transition to the 684-kev 
gamma-ray and £2 or M1 type to the 1479-kev gamma-ray. The 
results are summarized in Table I. 

Goldhaber has suggested that Mo” is an example of “core 
isomerism” with the three-step isomeric transition going 8+—> 
4+—2+-—0+.5 This leads to assignments of £4 to the 262-kev 
transition and £2 to the 684-kev and 1479-kev transitions.’ The 
ax value only for the 1479-kev transition cannot distinguish 
between £2 and M1 for this transition but is closer to the expected 
E2 value. 


t Work supported by the U. S. Atomic Energy Commission and the 
Higgins Trust Fund. This letter abstracted in part from the Ph.D. thesis 
of R. A. Naumann accepted by Princeton University in January, 1953. 

* Captain, Chemical Corps, now at Army Chemical Center, Maryland. 

t Now at California Research and Development Company, San Fran 
cisco, California. 

§ ame Chemical and Dye Company Fellow, 1951-1952. 
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2G. E Boyd and R. A. Charpie, Phys. Rev. 88, 681 (1952). 

*R. A. James, University of California, Los Angeles, private communi 
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4L. Ruby and J. R. Richardson, Phys. Rev. 83, 698 (1951). 

*D. E. Alburger, Brookhaven National Laboratory Quarterly Report 
BNL-82, 1950 (unpublished). 

6M. Goldhaber and A. W. Sunyar, Phys. Rev. 83, 906 (1951). 

7 Rose, Goertzel, Spinrad, Harr, and Strong, Phys. Rev. 83, 79 

* M. Goldhaber, Phys. Rev. 89, 1146 (1953). 

* The calculated values of ax and K/L for the 684-kev transition are 
1.7 X1078 and 8, respectively, if the transition is M1 as assigned here, or 
2.11074 and 12, if it is #2. 
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Interference Terms of the Electron-Neutrino 
Angular Correlation 


Masato Morita 
Department of Physics, Tokyo University, Tokyo, J 
(Received March 24, 1953) 


apan 


E have deduced the electron-neutrino angular correlation 
functions Y in the allowed and first forbidden transition 

of beta-decay for the Fermi theory. The interaction Hamiltonian 
is assumed to be a linear combination of five relativistic invariants 


Hg=rsS+ Av V+ArT+A4A+ArPP. 
Although there exist several arguments bearing on the determina- 


tion of the interaction types,’ we shall take only the well-known 
Fierz conditions which exlude mixtures of S and V or 7 and A. 
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Since the square terms were derived by Greuling and Meeks,? we 
have recorded only the interference terms. When the properties of 
the transformation coefficients are used, it is verified that the 
interferences between the nuclear matrix elements with different 
ranks all vanish just as in the case of the correction factors. The 
results are: 
1. Allowed. Interferences do not exist 
2. First forbidden 
Wisr=AsrArl[{i WM* (Br) M(BeXr)+c.c.)[{Lo— Mo} 
+ {AK Lit+ANii— Niot+ Mi—A2) cos6] 
(2 W* (Gr) M(Ba)+c.c.JL{4K Lot+ No} 
+ {— 4 KA,+ (4/3) Li2t+4Ni1} cosd)]. 
Asda{t WN (Br) MiexXr)+ec.jL(ZKNo 
+ AK Ly. T L T Vi } + {- tK Lin —?KNi 
+2Ny5 } cos8— K Ly.” cos). 


Wisa 


~AsAaliW* (Br) MioxXr)+ec.j[{2KNo 
thK Li +Lhy +Mo $+(—-FKLi —FKNu 
+2Ni2°} cos8— KL. cos’6). 


Wisa= 


Ay*{i Wl (er) M(ad+ec.c.}[{4K Lo— No} 
+ {{KAi+ (4/3) Lit 4Ni} cos). 
AvAr[{2 M4 (1) M(Ba)+ec.jJ[AAKLo —No} 
t{- (4 3) Lie -4Ni, } cosé ] 
+ {i M*(r) M(poXr)+e.c.JL{IKNo 
HhAK Lig —Ly Mo} 
+ {3K Lis + 4A Nir +2Ni2°} cosd—K Lie cos.) 
—{ M*(a) M(BeXr)+ecjJ[GKLo —No} 
+ {— Fie +4Ni7} cosd]— { M*(@)M(Ba)+c.c.} Le]. 
AvAal(AM* (er) M(e@X xr) +c.c.}[{Li— Mo} 
+3(KLiet+ANitNi— MitAge) cosd] 
+{ M*(MM(eXr)+e.c.} [LAK Lo+No} 
+{—FKA,+§Lp- 4Nii} cos@ J]. 
Ar? { W*(Bo Xr) M(Ba) +c.c.)0((4)KLo— No} 
+ { §KAi+ §Li2.— 4Ni} cos@]. 
—ArAP{iM* (Ba-r) M(Bys)+e.c. JL4KLo+No)} 
—{§KAi+Ni1} cos]. 
—a{iM* (ys) Mion) +ec.c. J LK Lo—No} 
+ {§KA,— Ni} cosé]. 
AdAP[{i M4 (o-v) M(Bys) tec LAK Lo —No} 
+ Nim cos ]— { M* (ys) M(Bys)+c.c.} Lo]. 
L;, M, and N, are given by Konopinski and Uhlenbeck.? L,~, M,; 
and N; are given by Smith.* The other notations are as follows, 


Wavy 


Wiyy 


Wiva 


Viv 


Wire 


Wrisa 


Wrap 
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the arrow in each case indicating the approximation aZ<1: 


' fife sin (6; —6*) + ¢_12-2 sin (6_;—6_») p 
4rp f 
1 (f_ifi—g_igi) sin(6_1—6)) paZ p 
4up ie. = 
1 f_ig 9 sin(6_)6_2)— gi fy sin (6;— 62) paZ fp 
4p? ~32p OW’ 
1 fi fo sin(6;— 52) — g_1g_2 sin(d_1—6_2) p 
SW” 


Lie = Pr I 


>- 


4p 
1 (f_ifit+g_ie1) sin(6_1—4)) bp 
4p 3W’ 
! f_ig_2 sin(6_1—6_2) + g1f2 sin (6;—52) 
4p? 
1 g_ if cos(6_;—62) — fig_2 cos(6;—5_2) 
4p 
' g_ 1 fe cos(6_1—52) + fig_2 cos(6, —5_») 
4rp 
1g sf; sin(6_;—6)) ; 
40 2wW’ 
1 g_ofe sin(6_2—6d:) p 
“180” 
p C2 pal _ p3 
2W 4p? 32p 18W 


4p? 
fs i if1 sin (6 1—5)) 


>= 


4rp* 


If the electron-neutrino angular correlation measurements are 
performed for several elements, the interaction type of the beta 
decay could be completely decided. For example, it could defi 
nitely be decided whether the type is S or V in the allowed 0-0 
transition® and 7 or A in the allowed J+1—/* and first forbidden 
J+2—J transitions, where the spin changes of the nuclei are well 
defined by any other methods. 

The experimental data® on P® can be explained by the tensor 
interaction if the spin of P® is 1. The complete formulation of our 
results will be published elsewhere. 

The author wishes to express his sincere thanks to Professor S. 
Nakamura, Mr. M. Umezawa, and Mr. M. Yamada. 
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